Second harmonic generation based on
strong field enhancement in
nanostructured THz materials
Hannes Merbold,∗ Andreas Bitzer, and Thomas Feurer
Institute of Applied Physics, University of Bern, Sidlerstrasse 5, CH-3012 Bern, Switzerland
∗ hannes.merbold@iap.unibe.ch

Abstract: The THz response of slit structures and split-ring resonators
(SRRs) featuring extremely small gaps on the micro- or nanoscale is
investigated numerically. Both structures exhibit strong field enhancement
in the gap region due to light-induced current flows and capacitive charging
across the gap. Whereas nanoslits allow for broadband enhancement the
resonant behavior of the SRRs leads to narrowband amplification and
results in significantly higher field enhancement factors reaching several
10,000. This property is particularly beneficial for the realization of
nonlinear THz experiments which is exemplarily demonstrated by a second
harmonic generation process in a nonlinear substrate material. Positioning
nanostructures on top of the substrate is found to result in a significant
increase of the generation efficiency for the frequency doubled component.
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1.

Introduction

The last decades have seen significant progress in the development of terahertz (THz) technologies in a wide variety of fields such as chemical recognition, material inspection, or security
control. One of the major and yet unmet limitations is that, compared to the optical regime,
the pulse energies supplied by current THz sources are still rather limited. This is particularly
problematic for the realization of nonlinear THz experiments which have been a topic of considerable interest in recent years. The highest average THz power is currently available from
large-scale electron particle accelerators [1]. Using table-top sources generation of high energy
THz pulses has been demonstrated using for example large area photoconductive switches [2],
frequency mixing in a laser generated plasma [3], or optical rectification in nonlinear crystals [4].
In order to extend THz experiments into the nonlinear regime the quantity to be optimized
n
is essentially the electric field strength E since a nonlinear process of order
 n scales with E .
The field strength is linked to the pulse energy Q through the relation E ∝ Q/(Δτ · A) where
Δτ is the temporal width of the pulses and A denotes the cross-sectional beam area. The avail#142892 - $15.00 USD Received 17 Feb 2011; revised 12 Mar 2011; accepted 13 Mar 2011; published 31 Mar 2011
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able pulse energy is naturally limited by the THz system at hand and the pulses are typically
already single-cycle so that one cannot increase the field strength by adjusting the parameters Q and Δτ . The cross-sectional beam area can be minimized through tight focusing which
is typically realized using e.g. paraboloidal mirrors. However, the diffraction limit imposes a
lower boundary on A thereby restricting the obtainable field strength. This can be overcome
by using metallic nanostructures that collect the incident radiation and focus it in a subwavelength volume leading to strong field enhancement. This concept was introduced by Seo and
coworkers [5] who have shown that a single nanoslit in a thin gold film (Fig. 1(a)) may act as
a nanocapacitor. The incident radiation induces a current flow on the metal surface that leads
to an accumulation of charge carriers in the gap region. This capacitive charging in turn results
in an in-gap enhancement of the electric field by orders of magnitude. For a 70 nm wide slit
and a frequency of 0.1 THz field enhancement factors on the order of 1,000 were reported by
the authors. A slightly different concept using arrays of slits with different lengths has recently
also been applied to obtain broadband enhanced THz radiation [6].

Fig. 1. Schematic drawing of the micro- and nanogap structures under study. (a) Single slit,
(b) split-ring resonator, and (c) slit array.

Here, we propose a different geometry in order to further increase the obtainable field enhancement. The structure consists of split-ring resonators (SRRs) [7] that are resonant in the
THz regime and which, compared to their side length, feature extremely small gaps on the
micro- or nanoscale (Fig. 1(b)). At the fundamental SRR resonance, which is also denoted LC
resonance due to its analogy with an LC resonator, strong circulating currents are excited in
the ring that lead to a build up of charge across the gap [8]. Due to the resonant behavior the
resulting field strengths in the gap region are significantly higher than for the non-resonant
nanoslits. For SRRs with gap widths on the nanoscale giant enhancement factors of several
10,000 are obtained. In order to maximize the integrated nonlinear response the overall size of
the volume comprising the high field strengths also plays an important role. We therefore investigate how the nonlinear response can be maximized by adjusting the structural parameters of
both nanoslits and microgap SRRs. Finally, we exemplarily use a second harmonic generation
(SHG) process in a nonlinear substrate material to compare the strength of the nonlinearities
induced by the two structures.
2.

Simulations

The numerical modeling is based on the finite element method (FEM) [9] using a commercial
software package [10]. The simulations were carried out in both the frequency- and the timedomain. The frequency dependent simulations were used in order to determine the obtainable
field enhancement in single slits and SRRs. This approach has the advantage that the spectral
dependence of the metal may be included using a complex conductivity as obtained from the
Drude model where we used the values of bulk gold [11] for the plasma frequency and damping
constant. Even though thin metallic films have been shown to exhibit a smaller conductivity than
the bulk materials [12] we observe that the effect of a tenfold increased damping constant on
the field enhancement is negligible. Modeling of the slit structures could be carried out in two
dimensions assuming infinite slit lengths whereas for the SRRs a three dimensional geometry
was employed. The slit (SRR) structures were positioned in the center of a rectangular (box
#142892 - $15.00 USD Received 17 Feb 2011; revised 12 Mar 2011; accepted 13 Mar 2011; published 31 Mar 2011
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shaped) simulation domain and the refractive index of the surrounding dielectric was set to
unity. A plane harmonic wave having normal incidence onto the structure plane was launched
from one of the boundaries and the frequency ν was scanned parametrically. For all other
boundaries scattering boundary conditions were chosen. In order to include nonlinear effects
such as SHG, however, we analyze the structure’s response in the time-domain. For this purpose
a multi-cycle THz transient was employed. Also, for the examination of the SHG process we
chose to investigate the interaction of the THz pulse with slit and SRR arrays rather than single
structures. For this purpose the corresponding boundaries were set to periodic conditions and
the size of the simulation domain was chosen according to the periodicity.
3.

Results

3.1.
3.1.1.

Obtainable field enhancement
Nanoslit structures

We begin by investigating the response of single nanoslits as schematically shown in Fig. 1(a).
The thickness of the gold film was set to h = 60 nm, the slit width D was varied from 50 µm
down to 40 nm, and the incident wave was polarized perpendicular to the slit’s long axis. From
the frequency dependent simulations we determine the field enhancement factor
F(ν ) =

Egap (ν )
,
Einc (ν )

(1)

where Egap (ν ) denotes the absolute amplitude of the electric field in mid-gap and Einc (ν ) the
one of the incident electric field. We find that this is an adequate measure for the field enhancement allowing for convenient comparison between different geometries even though small inhomogeneities across the gap are observed. Seo and coworkers [5] pointed out that the field
enhancement obtainable in such structures depends on both the wavelength λ and the slit width
D as shown in Fig. 2(a). We find that for slits with D  λ the field enhancement scales approx-

Fig. 2. (a) Mid-gap field enhancement F in single slits as a function of slit width D and
frequency ν . (b) For sufficiently subwavelength slits (D  λ ) the field enhancement scales
approximately linear with the ratio λ /D.

imately linear with the ratio λ /D. This is shown in Fig. 2(b) where we plot F as a function of
this ratio for four different frequency components. The different curves overlap which shows
that the funneling is a purely geometric effect and that the smaller the slit on the scale of the
wavelength the larger is the obtainable field enhancement. For the smallest considered slit width
and frequency (D = 40 nm, ν = 100 GHz) a maximum enhancement factor approaching 3000 is
obtained.
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3.1.2.

Nanogap split-ring resonators

Figure 1(b) gives a schematic representation of the SRR structures under study. The spectral
position of the SRR resonances can be controlled by adjusting the side length L [13, 14]. Here,
we chose L = 300 µm to obtain resonances at the low frequency side of the THz range. The wire
width was set to w = 5 µm, the structure height was h = 1 µm, and the gap width d was varied
from 100 µm down to 100 nm. The LC resonance can be excited through either an electric field
component across the SRR gap, a magnetic field component perpendicular to the SRR plane,
or by a combination of the previous two [15, 16]. We start by considering E-field excitation
where the E, H, and k triad of the incoming field is oriented along the x, y, and z axes. In

Fig. 3. Field enhancement in mid-gap versus frequency for SRRs with (a) 100 µm, (b)
10 µm, and (c) 1 µm gap width. (d) Mid-gap field enhancement at resonance as a function
of resonance wavelength divided by gap width. (e) Mid-gap field enhancement of d =1µm
SRR under combined E- and H-field excitation and only E-field excitation.

Fig. 3(a)–3(c) we exemplarily show the field enhancement F(ν ) obtained for three SRRs with
decreasing gap width.Within the considered frequency range the curves exhibit a single peak
corresponding to the fundamental SRR resonance. With decreasing gap width the resonance is
redshifted which can be qualitatively understood by the analogy between a SRR and a simple
LC resonator [8]. A smaller gap width translates into a larger capacitance which in turn results
in a reduced resonance frequency. Also, for decreasing d the in-gap field strength is found
to be significantly enhanced. In analogy to the nanoslits we find that the field enhancement
scales linearly with the ratio λr /d where λr denotes the wavelength at resonance. This is shown
in Fig. 3(d) where the red line is a linear fit to the data points. For the smallest considered
gap width of d = 100 nm giant enhancement factors approaching 40,000 are obtained which is
more than an order of magnitude larger than the maximum field enhancement obtained for the
nanoslits. This is explained by the resonant behavior where the oscillating currents excited in
the SRR are much stronger than the non-resonant current flow induced on the metallic surface
of the slit structures.
Note, that with the fixed values of h and w the aspect ratio of the gap volume becomes more
and more extreme for decreasing gap width requiring an increasing amount of mesh points
which in turn results in a significant increase of the computational demands. Simulating gap
sizes smaller than 100 nm could therefore not be realized. We expect, however, that the inverse
scaling of the field enhancement with d extends to smaller gap widths so that even larger field
strengths could be realized using e.g. SRRs with 40 nm gap width. Here, the threshold for
breakdown fields (on the order of 108 V/cm) imposes an upper limit on the obtainable in-gap
field strengths. The fabrication of nanostructures featuring such extreme aspect ratios, on the
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other hand, has already been demonstrated [17].
It has been shown previously [18] that compared to only E-field excitation the LC resonance
may be excited more strongly using a combination of E- and H-field excitation. Using this
excitation scheme, where the E, H, and k triad is oriented along the x, −z, and y axes, we find
that the in-gap field enhancement can be increased even further. This is exemplarily shown in
Fig. 3(e) for a SRR with 1 µm gap width. By simply rotating the structure the peak values of the
in-gap fields can approximately be increased by another factor of 1.3.
3.2.
3.2.1.

Optimizing the geometry for maximum nonlinear response
Slit structures arranged in one dimensional arrays

The integrated nonlinear response depends not only on the obtainable field strength but also on
the size of the volume comprising those high field strengths. Since for a single nanoslit the total
volume and, thus, the overall transmission is rather small the obvious approach is to arrange
the slits into one dimensional arrays with periodicity p as shown in Fig. 1(c). Since decreasing
the periodicity increases the slit density the transmission is expected to scale inversely with
p. For small periodicities, however, neighboring slits start sharing the incident field energy so
that, compared to single slits, the obtainable field enhancement is reduced [19]. The use of
nanoslit arrays is consequently accompanied by a tradeoff between an increased volume and a
decreased field enhancement. For the realization of nonlinear χ (2) and χ (3) effects the properties
to be optimized are the ratios F 2 (p)/p and F 3 (p)/p, respectively. Their dependence on the
periodicity is shown in Fig. 4(a) as obtained for 40 nm wide slits at a frequency of 500 GHz. For

Fig. 4. (a) Study of the ideal periodicity p of slit arrays for the realization of nonlinear
χ (2) (scaling with F (2) /p) and χ (3) (scaling with F (3) /p) effects for d = 40 nm wide slits
at ν = 0.5 THz. (b) F (2) (p)/p obtained for slit arrays as a function of periodicity p and
frequency ν .

the two curves maxima are obtained at different values of p indicating that the ideal periodicity
depends on the order of the nonlinearity to be optimized. In addition, the behavior also exhibits
a strong frequency dependence as exemplarily shown for a χ (2) process in Fig. 4(b).
3.2.2.

Split-ring resonators featuring extended capacitive faces

Due to the ring geometry of SRRs, at least in planar arrays, the possibility of increasing the nonlinear response by decreasing the periodicity is limited. We therefore follow another approach
to increase the size of the high field strength volume that is based on adding capacitive faces
of length s to the gap [20] as shown in Fig. 5(a). The electromagnetic energy stored in the SRR
and, thus, the amount of charge carriers accumulating in the gap region is finite. For increasing
split length the charge accumulations are therefore distributed over a larger distance so that the
field enhancement is found to decrease. This is shown in Fig. 5(a) for single SRRs with d = 1 µm
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Fig. 5. (a) Field enhancement at resonance in mid gap for SRRs with d =1µm and varying
split length s. (b) Second and third power of absolute field amplitude integrated over the
gap volume for varying s.

gap width. As in the case of nanoslits this implies a tradeoff between an increased volume and
a decreased field enhancement. For the realization of χ (2) and χ (3) effects the integrals
U (2) =



Vgap

|E|2 dV

and

U (3) =



|E|3 dV,

(2)

Vgap

are the property to be optimized. Their dependence on the split length s is shown in Fig. 5(b).
For U (2) and U (3) maxima at different values of s are obtained which again shows that the ideal
split length depends on the order of the nonlinearity.
3.3.

Nanostructure induced second harmonic generation in lithium tantalate

We exemplarily consider a second harmonic generation (SHG) process in lithium tantalate
(LiTaO3 ). The purpose of this study is not to optimize the conversion efficiency of the SHG
process but to demonstrate that the structures under study can be used to induce THz nonlinearities in adjacent materials. We note, that similar concepts have recently been used to control
the THz transmission through a VO2 film [21] or to produce extreme ultraviolet light through
high harmonic generation [22]. LiTaO3 is a trigonal 3m crystal having one extraordinary axis.
The incident field is polarized along this axis and, for simplicity, we neglect the birefringence
in the simulations. According to [23] the refractive index of LiTaO3 at THz frequencies can
then be set to n = 6.15. The nonlinearity was included by introducing a nonlinear polarization
P(2) = ε0 χ (2) E 2 into the governing time dependent equation. For χ (2) at THz frequencies a
constant numerical value could be derived from the potential energy surface as shown in Appendix A. For simplicity the imaginary part has been neglected. The central frequency of the
exciting multi-cycle pulse was 138 GHz and the peak field strength was set to Einc = 10 kV/cm.
Note, that this value is about an order of magnitude smaller than what has already been demonstrated using table-top THz sources [4].
3.3.1.

Nanoslit arrays

We consider a nanoslit array deposited on top of a flat LiTaO3 substrate. The slit width was
40 nm and a periodicity of 30 µm was used optimized for maximum SHG efficiency at the center frequency. Note, that the introduction of the LiTaO3 substrate leads to a modification of the
dielectric environment which results in an effectively smaller wavelength λeff = λ /neff where
neff denotes the effective refractive index. According to our previous findings this leads to a
decrease of the field enhancement as compared to a freestanding structure. The black curve in
Fig. 6(a) shows a reference spectrum of the incident pulse transmitted through an unstructured
LiTaO3 substrate. The nonlinearity of LiTaO3 together with the given field strength of the incident pulse is small so that hardly any SHG signal can be observed. The red curve, on the other
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Fig. 6. (a) Transmission spectra of only the LiTaO3 substrate, slit arrays with 40 nm slit
width and 30 µm periodicity deposited on the substrate, and slit arrays where additionally
the gap volume was filled with LiTaO3 . (b) Absolute field amplitude in a xz-slice cutting
through the slit. (c) As in (a) but for SRR arrays with d = 1 µm, L = 70 µm, and 100 µm
periodicity.

hand, shows the corresponding spectrum of a pulse transmitted through the nanoslit array on the
substrate. The induced field enhancement leads to a much stronger SHG signal even though the
nonlinear substrate material was only present below and not in the gap. Figure 6(b) shows the
field enhancement in a xz-slice cutting through the gap. The high field strength region extends a
few tens of nanometers into the LiTaO3 substrate. Even though, the volume comprising the high
field strengths within LiTaO3 is rather small, the field enhancement within this volume is large
enough to cause a significant increase of the SHG efficiency. The generation efficiency can be
scaled up even further if the nonlinear material is directly inserted into the slit, for example
by using liquids [24]. For demonstration we have also analyzed the case of a nanoslit array on
substrate where the slit volume was additionally filled with LiTaO3 . The obtained transmission
spectrum is included in Fig. 6(a) as the green curve. Compared to SRRs with air-filled gaps (red
curve) the SHG signal is increased by another factor of 2.3.
3.3.2.

Microgap split-ring resonator arrays

For the SRRs the presence of the LiTaO3 substrate results in a redshift of the LC resonance [13]
due to the SRR responding to the effectively reduced wavelength λeff . This redshift was compensated by choosing a correspondingly smaller side length of L = 70 µm for which the SRR
resonance coincides with the center frequency of the incident spectrum. The SRRs were arranged in a two dimensional array and the periodicity was set to 100 µm. Since time-dependent
simulations in three dimensions are particularly time consuming an intermediate gap width of
d =1 µm was chosen as a compromise between obtainable field enhancement and a manageable
amount of mesh points.
Figure 6(c) shows the spectrum of the incident pulse transmitted through the sole substrate
(black curve, reference), a microgap SRR array deposited on LiTaO3 (red curve), and the SRR
array on substrate where the gap volume was additionally filled with LiTaO3 (green curve). The
exhibited behavior qualitatively resembles the one of the nanoslits except that the amplitudes
of the generated second harmonic spectra are much higher. The slight discrepancy between the
frequency doubled components of the black curves in Fig. 6(a) and 6(c) is assigned to different numerical noise levels in the two and three dimensional simulations. In Fig. 7(a) we plot
the peak amplitudes of the SHG spectra obtained with the unfilled structures as a function of
the incident field strength. Here, the data points were referenced to the peak amplitude of the
incident spectrum at the highest considered field strength. From the log-log plot we obtain a
slope of 2 for both curves indicating a quadratic dependence on the field strength as expected
for a χ (2) process. Much higher SHG efficiencies are obtained for the SRRs even though an
optimized nanoslit geometry was employed whereas the SRR conversion efficiency can still
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Fig. 7. (a) Relative peak amplitude of the SHG spectra versus the incident field strength
obtained with unfilled slit and SRR structures. (b) Normalized SHG spectra for simulated
slits and SRRs on LiTaO3 and calculated from the incident waveform. (c) Normalized
SHG spectra for SRRs on substrate, SRRs where additionally the gap volume was filled
with LiTaO3 , and SRRs on substrate with a 10% smaller side length.

be increased by (i) using narrower gaps, (ii) adding extended capacitive faces, and (iii) using
a combined E- and H-field excitation. Note, however, that the strong field concentration may
cause photorefractive damage so that the natural damage threshold imposes an upper limit on
the obtainable nonlinearites.
In Fig. 7(b) we plot the normalized SHG spectra of the slit and SRR structures on substrate
(corresponding to the red curves in Fig. 6(a) and 6(c)). In addition, we include the ideal frequency doubled spectrum as calculated from the incident waveform (dashed black curve). The
spectrum obtained with the SRR samples is somewhat narrower than the calculated spectrum
which is explained by the SRRs providing field enhancement only at their resonances. The SHG
spectrum of the nanoslits, on the other hand, has approximately the same width as the calculated
spectrum except that it is slightly redshifted which is attributed to the field enhancement scaling with λ . The difference in the behavior exhibited by the two structures can consequently be
used to realize either broadband or narrowband conversion. The SRRs are thereby of particular
interest because the narrowband conversion property allows for tunability of the nonlinearity
by adjusting the dielectric environment or the structural parameters. This behavior can be seen
in Fig. 6(c) where the red and green curves exhibit a dent in the incident spectrum corresponding to the fundamental SRR resonance. Filling the gap with LiTaO3 results in a small redshift
which is reproduced in the second harmonic spectrum. For better visibility of this effect the
corresponding SHG spectra are shown again in Fig. 7(c) where the curves were normalized.
The redshift induced by the modification of the dielectric environment can clearly be seen. The
frequency position and linewidth of SRR resonances can be tailored by adjusting the spilt-ring’s
geometry [13] or by introducing a coupling between neighboring rings [14, 25]. This property
can in turn be used to realize structural tunability of the induced nonlinearities as demonstrated
in Fig. 7(c). The dashed black line represents the SHG spectrum obtained with smaller SRRs
positioned on LiTaO3 . The SRR side length L was reduced by 10% which results in a blueshift
of the resonance that is consequently reproduced in the SHG spectrum.
4.

Conclusion

We have analyzed the response of slit structures as well as THz split-ring resonators featuring extremely small gaps on the micro- or nanoscale. Both structures can be used to enhance
the electric field by orders of magnitude. Whereas broadband enhancement is exhibited by
the nanoslits the resonant nature of the SRRs leads to a narrowband behavior. Due to strong
oscillatory currents induced in the ring at resonance giant enhancement factors approaching
40,000 were observed. These structures are valuable tools for the realization of nonlinear THz
experiments and, in order to maximize the nonlinear response, we have investigated the inter#142892 - $15.00 USD Received 17 Feb 2011; revised 12 Mar 2011; accepted 13 Mar 2011; published 31 Mar 2011

(C) 2011 OSA

11 April 2011 / Vol. 19, No. 8 / OPTICS EXPRESS 7270

play between the size of the high field strength volume and the obtainable field enhancement.
Application of the structures was exemplarily demonstrated by a second harmonic generation
process in a nonlinear substrate material. For microgap SRRs deposited onto the substrate significantly higher conversion efficiencies were obtained than for nanoslit arrays and suggestions
were made on how the SHG efficiency can be increased even further. SRRs additionally allow
for tailoring of the induced nonlinearity due to the narrowband conversion efficiency together
with the possibility of structural resonance tuning. Also, whereas for higher harmonic generation in bulk crystals a correct crystal orientation is crucial in order to obtain phase matching,
this condition is rendered irrelevant if nanostructures are used due to highly localized high field
strength regions. Based on the enormous field enhancement, the investigated structures are expected to find wide ranging application in the field of nonlinear spectroscopy or functional THz
elements based on various nonlinearities such as the Kerr or Pockel’s effect.
Appendix
A.
A.1.

Nonlinearity of LiTaO3 at THz frequencies
Potential energy surface

The potential energy surface of LiTaO3 may well be represented by [26, 27]
1
1
V (Q) = − M ωT2 Q2 +
M 2 ωT4 Q4 ,
4
64V0

(3)

where Q is the net ionic displacement, M is the oscillator mass, ωT is the frequency of the
transverse optical phonon mode, and V0 is the value of the potential at its minima (well depth).
A.2.

Expressions for the nonlinear susceptibilities

In nonlinear optics the relation between the polarization density P and the electric field E is
usually expanded in terms of a power series [28]
P = ε0 (χ (1) E + χ (2) E 2 + χ (3) E 3 + . . .) ,

(4)

where ε0 is the vacuum permittivity and χ (n) with n = 1, 2, 3, . . . denotes the susceptibility of
different order. In order to include nonlinear effects of second and third order in our simulations
we need to obtain numerical values for χ (2) and χ (3) of LiTaO3 at THz frequencies. We start by
assuming that the crystal consists of independent harmonic oscillators that couple to the electric
field through their dipole moment [23]. The equation of motion is then given by
M

∂ 2Q
∂ Q ∂V
+
= qE(t) ,
+ MΓ
2
∂t
∂t
∂Q

(5)

where Q is the ionic displacement, Γ is a phenomenological damping constant and q denotes
the effective charge. Using a Taylor expansion of V (Q) where we consider only terms up to
third order we obtain
q
(6)
Q̈ + ΓQ̇ + ωT2 Q + aQ2 = E(t) ,
M
where
√
3ωT3 M
a= √
.
(7)
4 2V0
We now follow the approach in [28] and use a procedure analogous to Rayleigh-Schrödinger
perturbation theory. The electric field E(t) is replaced by λ E(t) and Q is expanded in a power

#142892 - $15.00 USD Received 17 Feb 2011; revised 12 Mar 2011; accepted 13 Mar 2011; published 31 Mar 2011

(C) 2011 OSA

11 April 2011 / Vol. 19, No. 8 / OPTICS EXPRESS 7271

series Q = λ Q(1) + λ 2 Q(2) + λ 3 Q(3) . The terms proportional to the different orders of λ (n) must
satisfy Eq. (6) separately so that we obtain a set of three differential equations
Q̈(1) + ΓQ̇(1) + ωT2 Q(1) =

q
E(t) ,
M

(8)

Q̈(2) + ΓQ̇(2) + ωT2 Q(2) + a[Q(1) ]2 = 0 ,

(9)

Q̈(3) + ΓQ̇(3) + ωT2 Q(3) + 2aQ(1) Q(2) = 0 .
The macroscopic polarization of order n is linked to the displacement
E through
P(n) = NqQ(n) = ε0 χ (n) E n .

(10)
Q(n)

and the electric field
(11)

Assuming harmonic time dependence of the form
Q(n) (t) = Q(n) (nω )eınω t ,

(12)

we can obtain solutions for Eq. (8)–(10) which can be combined with Eq. (11) to obtain expressions for the susceptibilities of different order

χ (1) =
χ (2) = −
and

χ (3) =
where
A.3.

Nq2 1
,
M ε0 D(ω )

(13)

Nq3
a
,
M 2 ε0 D2 (ω )D(2ω )

(14)

2Nq4
a2
,
3
3
M ε0 D (ω )D(2ω )D(3ω )

(15)

D(ω ) = ωT2 − (ω )2 + ıΓω .

(16)

Numerical values of constants used for the calculation of the nonlinear susceptibilities

In order to calculate χ (2) and χ (3) we need numerical values for ωT , Γ, V0 , N, M, and q. The
first three are found in the literature and are given in Table 1 where we assume a polarization
along the extraordinary axis. The oscillator density N is calculated by considering the inverse
Table 1. Constants Used for the Calculation of the Nonlinear Coefficients

Constant
Resonance Frequency ωT
Damping Constant Γ
Well Depth V0
Oscillator Density N
Reduced Mass M
Static Permittivity εs
High Frequency Permittivity ε∞
Effective Charge q

Value
2π · 6.0 THz
2π · 0.84 THz
3.77 · 10−26 J
6.307 · 10−27 m−3
1.95 · 10−26 kg
37.6
7.6
−1.078 · 10−18 C

Comment
Ref. [27]
Ref. [23]
Ref. [27]
Eq. 17
Eq. 18
Ref. [23]
Ref. [23]
Eq. 21

of a 10-atom unit cell with hexagonal lattice in a rhombohedral setting [29]
4
N=√
,
3a2 c

(17)
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where the lattice coordinates a and c can be taken from x-ray and neutron scattering data [30,
31]. The oscillator mass M is the reduced mass given by [29]
1
1
=∑
,
M
j mj

(18)

where m j refers to the Li, Nb, and O atoms within a unit cell. The values calculated for M and
N are included in Table 1. In order to also obtain a value for q we use the permittivity

ε (ω ) = ε∞ +

f
.
ωT2 − ω 2 + ıΓω

where
f=

Nq2
,
M ε0

(19)

(20)

denotes the oscillator strength. Combining the static permittivity εs = ε∞ + f /ωT2 with Eq. (20)
yields

ε0 (εs − ε∞ )M
,
(21)
q = −ωT
N
where εs and ε∞ are found in the literature. The corresponding values along the extraordinary
axis as well as the calculated value for q are included in Table 1. The nonlinear susceptibilities
are then calculated to χ (2) = (1.75 − ı · 0.08) · 10−8 m/V and χ (3) = (2.1 − ı · 0.2) · 10−18 m2 /V2 .
Note, that the imaginary part of χ (2) causes an absolute phase shift of the second harmonic field
whereas the imaginary part of χ (3) leads to two-photon absorption, i.e. loss.
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