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Atomic Multipoles: Electrostatic Potential Fit, Local
Reference Axis Systems, and Conformational Dependence
Christian Kramer,∗[a,b] Peter Gedeck,[b] and Markus Meuwly∗[a]

Currently, all standard force fields for biomolecular simulations
use point charges to model intermolecular electrostatic inter-
actions. This is a fast and simple approach but has deficiencies
when the electrostatic potential (ESP) is compared to that from
ab initio methods. Here, we show how atomic multipoles can be
rigorously implemented into common biomolecular force fields.
For this, a comprehensive set of local reference axis systems is
introduced, which represents a universal solution for treating
atom-centered multipoles for all small organic molecules and
proteins. Furthermore, we introduce a new method for fitting
atomic multipole moments to the quantum mechanically derived

ESP. This methods yields a 50–90% error reduction compared
to both point charges fit to the ESP and multipoles directly
calculated from the ab initio electron density. It is shown that
it is necessary to directly fit the multipole moments of con-
formational ensembles to the ESP. Ignoring the conformational
dependence or averaging over parameters from different con-
formations dramatically deteriorates the results obtained with
atomic multipole moments, rendering multipoles worse than
partial charges. © 2012 Wiley Periodicals, Inc.

DOI: 10.1002/jcc.22996

Introduction

Intermolecular interactions in the present major and widely used
force fields for biomolecular simulations (AMBER,[1] CHARMM,[2]

Gromacs[3], and OPLS[4]) are described using point-charge (PC)
electrostatics and a Lennard-Jones (LJ) term.[5] PCs are usually
located on each atom and supposed to model the electrostatic
interactions between molecules, whereas the LJ term depends on
the atomic radii and well-depth increments and should capture
all remaining intermolecular interactions. To date, a large number
of modifications to the current standard force fields have been
proposed.[6] Among the most popular approaches for improving
the description of intermolecular interactions discussed so far
are the use of atomic multipoles and atomic polarizabilities.[7–9]

They represent a first- and second-order correction to the elec-
trostatic energy: atomic multipoles describe the atomic charge
distribution more realistically than PCs. Atomic polarizabilities
are used to model the flexibility of the charge distribution in a
varying external field.

Several ways for deriving PCs leading to different parametriza-
tions have been described in the literature: early attempts include
partial equilibration of orbital electronegativities introduced by
Gasteiger and Marsilli,[10] Mulliken population analysis,[11] Coulson
population analysis,[12] Lowdin population analysis,[12] and natu-
ral bond order analysis[13] of the ab initio wave function. These
approaches have provided reproducible and interpretable point
charges. Although there is a theoretical justification for deriving
PCs that way, it has been shown that more pragmatic approaches
lead to PCs that give better results in combination with all the
other force field parameters. Recent force fields either use PCs
that have been fitted to the electrostatic potential around the
molecule[14] (RESP charges - restrained fit to the ESP to keep
partial charges within “physical range”) or PCs that have been
optimized to provide correct ab initio interaction energies with
water along the axes with minima in interaction energies.[15] The

advantage of RESP charges is that their derivation is clear and, as
long as the same grid is used for the fit, they are reproducible.The
advantage of PCs fitted to the interaction energies with water
is that these energies are well reproduced. Their disadvantage is
that the fit is very complex and neither guaranteed to converge
nor to be reproducible. Such an approach requires considerable
human intervention and thus robust and reproducible results
are difficult to achieve and automation is not straightforward.
PCs obtained with both procedures lead to differences in the
detailed performance of the force fields. However, none of the
two approaches is clearly better than the other.[16, 17]

In the past, distributed atomic multipoles have received consid-
erable attention and despite the under-representation in major
force fields various ways to obtain multipoles associated with
an analysis of their benefit over PCs have been published in
the past. In 1981, Stone[8] introduced a method to derive atomic
multipoles directly from an analysis of the charge densities. The
electron density arising from the overlap of two atomic orbitals
is assigned to the closest atom and multipole moments up
to any desired order can be calculated from this partitioning.
Sokalski and Poirier[18] have published the cumulative atomic
multipole moments method to derive multipoles. Using the
atoms in molecules method for partitioning the wave function
and for assigning pieces of charge densities to atoms,[19] Popelier
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and Breneman have derived and used atomic multipoles.[20, 21]

In 1988, Williams published a method that fits atomic multipoles
directly to the ESP (similar to the Merz-Kollman-Singh RESP PCs),
instead of deriving them from partitioning the wave function.[22]

Clark et al. published several methods to obtain atomic multipoles
directly from the semiempirical charge density calculated using
AM1 and showed that the derived ESPs agree with the ESPs from
higher-level quantum-mechanical approaches.[23, 24] Day et al.[25]

have compared force-field energies for crystal structure predic-
tion obtained with both atomic multipoles and point charges
(without reoptimizing the van-der Waals parameters) and found
that on average the energies predicted with atomic multipoles
yield better crystal structures. The DMACRYS force field uses mul-
tipoles that are fixed within a whole molecule axis system for
lattice energy minimization and second derivative properties.[26]

In the Sum of Interactions between Fragments Ab initio com-
puted (SIBFA) force field, one of the furthest advanced third
generation force fields today, Piquemal et al.[27] use atomic mul-
tipoles alongside with terms for polarizability, charge-transfer,
and short-range repulsion for rigid molecules. Very recently, Ren
et al.[28] published an overview about the AMOEBA force field,
one of the other advanced third generation force fields that com-
bines atomic multipoles and polarizabilities. In the AMOEBA force
field,[6] the multipoles obtained with Stone’s GDMA algorithm[29]

are calculated and refined. The authors mention that the multi-
poles can be optimized across ensembles of conformations, but
no details about the choice of the ESP fit points, the optimization
algorithm, and the quality of the multipoles derived are given.[28]

In the extended electron distributions (XED) force field by Vinter
multiple point charges around pi-conjugated atoms are used to
represent the multipolar charge distribution.[30] In 2009, Elking
et al.[31] extended a Gaussian Multipole Model that has been
introduced by Wheatley in 1993.[32] Here, a single dipole and
quadrupole, represented by a combination of Gaussians, are fit
to each atom to more exactly represent the charge density and
to allow for better approximating intermolecular interactions at
close range (e.g., in H-bonds). The Gaussians are dynamic, that
is, they change with conformations. Gaussians are an interesting
alternative to point multipoles, as point multipoles are only able
to reproduce the ESP far away from the origin—as the two ori-
gins of a charge distribution come closer, the approximation of
point multipoles necessarily deteriorates and additional terms
have to be used in force fields (e.g., H-bond terms, refitted LJ
parameters).

For point charges, it has been shown that charges fitted
directly to the ESP better reproduce it than charges obtained
from partitioning the wave function.[14] This is probably due to
compensations for the asymmetric distribution of electrons in
atoms and due to the somewhat arbitrary assignment of electron
densities to individual atoms, as can be seen from differences
between Mullikan and Coulson charges. Point charge fitting pro-
cedures often require restraints to maintain the partial charges
in ranges traditionally accepted as “physically meaningful.”[33]

In this publication, we introduce a method for fitting atomic
multipoles to the ESP using a standard downhill simplex opti-
mizer. The starting point for the fit is the distributed multipole
solution obtained from Stone’s GDMA wave function partitioning

method.[29] In all cases inspected so far, this approach gives mul-
tipole coefficients that are physically acceptable. It is, therefore,
not necessary to enforce restraints in the fitting process besides
the restraint that all partial charges have to add up to the molec-
ular charge. The difference in reproducing the ESP of GDMA and
refitted multipoles based on GDMA will be demonstrated and
we will argue for for the latter.

Fitting atomic multipoles to the ab initio wave function or
the ESP derived from it is practically simple for a single mole-
cule as a number of programs have this capability. The rest of
the handling, however, is complicated as multipole moments are
conformationally dependent, need to be rotated on molecular
rotation and there are additional forces, such as torques, arising
from the interaction of multipole moments, that do not exist for
atomic point charges. All these issues arise because multipole
moments have a spatial orientation—they need to be oriented
relative to a reference frame and if this reference frame changes
relative to the global axis system, the atomic multipole moments
in the global reference frame also change. Thus, the handling
of multipole moments is closely related to the definition of the
reference frame.[34] This topic, however, has never been systemati-
cally addressed in the literature about atomic multipole moments.
Previous work on multipoles mostly focussed on comparing the
ESPs obtained from ab initio calculations with the ESPs obtained
with atomic multipoles. Elking et al. have argued that choosing
the reference axis system for fixed atomic multipoles is arbitrary
in principle, and observed that the torques obtained with their
choice were not consistent for symmetric atoms. Thus they rea-
soned that only geometry-dependent multipole moments will
have consistent torques.[31] Here, we argue that the choice of
the reference axis system is not arbitrary, just as the distribution
of the torques to the reference atoms is not arbitrary. If the
local reference axis systems are chosen carefully, torques can be
calculated consistently and fixed atomic multipole moments can
be used. A comprehensive treatment of this point is, however,
outside the scope of this work and will be discussed more fully
in a forthcoming manuscript.

Methods

Theory of multipole moments

The theory of atomic multipoles has been described in much

detail before.[7] Here, we only briefly review the fundamentals.

The ESP �(�R) at any point �R outside of a molecule arising due

to a charge distribution inside the molecule can be expressed as

a Taylor expansion of the ESP around the center of the charge

distribution. [Eq. (1)]

�(�R) = 1

4πε0

∫
V

ρ(�r)dr
|�R − �r|

= 1

4πε0
·
(

q

|�R| + µi

Ri

�R3
+ Qij

3RiRj − �R2δij

2�R5
+ · · ·

)
(1)

Here, Ri are the components of the vector pointing from the

center of the multipole moments to �R; q, µi , and Qij are charge,
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i-component of the dipole moment and ij-component of the

quadrupole moment on the center of the multipole moments,

respectively. In atomistic modeling, there are several centers—

usually one on every atom. Multipole populations at a given site

A can be transferred to any other site B. Therefore, the multi-

pole populations of each rank can be arbitrarily distributed over

the atoms.[7] The overlap of s and p Gaussians can maximally

generate Multipoles up to rank 2 (Quadrupoles) at the center of

the overlap. Transferring these multipoles to the nearest atomic

center generates higher multipole moments. In force fields, dis-

tributed atomic multipole expansions have to be truncated at a

certain level for practical reasons. In published implementations,

these levels range from quadrupoles (AMOEBA force field, see

reference 6) to hexadecapoles.[20, 35] In practice, it is not neces-

sary to fit these moments on every atom; one could, for example,

imagine a force field where all the hydrogen atoms carry partial

charges only. The dipole and quadrupole moments on hydrogens

are usually much smaller than the multipole moments on heavy

atoms. A thorough assessment of which moments are necessary

for which atoms is, however, beyond the scope of this study.

Here, we fit monopoles, dipoles, and quadrupoles to every atom.

Monopole moments are isotropic and thus are represented

by one parameter only. Atomic dipole moments �µ = (µx , µy , µz)

are the first spatial derivative of the atomic charge distribution

and thus represented by three parameters. All polar atoms, such

as hydroxy oxygens, have an appreciable atomic dipole moment.

Atomic quadrupole moments

Q =
 Qx2 Qxy Qxz

Qxy Qy2 Qyz

Qxz Qyz Qz2

 (2)

are the second spatial derivative of the atomic charge distribution.

As the quadrupole tensor Eq. (2) is symmetric and traceless,

quadrupole moments can be represented by the five parameters

Qxy ,Qxz ,Qyz ,Qz2 , and Qx2−y2 . All atoms that are part of conjugated

pi-systems have strong quadrupole moments.

Calculations are carried out in Cartesian coordinates, whereas

it is customary to report the components of the quadrupole

tensor in spherical coordinates. To make the relationship more

transparent, it is given in Eq. (3), which follows the notation by

Stone.[7] The calculations in the Results section and the numerical

results given in the Supporting information refer to the spherical

harmonic representation.

Q20 = Qz2

Q21c = 2√
3
Qxz

Q21s = 2√
3
Qyz (3)

Q22c = 1√
3
(Qx2 − Qy2)

Q22s = 2√
3
Qxy

Grid definition for ESP fitting

As the wave function can be partitioned in several ways, dif-
ferent sets of multipoles can be obtained from the same wave
function. Practically, however, atomic charges and multipoles are
in most force fields used to reproduce the ESP outside the van
der Waals envelope of a molecule and to account for the electro-
static interaction energy.[7] To correctly capture the electrostatic
part of intermolecular interactions, the ESP in the closest pos-
sible location of any nonbonded interaction partner (the first
interaction belt) has to be reproduced as good as possible. As at
long range the ESP decays with the lowest multipole coefficient
(typically the partial charge, decaying as 1/R), the absolute error
in the ESP is largest in close proximity to the surface and decays
with increasing distance from the molecule. Thus reproducing
the ESP in the first interaction belt at roughly twice the van der
Waals radius (2σ) can be used as a criterion for the quality of the
multipolar representation. The ESP closer to the atomic centers
is less sensitive as this region is highly repulsive due to the vdw
term and usually not occupied by any other interaction center.
Intramolecular electrostatic interaction energies for atoms in 1-
2, 1-3, and 1-4 neighborhood are usually not, or only partially,
included and the electrostatic interaction energy is captured by
bond, angle and dihedral terms as depicted in Scheme 1.

Scheme 1. Interaction terms calculated in standard force fields as depending
on atom neighborhood.

For comparing atomic multipoles, we use grid points on an
evenly spaced grid with d = 0.1 Å between the Lee-Richards
molecular surfaces[36] of 1.66σ and 2.2σ . For fitting ESPs of single
molecules and conformational ensembles, we use a grid spac-
ing d = 0.8 Å to speed up the calculations. Initial tests (details
not shown) showed that d = 0.8 Å gives results comparable to
the results from a finer spacing (d = 0.1 Å average difference
≈0.1 kcal/mol). The results given for ESP-fitted multipoles are
calculated on a set of grid points which is (0.8/0.1)3 = 256
times larger than the training set—thus all values given can be
considered as being calculated on an independent test set of
grid points which is necessary to control for overfitting. For all
atoms including hydrogen we use the original Bondi vdW radii,[37]

which have recently been shown to still correlate favorably with
minimum distances found in X-ray structures.[38] For a schematic
representation of the first interaction belt, see Scheme 2.

Calculation of GDMAmultipoles and fitting to the ESP

Atomic multipole moments up to quadrupole moments are cal-
culated from the wave function using the current version of
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Scheme 2. Schematic view of Lee-Richards molecular surfaces for benzene.
White = inside (white < 1.0σ); green = Zone1: outside, but usually not
occupied (1.0σ < green < 1.66σ); blue = Zone 2: first interaction belt
(1.66σ < blue < 2.2σ); orange = Zone 3: far outside the molecule (orange >

2.2σ). [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

GDMA with DMA for large basis sets and the amended radius
for integration of H atoms.[39] All molecules have been fully
optimized at the HF/6-31G* level using Gaussian03.[40] The ESP
on the grid points is calculated using the cubegen routine
in Gaussian03. The multipoles obtained from GDMA are further
optimized using a downhill simplex and the square of the mean
difference between the multipole-derived ESP (�Multipoles) and
the ab initio-derived ESP (�ab initio) on the grid points gp in
the first interaction belt as objective function to be minimized
[Eq. (4)].

min
interaction belt∑

gp

(�gp,ab initio − �gp,Multipoles)
2 (4)

The initial stepsize for the minimizer is 0.05 for each multipole
parameter. Minimization is stopped when the change in the
objective function is less than 10−6. Since the sum of the partial
charges has to yield the total molecular charge qmol, for each
simplex guess the atomic partial charges qi are rescaled according
to Eq. (5).

qi,scaled = qi − |qi |∑Natoms
j=1 |qj |

(qmol − qtot) (5)

The same procedure can be applied to conformational ensem-
bles of molecules. In each conformation, the multipoles have to be
aligned to the current conformation—therefore, local reference
axis systems are necessary. The multipole moments are static
within their local reference axis system. They vary in the global
reference axis system, depending on the molecular geometry and
the molecular rotation. The local reference frame depends on the

chemical characteristics of each atom; there will be a different set
of rules for example, for aligning multipoles on carbonyl oxygens
and aliphatic carbons. For reference axis systems in symmetric
molecules some multipole parameters get close to 0. Every 1000
steps all parameters with an absolute value below 0.001 are set
to 0 and excluded from further optimization. Details on atom
typing and simultaneous optimization of multipoles in libraries
of molecules will be covered in a forthcoming manuscript. The
partial atomic charges change significantly during the simplex
optimization and in our experience optimizing them should not
be neglected. Using the fitting procedure described above we
have never observed problems with “unphysical” charges.

Difference between GDMA and ESP fit

GDMA has a different fitting objective than the procedure out-
lined above. Thus, the two approaches yield different numerical
values for the multipoles. While GDMA integrates the charge
density assigned to specific atoms, the fit introduced here has
the objective of reproducing the ESP in zone 2 around the mol-
ecule as well as possible. The GDMA algorithm assumes zero
penetration of charge densities arising from different atoms and
depends on the van der Waals radii because the radii of atoms
are used to allocate charge density. The zero overlap assump-
tion in GDMA is a shortcoming because it introduces artificial
boundaries and might necessitate including higher multipole
moments in the expansion to exactly reproduce the ESPs. The fit
introduced also depends on the the van der Waals radii because
they are used to define the grid points for the fit. However, only
GDMA depends on the zero overlap assumption and, therefore,
the ESP fit makes fewer assumptions and has no problem in
dealing with charge penetration effects.

A complete set of local atomic reference axis systems for
organic molecules

Dipole and quadrupole moments are anisotropic, that is they
have a spatial orientation. Therefore, the magnitude of their
components depends on the coordinate system used. For rigid
molecules, a molecular reference axis system could be defined,
for example, by calculating the principal components of the
atom position vectors.[34] For flexible molecules, local reference
axis systems have to be defined either for rigid fragments or
for each atom individually. Here, we introduce a system of rules
for assigning local atomic reference axis systems to each atom
that depend on the number of neighboring (connected) atoms
and local symmetries. Local symmetries must be kept for flex-
ible systems to align multipoles along the axes of bonds and
lone pairs. Local symmetries could in principle also be ignored,
but they are useful for fitting atom-type dependent multipoles
because in the optimization they allow to set some parameters
to zero due to symmetry (see below). The seven systems are
shown and discussed in figure 1. All vectors −→

xy are scaled to
unit vectors −̂→

xy (The hat indication will be left out below for
readability). Triple (A, B, C) means the scalar triple or box product−→
A · (

−→
B × −→

C ) of the vectors �A, �B and �C [∗ indicates a scalar
product, × indicates the cross product].
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Figure 1. Definition of seven reference axis systems suitable for most organic compounds. For readability, the coordinate systems for terminal atoms are drawn
on the neighboring internal atom. A is the reference atom to which atoms Bi are connected. [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

System 1: Four neighboring atoms

�z = −→
B1A + −→

B2A + −→
AB3 + −→

AB4

�y = �z × ((
−→
AB3 + −→

B4A) × �z)

�x =
{

�y × �z if Triple (
−−→
B4B1,

−−→
B4B2,

−−→
B4B3) > 0

−�y × �z otherwise

Prototype atoms for this system are most aliphatic carbon
atoms and quaternary nitrogens, sulfates, and phosphates. Here,
�z is as close as possible to the bisector of both the angles B1AB2

and B3AB4. This becomes useful if the two neighboring atoms B1

and B2 are symmetrical, because then µx = Qxy = Qxz = 0. �x is
orthogonal to the plane of A, B3, and B4 and only affected by B1

and B2. If there are two symmetrical pairs within the neighbor

atoms, µy = Qyz = Qz2 = 0. �y is orthogonal to the plane of A,
B1, and B2 and only affected by B3 and B4. The case check with
the triple product in the definition of �x guarantees that �x is
inverted if the stereoconfiguration at A reverts. This is necessary
for atomtyping to guarantee that the same MTP parameters can
be used for enantiomers.

System 2: Three neighboring atoms

�z =
{−−→
B3B1 × −−→

B3B2 if (
−→
B1A + −→

B2A + −→
B3A) ∗ �z > 0

−−−→
B3B1 × −−→

B3B2 otherwise

�y = �z × ((
−→
B1A + −→

B2A + −→
AB3) × �z)

�x =
{

�y × �z if(�y × �z) ∗ −→
B1A > 0

−�y × �z otherwise
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Prototype atoms for this system are aromatic carbons, sulfox-
ides and all nitrogens with three neighbors. Here �z is orthogonal
to the bottom of the pyramid spanned by atoms B1, B2, and B3.
The case check automatically adjusts �z in the correct direction,
if the pyramid inverts (can occur for nitrogen with three neigh-
bors). If B1 and B2 are symmetrical, µx = Qxy = Qxz = 0; if B1,
B2, and B3 are symmetrical, in addition µy = Qyz = Qx2−y2 = 0.
Note that this system does not make any assumptions about
the hybridization state or planarity of the environment of A. The
case checks in the definition of �x and �z make sure that �x and �z
are assigned appropriately if the stereoconfiguration at A inverts
(can happen for flexible nitrogen with three neighbors).

System 3: Two neighboring atoms

�z = −→
AB1 × −→

AB2

�y = �z ×
(
(
−→
B1A + −→

B2A) × �z
)

�x = �y × �z

Prototype atoms for this system are ether and hydroxy oxygens.
�y is the bisector of the angle B1AB2. �z is orthogonal to the plane
formed by A, B1, and B2. In this system, µz = Qxz = Qyz = 0 holds
a priori. If B1 and B2 are symmetric, µx = Qxy = Qx2−y2 = 0.

System 4: Four neighboring atoms with three of the same kind
(C3v symmetry)

�z = −→
AB4 + 3 · (

−−→
B1aA + −−→

B1bA + −−→
B1cA)

�y = �z × (
−−→
AB1a × �z)

�x = �y × �z

Prototype atoms for this system are methyl carbon, tri-
fluoromethyl carbon, positively-charged nitrogen with three
chemically equivalent neighbors and deprotonated terminal
phosphates and sulfates. This is a special system designed to
make use of the symmetries in the reference atoms. �z points
outward of the pyramid made up of B1a, B1b, B1c , and A toward B4.
The assignment of �x and �y is arbitrary, because all components
with x and y coefficients (µx , µy ,Qxy ,Qxz ,Qxy ,Qx2−y2) vanish.

System 5: One next neighboring atom and three second
neighboring atoms

�z = −→
B1A

�y = �z ×
(
(
−−→
B1B4 + −−→

B2B1 + −−→
B3B1) × �z

)
�x =

{
�y × �z if Triple (

−−→
B1B2,

−−→
B1B3,

−−→
B1B4) > 0

−�y × �z otherwise

Prototype atoms for this system are hydrogens and halogens
bound to aliphatic carbon. Here, �z points outward from B1 to A.
For all reference axis systems for terminal atoms, �z is only defined
via B1, as it is the only direct neighbor. �y is perpendicular to �z
and for perfect symmetry lies in the plane of A, B1, and B4. If
B2 and B3 are symmetrical, µx = Qxy = Qxz = 0. If B2, B3, and

B4 are symmetrical, µy = Qyz = Qx2−y2 = 0. The triple product
in the definition of �x is used to ensure that �x inverts if the
stereoconfiguration at B1 reverts.

System6: Onenext neighboring atomand two secondneighboring
atoms

�z = −→
B1A

�y =


�z ×

(
(
−→
B2A × −→

B3A) × �z
)

if (
−→
AB1 + −−→

B2B1 + −−→
B3B1)

∗ (�z ×
(
(
−→
B2A × −→

B3A) × �z)
)
> 0

−�z ×
(
(
−→
B2A × −→

B3A) × �z
)

otherwise

�x =
{

�y × �z if (�y × �z) ∗ −→
AB2 > 0

−�y × �z otherwise

Prototype atoms for this system are hydrogens and halogens
bound to aromatic heavy atoms, carbonyl oxygens and amide
hydrogens. Here, �z points outward from B1 to A. �y is orthogonal
to �z and in the plane of A, B1 and the bisector of B2AB3. If B2

and B3 are symmetrical, µx = Qxy = Qxz = 0. If the fragment
of A, B1, B2, and B3 is essentially flat and rigid (e.g., in aromatic
systems), µy = 0. If the fragment is flat and rigid and B2 and B3

are symmetrical, µx = Qxy = Qxz = Qyz = 0. The case checks in
the definition of �x and �y make sure that �x and �y are assigned
appropriately if the pyramidality inverts (can occur for flexible
nitrogen with three neighbors). If the fragment is perfectly planar
(which practically never occurs), �y must be calculated as �y =
�z × −−→

B1B2 and �x as �x = �z × (
−−→
B1B2 × �z).

System7: Onenext neighboring atomandone secondneighboring
atom

�z = −→
B1A

�y = �z × −−→
B2B1

�x = �y × �z

The prototype atom for this system is hydroxy hydrogen. Here,
�z points outward from B1 to A. �y is perpendicular to the plane
of B2, B1, and A. In this system, µy = Qxy = Qyz holds a priori. If
B2B1A is linear, B2 has to be replaced with the neighbors of B2

that are not linear with respect to B1 and A.

General considerations. The introduced systems do not use
assumptions about the hybridization state, which for some cases,
specifically nitrogen with three neighboring atoms, is not clear.
For sp-hybridized atoms in linear systems there are two different
ways of defining the reference axis system: If only the two neigh-
boring atoms are used as reference atoms, sp-hybridized atoms
can only have atomic multipole moments that are rotationally
symmetric with respect to the axis connecting the two reference
atoms and the central atom. This is not necessarily true for all
linear system: Cyano groups connected to aromatic systems, for
example, can be polarized in the plane of the aromatic system.
For such systems, we recommend to define a pseudo three-
neighbor system (System 2) for the carbon. For the nitrogen,
a pseudo 1/2-neighbor system (System 6) can be defined that

1678 Journal of Computational Chemistry 2012, 33,1673–1688 http://WWW.CHEMISTRYVIEWS.COM



http://WWW.C-CHEM.ORG FULLPAPER

Table 1. Multipole coefficients that vanish due to symmetry.

Neighbors: location Symmetric neighbors µx µy µz Qxy Qxz Qyz Qx2−y2 Qz2

4 : int 2 0 – – 0 0 – – –
4 : int 3 (C3v ) 0 0 – 0 0 0 0 –
4 : int 2 + 2 0 0 – 0 0 0 – 0
3 : int 2 0 – – 0 0 – – –
3 : int 3 0 0 – 0 0 0 0 –
2 : int 0 – – 0 – 0 0 – –
2 : int 2 0 – 0 0 0 0 0 –
1 + 3 : ter 0 + 2 0 – – 0 0 – – –
1 + 3 : ter 0 + 3 0 0 – 0 0 0 0 –
1 + 2 : ter 0 + 2 0 – – 0 0 – – –
1 + 1 : ter 0 + 0 – 0 – 0 – 0 – –

For terminal atoms, the numbers indicate the number of “nearest neighbors” + “second nearest neighbors.”

uses the second nearest neighbors in the aromatic system to
define the �x and �y axis.

Using the system described above, some components of static
multipole moments for symmetric molecules or symmetric atom
types can be set to zero. Note that this is only possible because
the local reference axes coincide with the symmetry axes. Being
able to set some parameters to zero a priori simplifies the multi-
pole fitting procedure. The coefficients that vanish are all listed
in Table 1.

It is important to assign a reference axis system where all
neighboring atoms have equal weights—in other words: to use
a “democratic” reference axis system. Otherwise ambiguous sys-
tems can be generated where depending on the atoms used
as reference atoms different parameters arise. In Figure 2, this is
illustrated using H2O as an example:

Figure 2. Bad (method 1) versusgood (method 2) assignment of local reference
axes system. If the LRA are assigned relative to one H–O bond only (method
1), the multipoles are not symmetric for conformational ensembles. Using the
bisector (method 2) avoids the problem. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

In method 1, the first local reference axis is aligned along
one H–O bond. This leads to multipole moments that are not
symmetric with respect to the entire water molecule on angle
bending because the two hydrogen atoms do not have equal
influence in such a definition. One (arbitrarily chosen) O–H bond
has a much higher power than the other (See Method 1 in
Fig. 2; on angle bending the principal dipole moment is not
aligned along the bisector any more). If the multipole moments
are aligned relative to all nearest neighbors, they are symmetric
on angle bending, as shown for method 2 in Figure 2. The main

dipole moment remains on the bisector on angle bending and
it is still symmetric with respect to the entire system. The same
holds for more complex systems with three or four neighbors.

Very recently, Ren et al.[28] have published the local reference
axes assignment system used in AMOEBA. AMOEBA basically
uses three systems: (i) the bisector method for molecules such as
water or symmetric CH2R2 atoms (we recommend using systems
1 and 3 introduced here), (ii) a Z-Bisector method for molecules
such as Dimethylsulfoxide (we recommend using system 2 intro-
duced here), and (iii) a Z-then-X assignment which assigns the
�z-axis according to one bond and the �x-axis orthogonal to the
�z-axis and in plane with one other bond and is used for most
molecules. While the system suggested by Ren et al. is attractive
due to its simplicity, it has significant shortcomings because the
neighboring atoms have different weights in the reference axes
definitions. This leads to instabilities and nontransferability for
a number of reference axis systems, for example, for NR1R2R3

and CR1
2R2

2 where only R1 or R2 but not both are used to adjust
the reference axes. The local reference axes systems proposed
here avoid this problem. Additional advantages are that a larger
number of multipole coefficients a priori vanish and that ref-
erence axis system assignment can easily be automatized, as
the assignment only depends on the number of neighboring
atoms and equivalences in them. Using all neighbors equally for
the reference axis system assignment also leads to a balanced
distribution of the torques which will stabilize force evaluations
in molecular dynamic (MD) simulations. However, the detailed
description of the torque propagation is beyond the scope of
this work and will be addressed rigorously in forthcoming work.

Results

ESP fit versus GDMA for single conformations

We have calculated the distributed multipoles and the field
comparison for five different compounds: acrolein, biphenyl, ben-
zonitrile, thymine, and alanine-dipeptide. These molecules were
chosen for various reasons. Koch et al.[41] pointed out that acrolein
is a challenging example for static multipoles. Biphenyl and ben-
zonitrile are two aromatic systems, the first apolar and the second
containing a highly polarizable group. The final two, thymine and

http://onlinelibrary.wiley.com Journal of Computational Chemistry 2012, 33,1673–1688 1679



FULLPAPER http://WWW.C-CHEM.ORG

Figure 3. Acrolein: Comparison of molecular electrostatic potential from a) ab initio, b) GDMA, and c) fitted multipoles. Isocontours at −40, −20, −10, −5, 0, 5, 10,
20, and 40 kJ/mol. Difference between ab initio ESP and d) GDMA and e) ESP-fitted multipoles. Isocontours at 0, 1, 2, 5, 10, 20, and 40 kJ/mol. [Color figure can be
viewed in the online issue, which is available at wileyonlinelibrary.com.]

alanine-dipeptide, are examples of structural elements found in
biopolymers. Figures 3–7 show the calculated ab initio ESP, the
ESP calculated from GDMA multipoles up to quadrupoles, the
ESP calculated from multipoles up to quadrupoles fitted directly

to the ESP, and the difference maps for both multipole ESPs to
the ab-initio ESP.

For both GDMA and ESP-fitted multipoles, the derived ESPs
look similar. However, the difference maps show that GDMA leads
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Figure 4. Biphenyl: see Figure 3 for details.

to considerably larger errors than the ESP-fitted multipoles. This
is not surprising because the objective of the ESP fit is the
minimization of the difference between the ESP obtained from
the ab initio calculation and the ESP obtained from the multipoles
in the first interaction belt (Zone2). In Table 2, the average errors
of using GDMA to calculate the ESP for the three different zones
are reported. In Table 3, the errors for the multipoles fit directly
to the ESP are reported.

Table 2 shows that GDMA-derived multipole moments up to
quadrupoles considerably improve the reproduction of the ab ini-

tio ESP compared to GDMA-derived point charges. The error in
the relevant zone 2 is reduced by 80–90%. Adding dipoles to the
monopoles reduces the error roughly by a factor of three to four.
Adding quadrupoles to dipoles and monopoles again reduces
the error roughly by a factor of three. Table 3 shows that this
also holds for ESP-fitted multipoles—here the remaining error of

ESP-fitted point charges is reduced by up to 90% by ESP-fitted
multipoles up to quadrupoles.

Taken together, Tables 2 and 3 show that refitting the mul-
tipoles to the ESP considerably improves the quality of the
corresponding ESP compared to GDMA-derived multipoles, again
reducing the error by roughly 90%. The ESP calculated from
GDMA multipoles is on average as good as the ESP calculated
from ESP-fit point charges.

The total molecular dipole and quadrupole of the ESP-fit mul-
tipoles are in excellent agreement with the molecular dipole and
quadrupole calculated from the optimized ab initio wave func-
tion, as shown in Table 4. The molecular dipoles and quadrupoles
calculated from the ESP fit multipoles agree with the ab initio

dipoles and quadrupoles to within 0.1% or better. The MTP
parameters for the heavy atoms of acrolein and different fitting
approaches are summarized in the Supporting Information.
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Figure 5. Benzonitrile: see Figure 3 for details.

Pragmatic approach to capture the conformational
dependence of MTPs

In a second step, the conformational dependence of multipoles
is considered in more detail. Several possibilities exist to capture
these effects. In one of them, all multipole moments explicitly
depend on one or several internal coordinates. While this is

possible in principle, such an approach will lead to considerable
computational overhead and possibly numerical noise if used in
actual simulations. For diatomic molecules, fluctuating multipole
moments have been successfully used in the past.[34, 42] Alterna-
tively a combination of local approximate models and database
lookups for handling the conformational dependence of flexible
molecules in energy minimization can be envisaged.[43] This is an
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Figure 6. Thymine: see Figure 3 for details. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

efficient solution for small molecule crystal structures, but due
to the approximate nature analytical derivatives become very
complex and the transferability to biological force fields is not
guaranteed.

Finally, one might try to find a set of conformationally invariant
multipoles to best reproduce the ESP on average over a given
conformational ensemble. This is the approach pursued here and
discussed in more detail.
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Figure 7. Alanine-dipeptide: see Figure 3 for details. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

We have used GDMA to calculate the multipoles for various
conformers of biphenyl and acrolein generated by a rotation
around the central C–C bond (Fig. 8). We chose biphenyl because
it is a simple example and acrolein because it has been found
to be a particularly challenging system.[41]

Both acrolein and biphenyl have been fully optimized at the
HF/6-31G* level with the central dihedral fixed at 0◦. Subse-
quently, conformations have been generated by keeping one
half of the ligand fixed and rotating the other half of the mole-
cule around the central dihedral. Multipole moments have been
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Table 2. Absolute (in kJ/mol) and relative (in %) errors in GDMA MTP
parameters in reproducing the ab initio ESP in different zones.

GDMA:q GDMA:q, µ GDMA:q, µ,Q

Molecule Zone Abs E Rel E Abs E Rel E Abs E Rel E

Acrolein 1 11 335 21 682 4.7 78
2 4.1 132 8.0 248 0.75 10
3 1.5 133 2.0 94 0.11 4

Biphenyl 1 9.8 58 38 158 4.7 45
2 4.2 62 18 139 0.66 19
3 1.2 65 5.1 145 0.07 9

Benzonitrile 1 12 274 28 990 4.5 84
2 5.1 124 13 706 0.62 9
3 2.1 71 3.3 173 0.07 2

Thymine 1 18 293 30 505 5.2 37
2 9.0 302 13 426 1.0 27
3 3.8 277 3.1 166 0.15 8

Alanine-Dipeptide 1 19 907 23 1242 6.3 180
2 8.5 638 8.0 709 1.3 65
3 2.8 596 2.0 572 0.17 43

The smallest errors in zone 2 for each molecule are highlighted.

Table 3. Absolute (in kJ/mol) and relative (in %) errors of fitted MTP
parameters in reproducing the ab initio ESP in different zones.

ESP-fit:q ESP-fit:q, µ ESP-fit:q, µ,Q

Molecule Zone Abs E Rel E Abs E Rel E Abs E Rel E

Acrolein 1 4.3 94 2.9 88 2.4 69
2 1.0 15 0.25 5 0.10 2
3 0.20 5.4 0.03 1 0.008 0.4

Biphenyl 1 3.6 35 3.2 35 2.3 21
2 0.53 22 0.19 6 0.06 3
3 0.09 17 0.02 3 0.005 0.7

Benzonitrile 1 3.7 72 3.0 63 2.4 50
2 0.64 25 0.22 4 0.09 2
3 0.11 6 0.03 0.8 0.008 0.3

Thymine 1 4.7 47 4.1 40 3.0 24
2 0.76 22 0.32 7 0.12 4
3 0.11 5 0.037 1 0.009 0.7

Alanine-Dipeptide 1 5.3 197 4.3 41 3.1 115
2 0.82 39 0.40 13 0.12 6
3 0.11 34 0.036 4 0.008 2

The smallest errors for each molecule are highlighted in bold.

calculated for each conformation using GDMA. Figure 9 shows
the variation of selected multipole parameters for the different
conformations after aligning them to their local reference axis
system (System 2 for both C1 in biphenyl and C3 in acrolein).

Several approaches for finding a suitable set of multipoles
have been examined:

a. GDMA single: GDMA multipoles from the 0◦ conformation
were used for the other conformations.

b. GDMA average: GDMA multipoles from all conformations
have been averaged.

c. ESP-fit multipole: Multipoles have simultaneously been fit
to the ensemble of ESPs for all conformations.

In addition, ESP fit point charges were calculated to obtain
an estimate of the benefits of multipoles. Since the barrier for
rotation around the central C=C bond in acrolein is high and the

Table 4. Molecular dipole and quadrupole (in a.u., quadrupole calculated at
the center of mass) from the ab initio wave functions and the ESP refit
multipoles.

ESP-fit ab initio

Molecule |µ|mol |Q|mol |µ|mol |Q|mol

Acrolein 1.135 4.73 1.135 4.73
Biphenyl 0.000 12.18 0.000 12.19
Benzonitrile 1.949 11.29 1.950 11.29
Thymine 1.807 11.87 1.807 11.87
Alanine-Dipeptide 1.026 20.72 1.026 20.72

Figure 8. Biphenyl and acrolein and the dihedral around the central bond.

double bond is broken at 90◦ rotation, it can be anticipated that
no single set of multipoles can equally well capture the ener-
getics of all five conformations with φ = 0, 45, 90, 135, and 180◦.
Therefore, parameters have also been fitted to 0 and 180◦ confor-
mations of acrolein only. For all multipole fitting approaches, the
multipole moments have been averaged for symmetric atoms
after rotation to the individual local reference axis scheme: for
biphenyl four different carbon atom types (para, meta, ortho, and
the bridging carbon) and three different hydrogen atom types
(para, meta, and ortho) remain. For acrolein, there are no symmet-
ric atoms. To highlight the differences between multipoles and
atomic point charges, we also compared atomic point charges
derived from the GDMA analysis (corresponding to Mulliken[11]

charges). Results for reproducing the ab initio ESP are shown in
Tables 5 and 6. All multipoles are rotated and evaluated according
to the local reference axis scheme described above.

Multipole moments can be fitted to conformational ensembles,
effectively reducing the error between the ab initio and the recon-
structed ESP by a factor of eight to ten [(c) ESPfit]. For biphenyl,
this holds for all conformations. Also, multipoles obtained from
one conformation do not fit other conformations as well as the
initial conformation [(a) GDMA single]. This becomes especially
evident for acrolein, where GDMA multipoles from one con-
formation used to calculate the ESP of another conformation
gives errors between 4 and 10 kJ/mol. For acrolein, the errors
obtained from using “point charges” only are comparable. Aver-
aging the multipole parameters between several conformations
gives errors of roughly 4 kJ/mol [(b) GDMA average] reducing
the error by 50%. Averaged partial charges however give similar
errors, indicating that conformationally averaged multipoles are
not necessarily superior to optimal point charges.

For acrolein, the break of the conjugation of the pi-system
clearly makes it more difficult to identify acceptable multipoles
for all conformations. If, however, we only consider the ener-
getically most stable planar conformations, it becomes possible
to fit multipoles of sufficient quality. However these multipoles
can only be found by refitting—they neither coincide with the
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Figure 9. Quadrupole parameter dependence on torsion angle around central bond.

Table 5. Results for reproducing the ab initio ESP with multipoles for the 0,
30, 60, and 90◦ conformations of biphenyl with different approaches.

Approach Multipoles 0 30 60 90 Average

(a) GDMA single q, µ,Q 0.70 1.12 1.07 0.96 1.0
(b) GDMA average q, µ,Q 0.94 1.09 0.98 0.77 0.9
(c) ESP-fit q, µ,Q 0.13 0.13 0.10 0.19 0.1
(d) ESP-fit q 0.54 0.53 0.51 0.55 0.5

(a) GDMA multipole from planar conformation; (b) averaged GDMA multi-
poles from the four conformations; (c) simultaneous ESP fit of multipoles
to ensemble of the four conformations; (d) simultaneous ESP fit of partial
charges to ensemble of the four conformations.The error is given as average
error in kJ/mol for all grid points in the first interaction belt.

multipoles of one single conformation nor with the average of
the two conformations.

Implementation in MD force fields. Conformationally indepen-
dent multipoles are easier to parametrize and computationally
more efficient than conformationally dependent multipoles. In
this manuscript, only the parametrization of the MTPs has been
considered. For using multipoles in the context of a complete
force field, a number of additional points need to be addressed.
For a consistent parametrization, all other intermolecular terms,

for example, the LJ terms, will have to be refitted, as they usually
account for the energy difference that is not captured by the
charge model. Intramolecular 1–4 and 1–5 terms will probably
also have to be reparametrized, since a different charge model
influences these interaction energies. If charges are to be fitted
to the ESP for a MTP force field, this fit would then be the first
step, because it can be done independent of all other terms.
Conformationally independent multipoles will of course never
reproduce the ESP as well as conformationally dependent ones.
The accuracy that can be obtained by using fixed multipoles
might nevertheless be good enough so that it is not the bot-
tleneck for force-field accuracy. However, this question deserves
special attention.

Discussion

In this work, we have shown that multipoles can directly be fit
to the ab initio ESP. Thereby, reproducing the ab initio ESP can
be improved considerably compared to methods that calculate
multipole moments directly from the wave function. The error
in reproducing the ab initio ESP calculated from GDMA multi-
poles can be reduced up to 90% by multipoles fit to the ESP.
In the first interaction belt, the error in reproducing the ESP is

Table 6. Results for reproducing the ab initio ESP with multipoles for the 0, 45, 90, 135, and 180◦ conformations of acrolein.

Approach Multipoles 0 45 90 135 180 Average

Five conformations
(a) GDMA single q, µ,Q 0.75 3.94 8.87 9.19 8.49 6.2

q 4.06 6.63 10.01 9.08 7.70 7.5
(b) GDMA average q, µ,Q 4.61 2.22 3.37 3.14 3.00 3.3

q 2.78 3.78 6.18 4.71 3.44 4.2
(c) ESP-fit q, µ,Q 1.89 0.61 2.56 0.61 1.63 1.5

q 3.09 1.36 2.97 1.91 1.64 2.2
Two conformations

(a) GDMA single q, µ,Q 0.75 8.49 4.6
q 4.06 7.70 5.9

(b) GDMA average q, µ,Q 3.44 4.32 3.9
q 2.97 4.91 3.9

(c) ESP-fit q, µ,Q 0.52 0.51 0.5
q 1.82 1.91 1.9

The error is given as average error in kJ/mol for all grid points in the first interaction belt.
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roughly 0.1 kJ/mol, allowing to generate a highly accurate repre-
sentation of the electrostatic contribution to the intermolecular
interaction.

If only dipoles and point charges are fitted to the ESP,
the remaining error is roughly three times larger than when
quadrupoles are included as well. With point charges only, the
error is six to ten times larger than with ESP-fit multipoles up
to quadrupoles and in the same range as GDMA multipoles up
to quadrupoles.

The largest errors compared to the ab initio ESP are found
close to the molecular surface. This, however, is not a problem
for force-field applications, as the nearest other atomic centers
that “feel” the ESP usually are not located on the molecular
surface, but in the first interaction belt, which is defined as the
area between the Lee-Richards surfaces of 1.66σ and 2.2σ .

If atomic multipoles are to be used in MD simulations,
they need to move with their parent molecule. For nonrigid
molecules, local reference axis systems have to be defined
for every multipole center to correctly align the multipoles. If
conformation-independent multipole moments are used, it is
important to use a system that aligns the multipoles from differ-
ent conformations in such a way that the maxima and the minima
of the electron density are always aligned along the bonds
and lone pairs. Care should also be taken in defining the local
reference axes to give all neighboring atoms equal weights—
otherwise the distribution of the torques will be unbalanced
because they are not evenly distributed among the neighboring
atoms. Here, we have introduced a set of seven different refer-
ence axis systems that fulfill these requirements and that are
capable of describing all standard organic molecules. Such a pro-
cedure can easily be automated as the definition of a reference
axis system only depends on the number of atom neighbors and
chemical equivalences therein and does not require assumptions
about hybridization.

The procedure for assigning local reference axis systems makes
ideal use of local symmetries, which leads to an appreciable
number of vanishing multipole moments. This is very useful
and economical for fitting multipole moments, as the number
of degrees of freedom can be reduced a priori and it makes
simulations numerically more stable.

For different conformations, the multipoles derived from GDMA
vary. If a set of parameters derived at one conformation is cor-
rectly rotated to another conformation, the result in reproducing
the ab initio ESP can still be disappointing; for acrolein the error
can rise from 0.75 kJ/mol to more than 9 kJ/mol. As we have
shown, averaging the parameters from different conformations
does not solve the problem; here the error in reproducing the
ab initio ESP rises up to 4 kJ/mol for acrolein. If several con-
formations of acrolein are considered (e.g., in MD simulations),
static multipoles derived from GDMA are basically as good
as point charges derived from GDMA (corresponding to Mul-
liken charges)—there is no gain from the additional complexity
involved in multipoles. However, multipoles can be fit directly to
the ESPs of the conformational ensemble.Then, the improvement
from using the multipoles compared to point charges becomes
apparent again. In our examples, the static multipoles up to
quadrupoles reduce the error in reproducing the ab initio ESP
by a factor of four to 10 with final average errors of 0.14 kJ/mol for

biphenyl and 0.52 kJ/mol for acrolein. This is probably acceptable
for MD simulations.

The results presented here are encouraging as they show that
it should be feasible to find conformationally independent mul-
tipoles that can be applied in MD simulations and really improve
over point charges. However, the multipoles can not be directly
derived from GDMA. Instead, for flexible molecules they need
to be fitted to conformational ensembles of molecules. This is a
very significant finding, as fitting the parameters of conformation-
dependent multipoles for libraries of large druglike molecules
and biomolecules becomes complex and time consuming.

The theory of atomic multipole moments has been laid out
a long time ago. However, atomic multipoles are just starting
to be introduced into the major general and biological force
fields.[28, 44] Even more, it has not yet been rigorously shown
with optimized parameters that atomic multipoles are superior
to point charge representations, although there is a growing body
of evidence for superiority from calculations with diatomic[45–47]

and polyatomic molecules.[44, 48] We believe that the reasons for
the slow integration of multipoles in standard force fields are
two-fold: First, despite the long history of using and analyzing
multipoles, the theory of multipole handling, that is, force/torque
propagation and reference axis system handling, has not yet
been established. Here, for the first time, we have described
a consistent and complete reference axis system for organic
molecules that allows proper multipole handling (and handling
of all other anisotropic atom properties such as anisotropic polar-
izabilities). Second, the multipoles used in the past have not
been optimally parametrized. Very recently, the performance of
the polarizable multipole force field AMOEBA for modeling small
organic molecule properties has been reported.[28] In AMOEBA, it
is possible to fit multipoles to ensembles of conformations. How-
ever, as important procedural details are not explicitly reported,
no direct comparison between the two approaches is possible.
Here, we have shown that it is absolutely necessary to fit the mul-
tipoles to the ESPs of ensembles of conformations. Otherwise, the
improvement over point charges will not justify the additional
effort and complexity.

Conclusions

Atomic multipoles can considerably improve the description of
the ESP, if they are derived in a meaningful way. This work
demonstrates that it is possible to handle multipoles in practice
if a consistent and exhaustive set of local reference axis systems
is used. This set, consisting of seven different reference axis sys-
tems, is capable of handling all situations (stereochemistries and
bonding patterns) in standard organic and biological molecules
(excluding metal ions), and is described here for the first time.
Furthermore, it is shown that the conformational dependence
of multipole moments can be captured by one single set of
multipoles. However, this set cannot be derived by averaging
them from wave-function derived MTPs. Rather, it is necessary
to refit the multipole moments to the ESP from a conforma-
tional ensemble. By proceeding along these lines, the errors in
reproducing the ESPs can be reduced by up to 90% compared
to simple point charge representations.
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In future work, we will examine on a large data set of several
thousand druglike molecules what errors are to be expected for
a general set of transferable multipoles, avoiding the very time
consuming ab initio calculations for conformational ensembles of
molecules. We also hope to strictly show that multipoles indeed
give better overall interaction energies than point charges.
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