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ABSTRACT: A truncated multipole expansion can be re-
expressed exactly using an appropriate arrangement of point
charges. This means that groups of point charges that are
shifted away from nuclear coordinates can be used to achieve
accurate electrostatics for molecular systems. We introduce a
multipolar electrostatic model formulated in this way for use in
computationally efficient multipolar molecular dynamics simu-
lations with well-defined forces and energy conservation in
NVE (constant number−volume−energy) simulations. A frame-
work is introduced to distribute torques arising from multipole
moments throughout a molecule, and a refined fitting approach is suggested to obtain atomic multipole moments that are
optimized for accuracy and numerical stability in a force field context. The formulation of the charge model is outlined as it has
been implemented into CHARMM, with application to test systems involving H2O and chlorobenzene. As well as ease of
implementation and computational efficiency, the approach can be used to provide snapshots for multipolar QM/MM
calculations in QM/MM-MD studies and easily combined with a standard point-charge force field to allow mixed multipolar/
point charge simulations of large systems.

■ INTRODUCTION

Multipolar force fields have been of interest for many years1−13

due to the additional level of detail that they offer in describing
molecular electrostatics over standard point-charge representa-
tions.6 Until recently, however, the extra computational cost
associated with the additional terms of the multipole expansion
prohibited their use in Molecular Dynamics (MD) simulations
for all but the simplest of systems.14 As available computational
power has increased, application to larger systems has become
realistic and new multipolar implementations have started to
emerge.10,15 There is still a strong need for accurate and com-
putationally efficient approaches,16 howeverin particular, for
complete implementations with all forces analytically included,
enabling NVE (constant number−volume−energy) MD simu-
lations for the type of system that has long been accessible to
simpler point-charge force fields.17,18 As few complete multipolar
implementations exist, it is not yet fully clear what impact more
detailed electrostatics will have on MD simulations, but initial
studies have shown that the effect on local dynamics can be
important, especially where local interactions are of greater
consequence than long time scale conformational sampling of a
large system.7,9,10,14,19 Very long time scale simulations have also
recently revealed that current standard point charge force fields
routinely used to describe protein systems may not be stable,
with proteins slowly drifting away from their experimentally
observed structures.20 A new generation of more detailed force
fields may ultimately be required for such applications, despite
the increased computational cost.

The approach introduced here for the “Distributed Charge
Model” (DCM) is similar in nature to some earlier approaches21

and directly adapted from recent work of Gao et al.,22 where a
truncated multipole expansion was replaced by an arrangement
of seven point charges to apply a multipolar electric field in
Fragment Molecular Orbital (FMO) calculations.23 In DCM,
this charge arrangement is modified using spherical harmonics to
reduce the number of charges required to six or less, and as no
gradients were suggested in the FMO implementation, a frame-
work is introduced to distribute torques arising from these
charges throughout a molecule without assuming rigid sub-
structures. The use of point charges reduces the complexity of
electrostatic interaction terms relative to a traditional multi-
polar formalism, yielding efficient MD simulations. A complete
description of the derivatives of the electrostatic interaction
energy across local axis frames yields energy conservation inNVE
MD simulations without the need for short time steps or
geometric constraints such as SHAKE. Implementation of the
approach into the CHARMM program facilitated integration
with the standard CHARMM22 force field, allowing combined
DCM/point charge simulations where a single point charge is
used per atom for a coarsely described region and several
distributed charges are used to describe a region of interest in
more detail.
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■ METHOD
DCM. The starting point for DCM calculations is currently a

description of the molecular charge density partitioned into
atomic multipole moments. Various schemes exist to per-
form such partitioning, including Atoms in Molecules24 and
Generalized Distributed Multipole Analysis (GDMA),25 as
well as recent refinement schemes that start with a set of cal-
culated multipole moments and use the electrostatic potential as
reference data during fitting to refine them.26−32 We note that the
DCM approach is independent of which scheme is used to obtain
atomic multipole moments, but quality of results is limited by the
performance of the underlying multipole expansion.
The Cartesian representation of the traceless atomic quadru-

pole moment tensor is then diagonalized in order to reduce
the number of nonzero components to a maximum of three
(diagonal) quadrupole terms, three dipole terms, and one charge
term and to obtain the associated principal axes.22,33 The atomic
dipole moment is transformed into the same principal axis
system. Which eigenvector is assigned as which principal axis is
unimportant, as charges are to be transformed into a well-defined
local frame (described below).
As noted previously,34,35 the traceless Cartesian quadrupole

moment tensor contains one redundant diagonal term, which can
be removed using a spherical harmonic representation.This results in a
maximum of six nonzero terms (one charge term, three dipole terms,
two quadrupole terms) that can be described exactly by selecting a
suitable point charge arrangement. Equations for eachmultipole of the
charge arrangement can then be formulated, expressing for example
the total charge as a sumover all individual charges, the total z-dipole as
the product of each of the charges with its z-coordinate and so on for
the remaining dipole and quadrupole terms:
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rx,i is the x-coordinate of charge qi for a given charge arrangement. The
x, y, and z-coordinates are defined in the frame of the principal axes,
and r is the distance from the local origin (here the atomic nucleus).
If an arrangement of six charges is chosen with fixed positions,

then the six expressions in eq 1 contain six unknown variables
corresponding to the atomic charges qi. Equation 1 can therefore
be treated as a system of six simultaneous equations, solved to
find each charge qi in terms of the multipole moments Ql,m of
rank (l, m)34 in the principal axis system. A worked example,
where expressions are obtained for the charges of the square
pyramidal charge arrangement shown in Figure 1, is shown in
section S4 of the Supporting Information.
Without additional constraints, not all charge arrangements

yield a uniquely solvable system of equations because, if the
charge arrangement is interpreted as a basis set used to describe
the atomic multipole moments, it may contain linear depend-
encies. Of the three examples shown in Figure 1, no general
solution is possible for the simultaneous equations correspond-
ing to the trigonal bipyramidal arrangement on the left-hand side,
for example, without adjusting the charge positions. The square
pyramidal arrangement in the middle of the figure (an

octahedron with one vertex moved to the origin) can be solved
(eq 2) and has the advantage that the central charge applies no
torque to surrounding atoms, simplifying the expression for its
forces and reducing computational overhead. Although charges
for this arrangement are larger in magnitude than in the fully
octahedral case (eq 3, right-hand side of Figure 1), which could
affect numerical stability of simulations in extreme cases due to
loss of precision, the value of dq may be increased to decrease the
size of the charges.
The pyramidal (eq 2) and octahedral (eq 3) charge distri-

butions are expressed as
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Figure 1. Sample charge arrangements for use in the general case where
all multipole terms up to quadrupole can be nonzero. The trigonal bipyr-
amidal arrangement (left) has no solution, the octahedral arrangement
with one vertex shifted to the center (square pyramidal, middle) leads to
larger charges than the purely octahedral arrangement with no central
charge (right).
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where q(dq,0,0) is a charge lying along the x principal-axis, q(−dq,0,0)
lies along negative x. The parameter dq defines the distance of
each charge from the origin. Any charge arrangement with
nonzero dq will exhibit nonzero higher order multipole terms (in
this case octupole moments and beyond). A small value of dq
means that these terms have negligible impact on the elec-
trostatic potential generated outside the atom, but if dq is too
small then charges will become large according to eqs 2 and 3.
The value of dq = 0.25 a0 suggested by Gao et al.

22 was found to
be suitable in many cases and is adopted here unless otherwise
stated. We note, however, that dq offers an additional degree of
freedom that can be leveraged to deliberately introduce higher-
order multipole moments and improve the accuracy of the DCM
arrangement beyond that of the underlying truncated multipole
expansion. There is no requirement for dq to be the same for all
charges.
Finally, diagonalization of the quadrupole tensor provides an

efficient means to leverage symmetry and reduce the number of
nonzero multipole components at the atomic level, but further
gains are possible by repartioning the molecular electron density
between atoms in such a way that certain atoms receive vanishing
multipole moments. One such reduced multipolar description
for water was identified in previous work by Lee et al.36 based on
GDMA calculations, where H atoms were left with only a charge
term and O exhibited a charge,Q10 dipole term, andQ20 andQ22c
quadrupole terms. An equivalent DCM charge arrangement was
found, with one charge at each H atom nuclear position and 4
DCM charges for oxygen, by solving the corresponding system
of simultaneous equations for the smaller charge arrangement.
The set of simultaneous equations to be solved is again ex-
panded in the Supporting Information in section S4. The oxygen
charges and their positions in the principal axis system were
calculated to be
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where f is a common factor. Charges q are arranged in a distorted
tetrahedron, where the position vector components d1 and d2
along the principal axes change according to eqs 5 and 6 (Figure 2).
For oxygen in water, the geometry becomes almost planar.
Although the distance dq from the nucleus is no longer flexible for

this solution, as it was in the octahedral and pyramidal cases, a
significant gain in computational efficiency is expected by
reducing the number of DCM charges on oxygen from 6 to 4. A
DCMmodel equivalent to the multipolar model of Lee et al. can
thus be achieved using one charge for each H atom and four
charges for O, at the cost of a possible increase in the octupole
moment in atoms where dq becomes large.

Local Frames. After obtaining positions and magnitudes of
charges relative to the principal axes of the Cartesian quadrupole
moment tensor, a local molecular frame must be defined to place
the charges relative to the surrounding nuclei. While different
schemes are possible, the approach adopted here is to divide each
molecule into groups of three noncolinear atoms. The three
atoms provide two bond vectors, which are sufficient to define a
plane and corresponding axis system for each atom (Figure 3).

Alternative frames involving, for example, the bisector of rba and
rbc to define the z-axis unit vector eẑ for atom b could also be
considered,27,37 for the special case where the principal axes
move relative to the bond bisector as a function of change in
valence angle, rather than any of the bond vectors. This system is

Figure 2.DCM charge positions for oxygen atom inH2O using 4-charge
model. Green spheres show DCM charge coordinates corresponding to
multipole moments of Lee et al.36 Blue spheres show how coordinates
change as a function of atomic charge Q00 between −0.14 and −0.98 au
(top-left), z-dipoleQ10 between 1.0 and−1.0 au (top-right), quadrupole
Q20 between 0.06 and 0.00 au (bottom-left), and quadrupole Q22c
between 0.97 and −0.99 au (bottom-right). No points exceed 0.66 Å
from the oxygen nucleus.

Figure 3. Division of chlorobenzene into six local frames made up of
groups of three noncolinear atoms (right), and the local axis system for
each atom in each frame (left). Local z-axes, eẑ, (blue axes in the figure)
are defined as rba/∥rba∥ for atoms a and b and rbc/∥rbc∥ for atom c. The
local y-axis, eŷ, (green axes in the figure) is the normalized cross product
(eẑ,a × eẑ,c)/(∥eẑ,a × eẑ,c∥) for a, b, and c. The local x-axis, ex̂, (red axes in
the figure) is the cross product eẑ,a × eŷ for a and b and eẑ,c × eŷ for c.
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not necessary for chlorobenzene, where principal axes will tend
to move relative to a bond vector, or in H2O, where SHAKE

38 is
generally applied to constrain the HOH angle. Where atoms
appear in more than one local frame, for example the carbon
atoms in Figure 1, DCM charges for that atom are assigned to
one of the frames only and are zeroed in all others. This
framework is general and can be applied to any molecular system
where there are at least three noncolinear atoms.
DCM charges, initially defined relative to the principal axes,

are transformed to the local axis system of each atom so that they
can be placed for any orientation of the atoms of the local frame.
Considering a charge q with coordinates up̂x, vp̂y, and wp̂z, where
p̂x, p̂y, and p̂z are the principal axes of the quadrupole moment
tensor, the coordinates u′ex̂, v′eŷ, and w′eẑ in the local atomic
frame are obtained from the following transformation:

′ = ̂ · ̂ + ̂ · ̂ + ̂ · ̂

′ = ̂ · ̂ + ̂ · ̂ + ̂ · ̂
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The electrostatic interaction energy between atom a in frame 1
and atom d in frame 2 (Figure 4) is
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where Ra, Rb, and Rc are the position vectors of atoms a, b, and c
used to define frame 1. Rd, Re, and Rf similarly define frame 2.Na
is the number of DCM charges assigned to atom a in frame 1.
Rqa,m(Ra,Rb,Rc) is the position vector of them

th DCM charge q on
atom a (eq 10). As indicated, the position of each DCM charge is
a function of the coordinates of the three atoms that define its
local axes ex̂, eŷ, eẑ. The one exception is when a DCM charge is at
the local origin (atomic nucleus), where u′ = v′ = w′ = 0, and the
charge is a function of only one nuclear coordinate. u′, v′, and w′
are defined in eq 8. eẑ,j is the j component of local frame vector eẑ
in the global axis. Rqd,n(Rd,Re,Rf) is defined analogously to

Rqa,m(Ra,Rb,Rc) (eq 10).

The derivatives for a Coulomb interaction between two point
charges q placed at the nuclear positions of atoms a and d follow
the familiar relationship:

∂
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where Ra,α is the α = x, y, or z component of the position vector of
nucleus a, rad is the internuclear separation and Rad,α is the α
component of the internuclear separation vector Rad. Any DCM
charges placed at the nuclear position use exactly these ex-
pressions for the energy and derivatives. DCM charges on atom a
that are shifted from the nuclear position will exert an additional
force on the other two atoms b and c that are used to define a’s
local axis system (Figure 4). This is because any change in the
position of atoms b and c can rotate the local axis system of a and
with it the DCM charges that are placed relative to its nucleus,
even though the nuclear coordinates of a are unaffected. The
derivatives of the interaction between a charge A on atom a in
frame 1 (one particular index ‘m’ in eq 9) and a charge D on atom
d in frame 2 are then described as
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where the scalar product α̂·x ̂ is simply 1 when α = x and zero
otherwise. RAD,x is the x-component of the vector RAD from
charge A to charge D. The coefficients g1α to g9α contain the
partial derivatives of the local unit vectors of the frame (ex̂, eŷ, eẑ,
eq 8) with respect to the nuclear coordinates Ra,α, Rb,α, and Rc,α.
These coefficients (eqs 15−23) are the same for all interactions
involving charge A and are calculated once for each simulation
time step according to
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Figure 4. Interaction between charge A associated with atom a in frame
1 and charge D associated with atom d in frame 2. The local axes ex̂, eŷ,
and eẑ for atoms a and d are shown relative to the global axis and global
origin O. Atoms b and c are the neighbors making up frame 1 with atom
a, atoms e and f make up frame 2 with atom d.
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where u′, v′, and w′ are again as defined in eq 8. ex̂,i is the i-
component of the local ex̂ axis vector in the global frame; Ra,α is
the α = x, y, z component of the position vector of atom a.
Computational Efficiency. The computational efficiency of

the implementation can be explored by breaking down the inter-
action energy and forces into components that must be evaluated
only once for a given molecule, components that must be re-
evaluated each time the molecular coordinates change (once per
time step in an MD simulation), and components that must be
re-evaluated for every charge−charge interaction.
The charges and their positions in the local frame (eqs 2 and 3)

are fixed parameters that must be evaluated once only. The
magnitudes of the charges are not conformation-dependent in
the current implementation, so they do not require re-evaluation
at run-time. The local axes ex̂, eŷ, and eẑ and hence the positions
of the charges in the global axis system (eq 10) are evaluated once
per time step for each frame. These terms scale with the number
of frames in the system and the number of atoms, N. By far the
most time-consuming step in the evaluation of the electrostatic
energy is therefore eq 9, the charge−charge Coulomb
interaction energy, which must be evaluated for every
charge−charge interaction. In the simplest case, where all
atoms are assigned the same number of DCM charges “n”,
evaluation of the Coulomb interaction energy term will
scale with 0.5n2N(N − 1), a factor of n2 slower than a standard
point charge representation with only one charge at the nuclear
position. Any redundancy involved in choosing overlapping
local frames (Figure 3) therefore has relatively little impact on
overall computational cost.
The derivatives of the energy (forces) can be broken down

into similar components, and computational cost is again domi-
nated by the Coulomb term (eqs 11−14). The computational
cost of evaluating the many coefficients in eqs 15−23 is therefore
small in comparison to the time spent evaluating eqs 12−14,
despite the fact that the coefficient terms are more complex.
These equations show that the additional overhead td for the
derivatives per off-center DCM charge−charge interaction is
equal to nine times the time taken to evaluate eq 14 (α = x, y, z for
atoms a, b, and c that define atom a’s frame). The Coulomb term
from eq 11 is evaluated only once per charge−charge interaction,
meaning that each of the nine terms contributing to td is a simple
sum of three products. Assuming the worst case with the same
number of DCM charges on every atom, none of which are at the
nuclear coordinate, an evaluation of the electrostatic forces using
the DCMmodel is therefore expected to be a factor of n2td slower
than the same energy evaluation in a standard point charge force
field. In practice, considerable savings are possible by exploiting
any vanishing multipole moments that arise due to symmetry in
the partitioned molecular electron density or by repartitioning
the molecular electron density, and also by using the nuclear
coordinate for one of the charges wherever possible.
As a comparison, a standard multipolar force field employing

diagonalized quadrupole moment tensors would also require n2

terms per atom−atom interaction, assuming the same maximum
atomic multipolar rank on each atom, where n is now the number
of nonzero multipole components. In the general case where all
multipole moments are nonzero n = 6 (1 charge term, 3 dipole
terms and 2 quadrupole terms). The interaction between two
atoms, a and d therefore requires 36 interaction terms, detailed in
eqs 24−32:34
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Here, the multipole moment Q1m is the dipole moment com-
ponent m. When m = 0, 1c, 1s, α = z, x, y respectively. rad is the
internuclear separation of atoms a and d, rα

a is defined as the scalar
product eα̂

a ·eâd where eα̂
a is a unit vector along the α axis of atom a

(α = x, y, z). eâd is a unit vector in the direction from a to d. β =
x,y,z for atom d, cα,β is the scalar product eα̂

a ·eβ̂
d. There is clearly

significant additional complexity in these interaction terms when
compared to the purely Coulombic terms of DCM interactions
(eq 9), making DCM more straightforward to implement into
molecular dynamics code. However, the multipole expansion has
the advantage that whereas the vector rAD between two DCM
charges changes and needs to be re-evaluated for every pair of
charges on atoms a and d, the origin of the multipole expansion
is fixed and the interaction vector and its magnitude must be
calculated only once per atom−atom pair. Initial investigation
has shown that the DCM algorithm compares favorably with a
multipolar algorithm currently implemented in CHARMM29 in
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terms of computational cost, but any comparison will depend on
the details of the implementation involved.
Computational Details. Optimized monomer geometries,

electron densities, and reference electrostatic potential energies
were calculated using the Gaussian09 suite of programs39 with
B3LYP and an aug-cc-pVQZ basis set for H2O. The larger chlo-
robenzene molecule was first optimized at the B3LYP/6-
311+G(2d,p) level, then a B3LYP/aug-cc-pVTZ single point cal-
culation was used to obtain the electron density and reference
electrostatic potential energy values.
Multipole moments were obtained using both GDMA25 and a

multipolar fitting scheme adapted from earlier work.26−32 For the
latter, the electrostatic potential energy across a grid of points
outside the 0.001 au isodensity surface is used as reference data
and the multipole moments are treated as adjustable parameters.
The I-NoLLS40 Interactive Nonlinear Least Squares fitting pro-
gram was used, the total molecular charge, dipole, and quad-
rupole were constrained to their reference values as described
in ref 26. At the B3LYP/aug-cc-pVQZ level of theory (used
previously),19 the molecular dipole moment was found to be
0.73 au and the molecular quadrupole moment was 2.13 au. It
would also be possible to constrain to the experimentally ob-
served bulk water dipole moment, although this may affect
agreement with the calculated gas-phase electrostatic potential
used for fitting atomic multipole moments. Symmetry con-
straints were also applied, so that atoms that are linked via sym-
metry received equivalent multipole moments. A new adaptation
was introduced whereby all multipoles are initially set to zero and
soft constraints are applied to bias their values toward zero during
fitting. The constraints ensure that the total molecular moments
remain at reference values by sharing atomic corrections equally
between all atoms, and the final fitted multipoles represent a
solution, which has optimally converged by multipolar rank 2
(atomic quadrupole moments), that implicitly attempts to
reduce short-range “penetration” errors where the multipole
expansion breaks down and that favors small values of atomic
multipole moments to improve stability of the model during
simulations.
DCM electrostatic interaction energies of water dimers were

calculated using a newly implemented in-house DCMmodule for
CHARMM and using the MTPL module of Bereau et al. for
comparison with truncated multipole expansions.29 To provide
ab initio reference data, Reduced Variational Space (RVS) energy
decomposition analysis41 was performed on each water dimer at
the Restricted Hartree−Fock (RHF) level of theory with aug-cc-
pVQZ basis set to evaluate the exact Coulomb integral over the
gas-phase charge densities of the monomers. The GAMESS42

program was used for RVS analysis with basis set taken from the
Basis Set Exchange.43 The current RVS implementation in
GAMESS cannot be used with DFT or other correlated methods.
500 ps NVE MD simulations of the water trimer were per-

formed at 50 K, also with DCM implemented in the CHARMM
program. Geometries were optimized, heated from 0 K to the
specified simulation temperature, and equilibrated during a short
NVT simulation, and then, trajectories were generated without a
thermostat in an NVE ensemble. A relatively large 1 fs time step
was used despite not applying SHAKE constraints to demon-
strate computational stability and energy conservation during
the simulations. Fitting of remaining force field terms is not
examined in the current work, so bonded and Lennard-Jones
nonbonded parameters for DCM water molecules were taken
from the TIP3P parametrization.44

A similar approach was used for a benchmarking simulation of
a droplet containing 130 water molecules. This time a more
standard 0.25 fs time step was used, again without SHAKE con-
straints in a short 0.75 ps simulation. A standard quartic re-
straining potential in CHARMMwas found to cause energy drift
during NVE simulations, so an alternative spherical restraining
potential with no discontinuity in the associated forces was
implemented and applied to water molecule oxygen atoms:

ε=
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⎠⎟V r

r
r

( )
2

cut
2

10

(33)

where r is the distance from the atom to the global origin, ε is a
scaling factor set to 0.1, and rcut is the radius of the sphere, in this
case 10 Å. A 10 Å sphere of water molecules was created, opti-
mized with the adopted basis Newton−Raphson algorithm in
CHARMM, then heated to 300 K over 12.5 ps (50,000 time
steps). After 20 ps of NVT equilibration, the final 0.75 ps bench-
marking NVE trajectories were performed using different charge
models. Remaining bonded and nonbonded terms were as for
the water trimer.
A larger water droplet containing a core of 42 DCM water

molecules and an outer shell of 327 TIP3P water molecules was
created by overlaying a 14 Å sphere of TIP3P water molecules
onto a 7 Å sphere of DCM water molecules. A spherical re-
straining potential with rcut = 15 Å (eq 33) was applied to all
TIP3P oxygen atoms; a potential with radius rcut = 8 Å was
applied to the DCM water molecule O atoms. This system was
minimized, heated, and equilibrated as for the water sphere
described above. The four-charge DCM model (eqs 4−7) was
used for the core water molecules, and two types of NVE-con-
tinuations were considered: 75 ps without SHAKE and a time
step of 0.25 fs, and 300 ps with SHAKE applied and a time step
of 1 fs.
Finally, a chlorobenzene molecule was solvated in a water

droplet with radius 11 Å. A pyramidal DCM charge model with
dq = 0.25 a0 was used for water and chlorobenzene atoms.
Missing bonded and nonbonded parameters for chlorobenzene
were taken from a test set generated with the CGenFF tool by
MacKerell and co-workers.45 A total of 171 water molecules were
included in the system and a spherical restraining potential with
radius rcut = 11.5 Å was applied to water oxygen atoms. Reference
simulations used TIP3P charges for water and CGenFF charges
for chlorobenzene. Remaining simulation details were as for the
previous systems, again with 75 ps (300000 0.25 fs time steps)
NVE production runs without SHAKE constraints or 300 ps
(300000 1 fs time steps) with SHAKE applied to H atoms.

■ RESULTS AND DISCUSSION
Multipole Fitting. Fitting of the H2O multipole moments to

electrostatic potential energy (ESP) values used a sparse 3D grid
with 2373 points across the volume outside the 0.001 au iso-
density surface. The dependence of the error in ESP across the
grid on adjustable multipole moments was found to be linear,
and so, fitting converged with a single iteration to yield the
values shown on the right-hand side of Table 1. For comparison,
GDMAmultipole moments calculated at the same level of theory
as the ESP data are included on the left-hand side of the table.
Loosely constraining all atomic multipole components to zero
kept fitted multipole moment components smaller than their
GDMA counterparts, while still maintaining the total molecular
multipole moments at ab initio values.26 Smaller multipole mo-
ments tend to lead to fewer problems at close range, where the
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multipole expansion is in error from the exact Coulomb integral
by the so-called “penetration” correction.34,46 Fitting without
these constraints can also lead to large multipole moments that
cancel one another to give accurate results for one geometry, but
that lead to large errors after conformational change. Finally,
so-called “buried” atoms, which lie within a molecule away from
the molecular surface, can also take on unphysically large values
during fitting as their contribution to the ESP at the molecular
surface is small.31,47 Constraining multipole moments toward
zero alleviates this problem as interior atoms will be assigned very
small charges.
Comparison of the ESP generated from the fitted multipole

moments with B3LYP reference values across the entire volume
of a finer grid with 429972 points outside the 0.001 au isodensity
surface yields a mean absolute error (MAE) of 0.37 kcal/mol.
In the volume closest to the molecular surface (between the
molecular 0.001 au isodensity surface and a surface 1.66 times
further from the nuclei, “region A”),48 the MAE is 0.61 kcal/mol.
In “region B”, the volume between this surface and a surface
2.2 times the distance from the nuclei to the 0.001 au surface,
the MAE is 0.04 kcal/mol. The corresponding MAEs using the
GDMAmultipole moments from Table 1 are larger at 0.64, 0.98,
and 0.19 kcal/mol, respectively. Although alternative GDMA
multipole moments can be found by trialing different integration
radii,25 there does not appear to be a systematic method for
determining optimal radii for a given molecule.
The same approach was used for chlorobenzene, again apply-

ing symmetry constraints on individual multipole moment com-
ponents during fitting across the volume of a sparse 3D grid
with 2360 points outside the 0.001 au isodensity surface of the
molecule. The MAE for the fitted multipole moments with
respect to B3LYP reference data across a finer grid of 443275
points was found to be 0.28 kcal/mol. In region A closest to the
molecular surface (defined above), the MAE is 0.84 kcal/mol,
and in region B, the MAE reduces to 0.10 kcal/mol. For com-
parison purposes, a default GDMA analysis (no integration radii
specified) yields a MAE of 0.65 kcal/mol across the entire grid,
1.82 kcal/mol for region A, and 0.31 kcal/mol for region B.
As illustrated in Figure 5, the Cl atom of chlorobenzene exhibits
a negative ring in the ESP orthogonal to the C−Cl bond, and a
region of positive electrostatic potential at the surface along the
C−Cl bond vector. This feature can be well-described using
multipolar electrostatics but not using a single point charge
at the Cl nuclear position.49,50 The values of fitted atomic
multipole moments for each atom are included as Supporting
Information.
DCM Charges. H2O DCM charges for the fitted multipoles

in Table 1 are presented in Table 2. An octahedral model (Figure 1,

right) with charges at a distance of 0.25 a0 from nuclear coordinates
(dq = 0.25 a0 in eq 3) and a pyramidal model (eq 2) with charges at
a distance of 0.6 a0 from the O-nuclear positions and 0.25 a0 from
the H-nuclear positions were used. The larger distance for oxygen
charges was chosen as the pyramidal model produces significantly
larger charges than the octahedral model, which can be reduced by
increasing dq. It should be noted, however, that large charges cancel
one another to yield the same total atomic charge as was present in
the underlying multipole expansion.
As confirmed in Table 3, the DCM charges reproduce the

multipole expansion exactly up to the truncation rank of l = 2

Table 1. Comparison of GDMA Multipole Moments and
ESP-Fitted Multipole Moments for the Same Molecular
Orientation of H2O

a

GDMA fitted

H1 O H2 H1 O H2

Q00 0.488 −0.976 0.488 0.379 −0.758 0.379
Q11c 0.060 0.0 −0.060 0.010 0.0 −0.010
Q11s −0.033 0.417 −0.033 −0.008 0.127 −0.008
Q20 −0.004 −0.020 −0.004 −0.035 −0.513 −0.035
Q22c −0.001 0.132 −0.001 0.055 0.329 0.055
Q22s 0.017 0.0 −0.017 0.001 0.0 −0.001

aAll values are in au, components that are zero for all atoms are not
shown.

Figure 5. DFT electrostatic potential energy mapped onto H2O 0.001
au isodensity surface (left) and chlorobenzene 0.001 au isodensity
surface (right). Colors pass from positive ESP values (blue) through
white to negative values (red).

Table 2. Comparison of DCMCharges Representing the Same
Underlying Multipole Expansion for the O-Atom in H2O

a

charge (au) DCMoct charge (au) DCMpyr

q(dq,0,0) 2.76 q(dq,0,0) 0.98

q(−dq,0,0) 2.76 q(−dq,0,0) 0.98

q(0,dq,0) −2.86 q(0,dq,0) 0.0

q(0,−dq,0) −2.86 q(0,0,0) −3.61

q(0,0,dq) −0.03 q(0,0,dq) 0.55

q(0,0,−dq) −0.53 q(0,0,−dq) 0.34

aThe first DCM charges are arranged octahedrally with no central charge,
the second set of DCM charges are arranged pyramidally (Figure 1).
Labels represent the coordinates of the charges along the principal axes
(eqs 2 and 3); all charges are 0.25 a0 from the nuclear coordinates in the
octahedral case, 0.6 a0 from the nucleus in the pyramidal case.

Table 3. Comparison of Original Multipole Moments from
Fitting to the ESP, Multipole Moments Calculated fromDCM
Charges in an Octahedral Arrangement, dq = 0.25 a0 (eq 3),
and fromDCMCharges in a Pyramidal Arrangement, dq = 0.6
a0 (eq 2), for the O-Atom of H2O

a

component multipole DCMoct DCMpyr

Q00 −0.758 −0.758 −0.758
Q11s 0.127 0.127 0.127
Q20 −0.513 −0.513 −0.513
Q22c 0.329 0.329 0.329
Q31s 0.0 −0.005 −0.028
Q33s 0.0 −0.006 −0.036

aAll values are in au. Components not shown are equal to zero for all
models. Multipoles were recalculated from the DCM charge distri-
butions according to eq 1.
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(quadrupole moment). As expected, there are nonzero octupole
components arising from the point charge distribution, but by
choosing a small value for dq they are kept negligibly small. Even
for the larger value of dq = 0.6 a0, the largest octupole component
is−0.036 au. As a final check, the same 3D grid outside the 0.001
au isodensity surface of the molecule used for multipole fitting
was used to compare the ESP generated by DCM charges and
multipole moments. A mean absolute difference between the
full volume of the two grids of 0.03 kcal/mol was obtained, with
0.04 kcal/mol in region A. The maximum deviation between the
pyramidal DCM and multipolar ESP across the entire grid was
0.5 kcal/mol. In the case of the octahedral DCM arrangement,
the octupole is smaller than in the pyramidal arrangement, and
the maximum deviation was 0.05 kcal/mol.
Larger charges were obtained using an octahedral model for

chlorobenzene, reaching nearly 12 au for the Cl atom when
dq = 0.25 a0. The behavior of the charges and octupole moment as
a function of dq were therefore examined in more detail (Table 4).

As shown in the Table, increasing dq from 0.25 to 0.55 a0 leads to a
large decrease in the magnitude of DCM charges, with the largest
charge in chlorobenzene dropping from 11.7 to 2.6 au. The cor-
responding increase in octupole moment is moderate, with a mean
increase of 0.03 au in the individual components and a maximum
increase of 0.24 au. This increase translates to an increase in themean
absolute discrepancy between multipole results and DCM results
from 0.01 to 0.05 kcal/mol across the entire grid outside the 0.001 au
isodensity surface of the molecule. In region A, closest to the
molecule, the discrepancy increases from 0.03 to 0.14 kcal/mol. The
maximum difference at any point on the grid increases from
0.5 to 2.6 kcal/mol, at a position lying on the molecular surface. dq
can therefore be used to control the magnitude of DCM charges
with only a small effect on the ESP around a molecule. There is no
need to use the same value of dq for all atoms, so it can be selectively
increased for problem atoms. It should also be emphasized that
the increase in octupole moment can actually improve, rather than
degrade accuracy relative to ab initio data, depending on the
system, as truncation of the multipole expansion at quadrupole
ignores the octupole moment contribution altogether.
H2O Simulations. Test simulations were performed to ex-

amine the stability of the DCM model in a Molecular Dynamics

context. Various existingmultipolar approaches employ techniques
such as rigid body approximations to simplify axis system
derivatives,29 which leads to small errors in the calculated forces,
requiring constraints such as SHAKE, unphysically large bond
force constants and/or very small simulation time steps. The
focus in the following section is therefore to demonstrate that the
current DCM implementation is appropriate for NVE molecular
dynamics simulations with many time steps, no geometric con-
straints are required, a standard time step can be used, and simu-
lations are stable even without distance cut-offs for the non-
bonded terms, meaning that all charge−charge interactions are
included for the entire system. Finally, stability of simulations
with the maximum number of DCM charges required per atom
and deliberately using large DCM charge values was tested.
Simulations with the widely used TIP3P and CHARMM22
charge models were used to provide a reference in each case.
The first test system examined was the water trimer shown in

Figure 6. 500 ps NVE simulations (500 000 time steps) at 50 K

demonstrated excellent energy conservation for all DCM charge
models tested and stability of the cluster in its known minimum
energy conformation.51 As previously observed, running the
simulation with isotropic charges from the widely used TIP3P
model leads to a trimer geometry with all H and O atoms lying
within a plane (top-left in the figure).6 SHAKE constraints were not
found to be necessary for energy conservation, despite the relatively
large 1 fs time step for describing the O−H bonds. Although all
charge models perform well, it can be seen that the standard TIP3P
model used in CHARMM exhibits the smallest peak widths for the
five simulations that were performed, indicating the lowest change
in total energy per simulation time step and hence the greatest
stability. There is little difference between the DCM models,
although the four-charge model appears to exhibit slightly less
variation than the two six-charge models, presumably due to the
smaller number of charge−charge DCM interactions.

Table 4. Properties of the Octahedral DCM Arrangement as a
Function of dq (eq 2, Right Hand Side of Figure 1) for
Chlorobenzenea

dq = 0.25 a0 dq = 0.35 a0 dq = 0.45 a0 dq = 0.55 a0

mean abs. q 3.07 1.57 0.95 0.64
max. abs. q 11.67 6.09 3.77 2.58
mean abs. Q3m 0.02 0.03 0.04 0.05
max. abs. Q3m 0.20 0.28 0.36 0.44
ESP MAE 0.01 0.02 0.04 0.05
ESP Reg.A MAE 0.03 0.06 0.10 0.14
ESP Reg.A max. 0.54 1.06 1.73 2.57

aAll charges and octupoles are in au; energies are kcal/mol. The mean
absolute DCM charge and maximum DCM charge for any of the
atoms is compared, along with mean and maximum octupole com-
ponents. ESP MAE shows the impact of increasing dq on the MAE of
the ESP across the entire volume outside the 0.001 au surface of the
molecule relative to a truncated multipole expansion (l = 2). ESP Reg.
A MAE is the MAE across region A closest to the molecule (defined in
text) relative to a truncated multipole expansion, and ESP Reg.A max.
shows the maximum difference across this region.

Figure 6. Normalized total energy distribution (kcal/mol) centered at
the mean total energy for 500 ps NVE simulations of the H2O trimer at
50 K. Total energy is sampled every 10th time step (i.e., every 10 fs). No
SHAKE constraints were applied, the different electrostatic models
compared are TIP3P (top left), 4 DCM charges for O atoms (top-right),
a pyramidal DCM charge arrangement (bottom-left) and an octahedral
DCM arrangement (bottom-right). Energy distributions are shown for
five separate simulations (different colors in the figure) for each charge
model. Inset top-left: Snapshot taken from a TIP3P simulation showing
the planar water geometry produced. Inset top-right: Snapshot of the
geometry obtained using the DCM models.
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In addition, a comparison of analytically and numerically eval-
uated forces with respect to the x-, y-, and z-coordinate of each
atom (often used in CHARMM to assess the precision of imple-
mented analytical derivatives) demonstrates a maximum devia-
tion of 7 × 10−4 kcal/mol·Å. Finally, electrostatic interaction
energies were evaluated for the 10 diverse water dimers of
Tschumper et al.52 presented in Figure 7. As shown in Table 5

and Figure 8, there is excellent agreement between the octahedral
and pyramidal DCM models with the fitted multipole moments
that they are calculated from (r2 = 1.00). Similar agreement is
observed between the four-charge model and the multipole ex-
pansion fromwhich it is calculated. The one noticeable exception
is for dimer 5, where electrostatic interaction energies fromDCM
charges differ from the corresponding multipole expansion by
0.28 kcal for the pyramidal model, and 0.59 kcal/mol for the four-
charge model. As noted earlier, the four-charge model exhibits a
larger octupole moment than the octahedral model, perhaps
explaining the greater deviation from multipole results at close
range. Good agreement is also observed between the DCM or
multipolar results and the RVS Coulomb energy, both with
r2 = 0.99. The systematic underestimation of the electrostatic
interaction energy with respect to RVS data by both DCM
charges and multipole moments may be partially due to the
difference in level of theory (RVS data is only available for RHF,
whereas multipoles for the DCM charges were calculated using

B3LYP electric fields), but it is likely to be largely due to the
absence of a “penetration” correction term, which becomes
important at close-range,53 and to truncation of the multipole
expansion at quadrupole. TIP3P data are also included for
comparison, and while electrostatic interaction energies are
larger than for DCM charges, reducing the systematic error, the
larger spread (r2 = 0.95) affects the model’s ability to correctly
rank the relative energies of the different dimers.
A similar test was performed for a low-energy water trimer

geometry (top right-hand side of Figure 6) using the fitted
multipoles, the octahedral and the pyramidal DCM charge
arrangements. From a total electrostatic interaction energy of
−23.2 kcal/mol, a maximum difference of 0.03 kcal/mol was
observed between all 3 models. For the four-charge model a
lower interaction energy of −20.2 kcal/mol was obtained with a
total discrepancy of 0.2 kcal/mol from the corresponding multi-
pole expansion. There is therefore little impact on the electro-
static interaction energy upon changing frommultipoles toDCM

Figure 7. Ten water dimers of Tschumper et al.52 used to compare the
electrostatic interaction energy using different DCM models and multi-
pole moments.

Table 5. Electrostatic Interaction Energies (kcal/mol) for 10 Water Dimers52 Using the DCM Octahedral (DCMOct) and
Pyramidal (DCMPyr) Models, Compared with TIP3P, Results Using the Fitted Multipole Expansion (MTP) from which the
Models Were Derived and the RVS Energy Decomposition Coulomb Term at the RHF/aug-cc-pVQZ Level of Theorya

DCMOct DCMPyr MTP TIP3P RVS DCM4chg MTPL

dimer 1 −6.00 −6.00 −6.15 −6.68 −8.11 −5.73 −5.70
dimer 2 −4.62 −4.62 −4.75 −5.86 −6.27 −4.14 −4.08
dimer 3 −5.46 −5.46 −5.52 −7.06 −8.05 −4.47 −4.40
dimer 4 −5.10 −5.10 −5.08 −5.79 −6.79 −4.35 −4.25
dimer 5 −4.52 −4.51 −4.79 −5.35 −5.93 −3.02 −3.61
dimer 6 −4.35 −4.35 −4.33 −5.58 −5.66 −2.60 −2.52
dimer 7 −3.59 −3.59 −3.53 −4.50 −4.91 −3.74 −3.49
dimer 8 −1.07 −1.07 −1.08 −1.25 −1.49 −1.38 −1.40
dimer 9 −3.40 −3.40 −3.42 −5.17 −4.94 −4.13 −4.18
dimer 10 −2.10 −2.10 −2.11 −4.10 −2.93 −2.48 −2.51

aA similar comparison on the right hand side of the table compares the four-charge DCM model (DCM4chg) with the compact multipolar model of
Lee et al.36 (MTPL) to which it corresponds.

Figure 8. Comparison of DCM octahedral charge model vs multipolar
electrostatic interaction energy for 10 water dimers (green diamonds,
r2 = 1.00), DCM octahedral model electrostatic interaction energy vs
RVS aug-cc-pVQZ Coulomb energy (red squares, r2 = 0.99), multipolar
energy vs RVS Coulomb energy (black circles, r2 = 0.99) and TIP3P
electrostatic interaction energy vs RVS Coulomb energy (blue triangles,
r2 = 0.95). Electrostatic interaction energies are in kcal/mol.
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charges, compared with the much greater impact of changing
between different multipolar models.
Next, a larger water droplet (Figure 9) containing 369 mole-

cules was examined as a more realistic system and as an example
of a split level TIP3P/DCM calculation with an inner core of
DCM water molecules and an outer shell of TIP3P molecules.
Using this approach, a region of interest such as a protein binding
site can be treated in detail while the remainder of the system is
treated with a coarser force field representation. As shown in the
center-right part of the figure, over three 75 ps simulations the
TIP3P/DCM model remains stable. There is no visible energy
drift and the distribution of the total energy (kinetic + potential
energy) is largely within 0.25 kcal/mol despite a total
electrostatic interaction energy of around 4500 kcal/mol for
the entire system. For comparison purposes, the same simulation
conditions were used after replacing the inner DCM core with
additional TIP3P water molecules. As seen in the center-left-
hand side of the figure, the energy distribution using a fully
TIP3P model does not differ significantly from DCM results.
The same conclusions were found to apply when SHAKE
constraints are used for H atoms with a longer, 1 fs time step in

300 ps simulations, as shown in the bottom part of the figure,
although there is perhaps some broadening of the total energy
distribution relative to TIP3P data.
The computational cost of running DCM simulations as a

function of the charge model chosen was then examined by
benchmarking simulations of a smaller water droplet containing
130 molecules with a spherical restraining potential (Table 6).

On a 3.20 GHz Intel i7 processor using a single core the standard
CHARMM program with TIP3P water model proceeds quickly,
completing 3000 simulation time steps in 6.3 s. This includes
the time required to evaluate all other bonded and nonbonded
energy terms, and to propagate the simulation.
Running the same simulation with the same TIP3P model and

the new DCM code (labeled TIP3P-DCM in Table 6) increases
the CPU time to 12.5 s. The difference can be ascribed to a com-
bination of code optimization in CHARMM, and to the time
spent evaluating eqs 15−23 for each frame. Although these terms
are not necessary in frames where all charges are placed at nuclear
positions, they are evaluated here for analysis purposes. These
terms therefore require maximally 6 s, in this case, roughly dou-
bling the total simulation time.
The same number of these terms is required for the octahedral

charge arrangement with six DCM charges, but as shown in
the table, the total CPU time required for this model increases
dramatically to 460.8 s. This is roughly in line with the prediction
of scaling with n2td described above, where the octahedral model
is expected to be 36td times slower than the TIP3P-DCM model
with td > 1.
Moving one of the six charges to the nuclear coordinate,

creating the pyramidal charge arrangement, reduces the simu-
lation time to 422.3 s. This is clearly a non-negligible improve-
ment for no loss of accuracy, confirming that the nuclear position
should be occupied by one DCM charge wherever possible. Also,
if the time saving per charge that is shifted to the nuclear coor-
dinate is estimated from Table 6 to be 38 s, then the com-
putational cost of using off-centered charges can be estimated
using a hypothetical arrangement with all six charges shifted to
the origin, which yields an expected total simulation time of 232 s
(460−38 s × 6), or roughly 50% of the octahedral value. The
use of off-centered charges, requiring the terms in eqs 12−14,
therefore roughly doubles computational cost of the electrostatic
term, that is, in n2td, td ≈ 2 for the current implementation.
Reducing the number of oxygen DCM charges to 4, with a

single charge on each H atom has the strongest impact, reducing
the simulation time to 50.8 s. Of all the improvements that can be
made to improve computational efficiency, reducing the required
number of DCM charges is therefore most important. Future
development of the method should therefore focus on finding
minimal charge arrangements that yield a required level of
accuracy in the electrostatic interaction energy.
Finally, simulations were run for chlorobenzene in a droplet of

171 water molecules (Figure 10). As demonstrated in Table 2,
DCM charges can be considerably larger than standard force field

Figure 9. Top: Snapshot taken from a 75 ps (300 000 time step) NVE
mixed DCM/TIP3P H2O droplet MD simulation. DCM molecules are
shown in red, TIP3P molecules are blue. Middle: Normalized total
droplet energy distribution (kcal/mol) centered at the average value
recorded during each trajectory, written every 100th time step for three
separate trajectories (different colors). No SHAKE constraints were
applied. TIP3P results are shown on the left, a four-charge DCM
arrangement was used for O atoms of inner-shell molecules in the model
on the right. Bottom: As for middle but for 300 ps trajectories with
SHAKE constraints and a 1 fs time step.

Table 6. Benchmarking of 3000 Time Steps onOneCore of an
Intel i7 3.20 GHz Processor for a Water Droplet System as a
Function of the Charge Model Useda

TIP3P DCM-TIP3P
DCM

(4-charge)
DCM

(pyramidal)
DCM

(octahedral)

time (s) 6.3 12.5 50.8 422.3 460.8
aCPU times (s) are averaged over 5 runs in each case.
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point charges if small dq values are chosen. Charge magnitudes
can be decreased by increasing dq, but at the cost of increasing
the atomic octupole moment, which may in some cases be un-
desirable. Unlike in a standard point-charge force field, however,
DCM charges are balanced by neighboring charges that are a
comparatively short distance away, meaning that the total atom−
atom interaction energy and forces are the same as when using
a multipole expansion (again, when dq is small). It is therefore
important to ascertain whether simulations involving such large
individual charges are stable under standard simulation con-
ditions. To this end, DCM models were chosen for H2O and
chlorobenzene with up to 6 charges per atom, the largest number
of charges that is likely to be used in a quadrupolar DCM simu-
lation, in combination with very large DCM charge values by
usual force field standards. The pyramidal charge model was
applied to all water and chlorobenzene atoms, with a relatively
small dq value of 0.25 a0 (eq 2) so that individual charges reached
25 au for Cl and 3 au for oxygen in H2O. All charges and their
coordinates are provided in the Supporting Information. Smaller
charges were possible using different charge arrangements, and as
shown in Table 4 charges can be reduced significantly in chlo-
robenzene by increasing dq with little impact on atomic octupole
moments, but it is instructive to examine the stability of a “worst
case scenario”. It is therefore encouraging that trajectories remain
comparable to corresponding TIP3P simulations in terms of

energy conservation and total energy distribution (center and bottom
of Figure 10). The presence of counterbalancing charges in close
proximity to each large DCM charge position can therefore yield an
accurate total energy without significant loss of precision.

Compact Charge Models. The above results demonstrate
that DCM simulations are stable with respect to the number of
charges n per atom, tested up to n = 6, and with respect to the
magnitude of these charges as tested up to 25 au. Accuracy is the
same as for a standard multipolar simulation if dq is kept small,
with little loss of precision up to dq = 0.55 a0 and with the
potential for increased accuracy relative to a truncated multi-
pole expansion if dq is exploited to control the atomic octupole
moment. Finally, it was shown that the computational cost, and
therefore range of applicability, of DCM simulations, is heavily
dependent on the number of DCM charges used per atom. With
this in mind, it is important to search for DCM models with a
reduced number of charges that might still exactly reproduce
multipole moments up to the truncation rank.
The approach used here is to exploit dq more fully, as in eqs 5

and6 (also expanded in section S4 of the Supporting Information). A
similar system of six simultaneous equations was therefore created to
express the multipoles Ql,m for an arrangement of four charges at
(d1,0,0), (0,d2,0), (0,0,d3), and (0,0,0), which was solved as before to
yield expressions for the four charges and two distances d1 and d3 in
terms of the multipole moments. d2 can be fixed by the user. The six
simultaneous equations yield the following solutions:
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In the case of six nonzero multipole components remaining
after diagonalization of the quadrupole tensor, this arrangement
of four charges yields the same multipole moments up to quad-
rupole as amultipole expansionwith six terms, or as the arrangements
in eqs 2 and 3 with 6 charges. Unlike the DCM models with six
charges, however, the range of applicability of this model is restricted
to systems where all multipole terms that appear in the denominators
of eqs 34−39 are nonzero, and also to values of the multipole
moments that do not cause excessively large values of d1 and d3. The
clear advantage of the model is a more than 2-fold decrease in the
computational cost when compared to a 6-pt charge model.

■ PERSPECTIVES
The DCM method presented here is substantially simpler in its
implementation than a standard multipolar approach due to the

Figure 10. Top: Snapshot taken from a 75 ps (300000 time step) NVE
DCM solvated chlorobenzene MD simulation. Middle: Normalized
distribution of total system energy centered at mean (kcal/mol), written
every 100th time step. No SHAKE constraints were applied, either
TIP3P plus CHARMM22 (left) or a pyramidal DCM charge arrange-
ment (right) was used for all atoms. Three trajectories are shown in each
case (different colors). Bottom: As for middle, but taken from 300 ps
simulations using SHAKE with a 1 fs time step.

Journal of Chemical Theory and Computation Article

dx.doi.org/10.1021/ct500511t | J. Chem. Theory Comput. 2014, 10, 4229−42414239



homogeneity of the terms involved. As such, and as each term in
the electrostatic interaction energy is a standard point-charge
Coulomb interaction, the method should lend itself well to inte-
gration with standard MD techniques such as periodic boundaries
and Ewald summation, and as already shown,22 the DCMmodel
can be interfaced with QM code for multipolar QM/MM
calculations.
For sensitive applications, extension to higher interaction

ranks (octupole moments and beyond) would require the selec-
tion of an arrangement with the appropriate number of charges.
A fully octupolar implementation for an atom with all multipole
moments nonzero should therefore require maximally seven
additional charges for the seven additional spherical multipole
moment terms.
In much the same way that molecular symmetry causes certain

atomic multipole moments to vanish, decreasing the number of
multipole−multipole interaction terms that need to be evalu-
ated,29 DCMmodels can be developed with fewer than 6 charges.
An exhaustive list of models for each atomic symmetry is being
implemented into a single tool to automatically select the most
efficient DCM arrangement for a given atom, providing charges
for use in CHARMM.
The current implementation of DCM does not allow charges

to fluctuate as a function of molecular geometry. Intramolecular
polarization could therefore only be encapsulated in an average
way by fitting optimal multipole moments to the ESP of a mole-
cule in many different conformations. A more rigorous extension
would allow DCM charges to fluctuate as a function of nuclear
coordinates.54,55

Finally, work has so far focused on equivalence with a standard
multipolar approach. There is much scope, however, to fit arbi-
trary atomic charge arrangements directly to the ESP in order to
increase accuracy or decrease the number of charges required.
Similar studies have been performed for static charge arrange-
ments56 or rigid molecules57,58 in the past, and the framework
introduced here allows application of this approach in a dynamic,
conformationally evolving system and for systems beyond water.

■ SUMMARY
The Distributed Charge Model (DCM) described here is a novel
and computationally efficient multipolar electrostatics imple-
mentation for MD simulations. Inspired by the recent octahedral
point charge arrangement of Gao and co-workers used in
Fragment Molecular Orbital calculations, the approach has been
optimized using a spherical harmonics representation to reduce
the maximum number of nonzero multipole components to
six, and by exploiting symmetric environments with further
vanishing multipole components to reduce the number of
required charges further. A framework has been introduced to
define charge positions relative to surrounding nuclei in order to
distribute torques throughout a molecule in MD simulations.
The implementation has been validated in test simulations with
CHARMM, demonstrating equivalence with a standard multi-
pole expansion, energy conservation during NVE simulations
without the need for short time steps or SHAKE constraints, and
computational efficiency of the underlying algorithm.
The DCM approach is relatively straightforward to implement

into existing MD code due to the homogeneity of the terms
involved. Extension to periodic boundary conditions and Ewald
summation is underway. The use of distributed charges rather
than point multipoles also allows interfacing with Quantum
Chemical (QM) code for mutlipolar QM/MM-MD simulations
without modification of the underlying QM software. As a future

development, the same framework can be used for optimal
charge arrangements that are fitted directly to the electrostatic
potential energy and not designed to represent multipole
moments, allowing increased accuracy and/or a smaller number
of charges per atom.
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