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Accelerating the calculation of time-resolved electronic spectra with the

cellular dephasing representation

Miroslav Šulc and Jiřı́ Vanı́ček*

Laboratory of Theoretical Physical Chemistry, Institut des Sciences et Ingénierie Chimiques,
Ecole Polytechnique Fédérale de Lausanne (EPFL), CH-1015 Lausanne, Switzerland

(Received 31 January 2012; final version received 16 February 2012)

Dephasing representation of fidelity, also known as the phase averaging method, can be considered as a special
case of Miller’s linearized semiclassical initial value representation and belongs among the most efficient
approximate semiclassical approaches for the calculation of ultrafast time-resolved electronic spectra. Recently it
has been shown that the number of trajectories required for convergence of this method is independent of the
system’s dimensionality. Here we propose a further accelerated version of the dephasing representation in the
spirit of Heller’s cellular dynamics. The basic idea of the ‘cellular dephasing representation’ is to decompose
the Wigner transform of the initial state into a phase space Gaussian basis and then evaluate the contribution of
each Gaussian to the relevant correlation function approximately analytically, using numerically acquired
information only along the trajectory of the Gaussian’s centre.

The approximate nature of the DR classifies it among semiclassical perturbation approximations proposed by
Miller and Smith, and suggests its limited accuracy. Yet, the proposed method turns out to be sufficiently
accurate whenever the interaction with the environment diminishes the importance of recurrences in the
correlation functions of interest. Numerical tests on a collinear NCO molecule indicate that even results based on
a single classical trajectory are in a remarkable agreement with the fully converged DR requiring approximately
104 trajectories.

Keywords: dephasing representation; cellular dynamics; quantum fidelity; semiclassical perturbation
approximation; time resolved spectrum

1. Introduction

A detailed understanding of quantum dynamical

processes in chemical physics requires a very accurate

time resolution: for nuclear dynamics typically on the

femtosecond (10�15 s) scale. While achieving this

remarkable time resolution has been a huge challenge

for experimentalists, a theoretical description of an

ultrafast process calls for a shorter dynamical simula-

tion and hence is, in some ways, easier (but not easy!)

than a simulation of processes occurring on longer time

scales. There is another difference between an ultrafast

experiment and simulation: whereas an experimentalist

has to perform a nontrivial task of translating the

measured time-resolved spectrum into a picture of

quantum dynamics, a theorist often computes the

quantum dynamics directly and only later translates it

into a spectrum to be compared with the experiment.

To obtain the quantum dynamics of a molecule, direct

solution of the time-dependent Schrödinger equation

offers itself as a natural tool, but is feasible only for

molecules with very few degrees of freedom.

Many alternative approximate yet more efficient

approaches have been developed, among which a

prominent role is played by semiclassical methods.
In this paper we propose an accelerated version of

the so-called dephasing representation [1,2] (DR), a

semiclassical approximation useful, among other

things, for the calculation of time-resolved electronic

spectra. In this setting, the (unaccelerated) dephasing

representation is also known as the phase averaging

method [3,4] or as a special case of Miller’s linearized

semiclassical initial value representation [5], and has

been used by various authors [6–11]. To be specific, we

will only consider the pump–probe stimulated emission

spectrum. Within the electric dipole approximation,

time-dependent perturbation theory, and assuming

ultrashort pulse lengths, this spectrum can be com-

puted as a Fourier transform of the following corre-

lation function:

Cst:em:ðt; �Þ ¼ E2
pu Epr Tr

�
�0ðTÞ�01U1ð�t� �Þ

� �10U0ðtÞ�01U1ð�Þ�10

�
: ð1Þ
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Above, Epu and Epr are the amplitudes of the pump and
probe pulses, �0(T) represents the nuclear density
operator in the electronic ground state at temperature
T, Uj stands for the quantum evolution operator

UjðtÞ ¼ exp �
i

�h
Hjt

� �
ð2Þ

corresponding to the jth electronic surface, �ij is the
dipole moment operator coupling states i and j,
� denotes the time delay between the pump and
probe pulses, and t is time after the probe pulse.

In order to focus on (and enhance) the quantum
dynamical nature of Equation (1), let us consider the
zero temperature limit (T¼ 0). In this setting, after
adopting the Franck–Condon approximation, the
correlation function (1) becomes

Cst:em:ðt; �Þ ¼ E2
pu Epr �10

�� ��4fst:em:ðt; �Þ, ð3Þ

where

fst:em:ðt; �Þ ¼
�
Cinit

��U1ð�� � tÞU0ðtÞU1ð�Þ
��Cinit

�
ð4Þ

is the so-called fidelity amplitude for an initial state
Cinit given by the vibrational ground state of the
ground electronic surface. The time-resolved stimu-
lated emission spectrum is then obtained [12] by means
of the Fourier transform:

�ð!; �Þ /

Z 1
�1

dt fst:em:ðt; �Þ expði!tÞ: ð5Þ

The correlation function (4) specific to the stimu-
lated emission is a special case of a more general
concept of fidelity amplitude [13,14], defined as

f ðtÞ ¼
�
Cinit

��UIð�tÞUIIðtÞ
��Cinit

�
, ð6Þ

where UJ(t), J¼ I, II, is the time evolution operator for
a time-dependent Hamiltonian HJ(t):

UJðtÞ ¼ T exp

	
�

i

�h

Z t

0

HJð�Þ d�



: ð7Þ

For time-independent HI and HII the concept of
fidelity [i.e. the squared absolute value of f(t)] was
introduced [15] by Peres almost two decades ago as a
measure of the stability of quantum dynamics under
the influence of small perturbations of the Hamiltonian
governing time evolution of a particular initial state
Cinit. While Equation (6) defines fidelity amplitude for
pure quantum states, generalization to mixed states
(such as the thermal equilibrium states) is straightfor-
ward [1,2] and would not significantly affect our
analysis in later sections.

In ultrafast electronic spectroscopy [3,4,6,8–11,16]
the time-dependent Hamiltonians HJ(t) in Equation (7)

are determined by Hamiltonians Hj¼TþVj, where the

potentials Vj represent different electronic surfaces.

In the specific case of time-resolved stimulated emis-

sion, the correlation function (4) is obtained from the

general fidelity amplitude (6) if

HIð ~�Þ ¼ H1 for 0 � ~� � � þ t,

HIIð ~�Þ ¼

�
H1 for 0 � ~� � �,

H0 for � � ~� � � þ t:

Many other applications of quantum fidelity

amplitude (6) exist in the literature. Let us mention,

e.g. the theory of quantum computation and decoher-

ence [17,18], inelastic neutron scattering [19], NMR

spin echo experiments [20], or methods designed to

measure the nonadiabaticity [21,22] and accuracy

[23,24] of quantum molecular dynamics on an approx-

imate potential energy surface.
As the exact solution of the time-dependent

Schrödinger equation scales exponentially with dimen-

sions, for all but small systems Equation (4) has to be

tackled with approximate algorithms. One such

approximate yet very efficient algorithm is the

dephasing representation [1,2], proposed in the setting

of quantum chaotic systems along the lines of a

semiclassical method for localized Gaussian wavepack-

ets [25]. If we denote by x� :¼ (q�, p�) the phase space

coordinates at time � of a point along a classical

trajectory of the average [3,4,16,26] Hamiltonian

(HIþHII)/2, the DR of fidelity amplitude (4) can be

written as

fDRðt; �Þ ¼
1

hD

Z
dx0�Wðx

0Þ exp �
i

�h
DSðx0, t; �Þ

� �
,

ð8Þ

�Wðq
0, p0Þ ¼

Z
ds exp

i

�h
s � p0

� �
q0 �

s

2

D ����init q0 þ s

2

��� E
:

ð9Þ

Here D is the number of degrees of freedom, �W
represents the Wigner transform of the density oper-

ator �init¼ jCinitihCinitj of the initial state, and

DS(x0, t; �) denotes the action due to the difference

HI�HII between the two Hamiltonians along the

trajectory x� with initial condition x0,

DSðx0, t; �Þ ¼
Z tþ�

0

DVðx ~�, ~�Þd ~�, ð10Þ

where

DV ¼ VII � VI ¼

�
0 for 0 � ~� � �,

V0 � V1 for � � ~� � � þ t:
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Superscript � (or t) will denote time dependence

throughout the paper.
While the DR expression (8) is general and applies

to the general correlation function (6), in the context of

electronic spectroscopy the special form with time-

independent potentials has been used previously under

the name of phase averaging, Wigner averaged classi-

cal limit, or linearized semiclassical initial value repre-

sentation [3,4,7–11]. Shi and Geva [11] derived this

approximation by linearizing directly the path integral

representation of the quantum propagator, thereby

circumventing the use of the semiclassical propagator.

In other contexts, direct linearization of the path

integral representation of the quantum propagator was

also used, e.g. by Poulsen et al. [27], Bonella and Coker

[28], or Huo and Coker [29].
Incidentally, the DR was originally using the

trajectories of the ‘unperturbed’ potential V0 in the

spirit of the semiclassical perturbation theory of Miller

and co-workers [30,31]. Besides the applications in

electronic spectroscopy, the DR was successfully used

to describe the local density of states and the transition

from the Fermi Golden Rule to the Lyapunov regime

of fidelity decay [32–35]. Recently, Zambrano and

Ozorio de Almeida derived a prefactor correction to

the DR [26].
The computational attractiveness of the DR lies in

a propitious property which has been demonstrated

[36] recently, namely that the number of classical

trajectories required to converge Equation (8) by a

Monte Carlo technique depends explicitly only on the

fidelity itself. Hence, this number is independent of the

system’s dimensionality, total evolution time, and

Hamiltonian.
The main goal of this paper is to further accelerate

the convergence of the DR by borrowing a trick from

Heller’s cellular dynamics [37]. The basic idea of the

cellular dephasing representation (CDR) is to evaluate

analytically the contribution to the DR expression (8)

from a whole ensemble (or a ‘cell’) of neighbouring

trajectories, which requires computing numerically

only information along the central trajectory of a

given cell.
The CDR is developed in Section 2 in three steps:

Subsection 2.1 presents the CDR in a simplified setting

of Gaussian initial states; the reward is the requirement

of just one classical trajectory. This gambit is extended

to general initial states in Subsection 2.2. In Subsection

2.3 the general CDR is applied to Gaussian initial

states in order to investigate the limitation of the single

trajectory approach of Subsection 2.1 and possibly to

improve the overall agreement with the DR. Section 3

presents numerical results for the time-resolved

stimulated emission spectrum of a collinear NCO
molecule and Section 4 concludes the paper.

2. Theory

2.1. Single-trajectory cellular dephasing
representation for a Gaussian initial state

In this subsection we confine ourselves to normalized
Gaussian initial states expressible [12,38] in the coor-
dinate q-representation in the usual form

CinitðqÞ ¼
� 1

p�2

D=4
exp �

1

2�2
q�Q0
� �2

þ
i

�h
P0 � q�Q0

� �	 

,

ð11Þ

where X0
¼ (Q0, P0) determines the initial position and

momentum and � denotes the initial width parameter
of the Gaussian wave packet.

An arbitrary phase space point x0 can be expressed
in terms of X0 and a new, relative variable �x0 as

x0 ¼ X0 þ �x0: ð12Þ

Substituting the initial state (11) into the definition of
the Wigner transform (9) and utilizing the change of
variables (12) immediately yields

�Wðx
0; X0, �Þ ¼ 2D exp

	
�
ð�q0Þ2

�2
�
�2

�h2
ð�p0Þ2



, ð13Þ

where the parametric dependence of �W on the initial
state is shown explicitly. In order to rewrite Equation
(13) in a more aesthetic form, we introduce a diagonal
matrix ' with elements 'i,i¼ 2/�2 and 'Dþi,Dþi¼

2�2/�h2 for i¼ 1, . . . ,D. In this notation Equation (13)
reads

�Wðx
0; X0,Dð�ÞÞ ¼ 2D exp

h
�
1

2
�x0 � D � �x0

i
: ð14Þ

Effecting the change of variables (12) also in
Equation (8) enables us to replace the integration
over x0 by integration over �x0. Equation (8) then
becomes

fDRðt; �,X
0,Dð�ÞÞ

¼
2

h

� �DZ
d�x0 exp �

i

�h
DSðX0 þ �x0, t; �Þ

	 


� exp �
1

2
�x0 � D � �x0

� �
: ð15Þ

While Equation (15) is formally completely equivalent
to Equation (8), presence of the Gaussian damping
factors renders contributions to the integral from large
�x0 negligible. Therefore one could evaluate Equation
(15) in an approximate manner by expanding the
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action difference (10) around X0 and by evaluating the

integral over �x0 analytically.
To this end we expand the action difference

DS(x0, t; �) from Equation (10) for fixed times t and �
to second order in the variable x0. The gradient of DS
is computed by interchanging the order of the time

integration and differentiation with respect to x0i . As

the coordinates x ~�
j at time ~� are determined uniquely by

the initial conditions x0i , a simple application of the

chain rule yields

@DS
@x0i
¼

Z tþ�

�

@DV
@x ~�

l

@x ~�
l

@x0i
d ~� ¼ �

Z tþ�

�

DF ~�
l M

~�
li d ~�, ð16Þ

where DF�l � �@DV=@x
�
l denotes a force difference, M�

represents the stability matrix, and summation over

repeated indices is implied. The time dependence of M�

can be obtained [39] by means of an efficient

symplectic integration scheme summarized in

Appendix 1.
The Hessian of DS can be expressed in a similar

fashion by computing derivatives of Equation (16).

However, in this case it is necessary to take into

account also the derivatives of the stability matrix M�

which we denote by N�
l,ij ¼ @

2x�l =@x
0
i @x

0
j . To simplify

the final expression, we also denote the Hessian

difference by DH�
lm � @

2DV=@x�l @x
�
m. The Hessian of

the action difference can then be expressed as

@2DS
@x0i @x

0
j

¼

Z tþ�

�

	
DH ~�

lm

@x ~�
l

@x0i

@x ~�
m

@x0j
� DF ~�

l

@2x ~�
l

@x0i @x
0
j



d ~�

¼

Z tþ�

�

	
DH ~�

lm M ~�
li M

~�
mj � DF ~�

l N
~�
l,ij



d ~�: ð17Þ

Finally, inserting the gradient (16) and Hessian (17) of

DS into Equation (15) and neglecting the terms of

higher order allows one to express the DR of fidelity

amplitude as

f GWP
DR ðt; �,X

0,Dð�ÞÞ

¼

�2
h

D
exp

	
�

i

�h

Z tþ�

�

DVðX ~�Þ d ~�




�

Z
d�x0 exp

	
�
1

2
�x0 � At

ðDÞ � �x0 þ bt � �x0


,

ð18Þ

with the 2D� 2D matrix At and 2D-dimensional vector

bt given by

At
¼ Dþ

i

�h

Z tþ�

�

	
DH ~�

lm M ~�
li M

~�
mj � DF ~�

l N
~�
l,ij



d ~�,

bt ¼
i

�h

Z tþ�

�

DF ~�
l M

~�
li d ~�:

ð19Þ

The superscript ‘GWP’ in Equation (18) emphasizes

the fact that this expression refers to a Gaussian initial

state and – due to the quadratic expansion of DS –

comprises an approximation to Equation (8).
Carrying out the Gaussian integral [40] in

Equation (18) and employing the notation
�At
� ð�h=2ÞAt finally gives

f GWP
DR ðt; �,X

0,Dð�ÞÞ

¼
�
det �At

ðDÞ
��1=2

� exp

	
�h

4
bt � �At

ðDÞ
�1
� bt �

i

�h

Z tþ�

�

DVðX ~�Þ d ~�



:

ð20Þ

Since at zero time b0¼ 0 and A0
¼', the determinant

of (�h/2)A0 is easily checked to be equal to unity, and

hence Equation (20) predicts unit fidelity for t¼ 0 in

accordance with Equation (8).
Note that the second-order expansion of DS

requires the knowledge of the third derivatives of the

potential due to the factors N ~�
l,ij; this is shown explicitly

in Appendix 1.

2.2. Cellular dephasing representation for a general
initial state

Since the Wigner transform (13) only applies to a

Gaussian initial state, it may seem that the main result

of the previous subsection, i.e. Equation (20), will not

be of any use for the general case. In particular, the

Wigner transform of a general state is not even

guaranteed to be everywhere positive and hence may

not represent a probability distribution in phase space.
However, we can still use Equation (20) to tackle

the general case if we expand the initial state in a

(nonorthogonal) phase space basis {�m} comprised of

Gaussian functions (or ‘cells’)

�m / exp
h
�
1

2
ðx0 � X0

mÞ � Dm � ðx
0 � X0

mÞ

i
ð21Þ

generalizing Equation (14). Note that the matrix 'm of

Equation (21) is not required to be of the special form

for some real �m4 0 as in Equation (14). If it were, �m
in Equation (21) would be the Wigner transform of a

Gaussian initial state with width parameter �m and

initial phase space coordinates ðQ0
m, P

0
mÞ ¼ X0

m. The

only yet crucial assumption is positive definiteness of

the matrix 'm.
Consequently we propose the following procedure:

. Expand the Wigner transform of the initial

state entering Equation (8) in the basis of the
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Gaussian ‘cells’ introduced in Equation (21):

�Wðx
0Þ �

XN
m¼1

cm �mðx
0; X0

m,DmÞ: ð22Þ

The superscript on the independent variable x0

indicates that this expansion is performed at
zero time while the symbols X0

m denote initial
phase space coordinates of the respective basis
members.

. The expansion coefficients cm in expression
(22) are determined by minimizing the L2-
norm of the error. In a symbolic notation this
requirement results in the linear systemXN

m¼1

�
�k, �m

�
cm ¼

�
�k, �W

�
, ð23Þ

where�
�k, �m

�
� h�D

Z
dx �kðxÞ�mðxÞ ð24Þ

denotes an inner product of phase space
distributions. Since the overlap matrix

�
�i, �j

�
in Equation (23) is real and symmetric, the
linear system in Equation (23) can be conve-
niently solved, e.g. with the iterative MINRES
algorithm [41].

. The fidelity formula, Equation (8), is linear in
�W and therefore the final step in our pre-
scription reduces to adding up contributions
(20) from the N ‘cells’ (i.e. basis functions).

In this way we arrive at the main result of this
paper, the cellular dephasing representation (CDR),
which is an approximation for the DR of fidelity
amplitude (8) in the form

fDRðt; �Þ � fCDRðt; �Þ ¼
XN
m¼1

cm f GWP
DR ðt; �,X

0
m,DmÞ:

ð25Þ

Note that for t¼ 0, Equation (20) provides unit fidelity
for a particular �m only if the determinant of the
matrix (�h/2)'m is equal to 1. Therefore for a general
choice of fDmg

N
m¼1, one should renormalize Equation

(25) by dividing it with
PN

m¼1 cm f GWP
DR ð0; �,X0

m,DmÞ to
guarantee the desired behaviour for t! 0þ.

The main difference between the DR and CDR lies
in the fact that in the CDR, each numerically propa-
gated trajectory incorporates also the contributions
from the immediately neighbouring trajectories by
means of integration over �x0 in Equation (18). This
property intimately resembles the landmark cellular
approach [37,42] to semiclassical dynamics proposed
by Heller within which ‘each trajectory controls a cell

of initial conditions in phase space, but the cell area is
not constrained by Planck’s constant’. Similarly, in our
method, each Gaussian basis function �m in Equation
(22) represents a particular ‘cell’, the phase space shape
of which is determined by its respective matrix 'm.
Since 'm is – apart from its positive definiteness –
arbitrary, the Planck’s constant constraint is likewise
relaxed. It is precisely due to this connection to Heller’s
cellular dynamics that we refer to our method as the
cellular dephasing representation.

An appropriate choice of the phase space basis in
Equation (22) should in principle ensure faster con-
vergence of the CDR compared to the DR since each
numerically propagated trajectory now accounts for a
whole tube of nearby trajectories by means of
Equation (20). On the other hand, since the expansion
of DS in Equation (15) is only approximate, the fully
converged CDR is not guaranteed to coincide with the
DR result and could in general depend on a particular
choice of the basis {�m}. However, if the number of
trajectories required for convergence were significantly
reduced in comparison with the DR, the CDR could
still provide a useful tool for obtaining a quick
qualitative estimate of the fidelity behaviour at the
DR level.

2.3. Application of the cellular dephasing
representation to Gaussian initial states

Let us apply the general CDR of Subsection 2.2 to a
Gaussian initial state (11) with initial position and
momentum X0

¼ (Q0, P0), and width parameter � . One
reason for considering again Gaussian initial states is
that a single trajectory approach from Subsection 2.1
may result in large errors in the expansion of DS in
Equation (15). Another, more pragmatic reason is the
simplicity of expanding a Gaussian initial state in a
basis of Gaussian functions in comparison with an
expansion of a general initial state. While the essential
ideas are summarized here, a detailed investigation of
the numerical behaviour, confirming significant reduc-
tion of the trajectory ensemble, constitutes the subject
of the next section.

The basis {�m} employed in Equation (22) is
simplified by the assumption that the 2D� 2Dmatrices
'm depending on � are diagonal, identical for all basis
elements, and given by

Dm ¼ ~D � �2 D � �2 diag
�
2=�2, . . .|fflfflfflfflffl{zfflfflfflfflffl}

D

; 2�2=�h2, . . .|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
D

�
:

ð26Þ

The quantity �� 1 is an adjustable, ‘squeezing’ param-
eter introduced in order to mitigate the influence of the
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expansion error of DS in Equation (15) by enforcing a

more rapid decay of the Gaussian damping factors.

Note that the original DR (8) would be obtained in the
limit �!1 and N!1, in which each evolving

Gaussian is reduced to a point-like classical trajectory.
The phase space centres X0

m of individual basis

elements are determined by the algorithm recorded in
Figure 1. The �-overlap constraint is incorporated in

order to decrease the condition number of the overlap

matrix needed for computation of the expansion
coefficients in Equation (23). Similar treatment has

been employed [43] to control the generation of new

Gaussian wave packets in the multiple spawning
method.

3. Numerical results

3.1. The system

To test the method described in the previous section,
we have used it to calculate the time-resolved electronic

spectrum of a two-dimensional model of the collinear

NCO molecule. This model had been employed [16,44]
previously as a test bed for electronic pump–probe

calculations.
The X2� ground and A2�þ excited states of the

NCO molecule are available [45] in an analytical form

obtained by fitting ab initio data computed at the

multi-reference single- and double-excitation configu-
ration interaction level. Both surfaces are described

[16] in the bond length coordinates with good accuracy

by the expression

Vðr1, r2Þ ¼ V0 þ
X2
j¼1

Dj

h
1� exp

�
�	j � ðrj � Rj Þ

�i2
:

ð27Þ

Numerical values of the parameters Dj, 	j, rj, and Rj for

individual surfaces are recorded in Table 1.
The quantity of interest is the fidelity amplitude for

stimulated emission. This fidelity amplitude was intro-
duced in Equation (4), in which the evolution opera-

tors U0 and U1 correspond to the surfaces X2� and

A2�þ, respectively. We further considered a nonsta-
tionary initial state generated by a pump–dump

technique [44], in which the ground state of the X2�

surface (obtained by imaginary time propagation [46])
was promoted to the upper surface, propagated there

for a net time of 520 au, dumped to the lower surface,

and propagated there for additional 480 au. The shape
of the resulting wave packet resembled again a single

shifted GWP to which it was fitted1 for the sake of

computational simplicity.

In order to mimic the natural damping of the
correlation function (1) induced by interactions with
the environment [47], prior to the spectra computation
the fidelity amplitude entering Equation (5) was
multiplied [42] by a phenomenological damping
function


ðtÞ ¼ exp �t2=T2
� �

ð28Þ

with the parameter T set to 104 au. This procedure
diminishes the influence of any potential recurrences in
the correlation function (1) on the resulting spectra and
hence improves the agreement of the semiclassical DR
(or CDR) with the quantum calculation.

3.2. Time-resolved spectra

The main goal of the proposed method is to facilitate
and speed up the calculation of time-resolved elec-
tronic spectra introduced in Equation (5). To demon-
strate the utility of our approach, in Figure 2 we show
the calculated time-resolved spectrum for a particular
delay time � of 500 au.

The converged DR result reproduces the main
features of the quantum dependence at the cost of
N� 104 classical trajectories. As for the CDR, we dis-
tinguish two cases according to whether the quadratic

Figure 1. Construction of the basis introduced by Equation
(22). Symbol N (X0,') represents normal probability
distribution ð2pÞ�DðdetDÞ1=2 exp½� 1

2 ðX� X0Þ � D � ðX� X0Þ	

centred at X0 with width matrix ' from Equation (14).

Table 1. Parameters of the NCO model potential in
Equation (27). All quantities are in atomic units, which are
used throughout this paper.

R1 R2 D1 D2 	1 	2 V0

X2� 2.302 2.246 0.1273 0.1419 1.414 1.718 �167.653
A2�þ 2.234 2.232 0.1432 0.1417 1.516 1.816 �167.548
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terms in the expansion of DS in Equation (15) are
taken into account. Results based on a linear expan-
sion, in which the quadratic terms are omitted, are
denoted by ‘CDR-lin.’.

The CDR results in Figure 2 are practically
indistinguishable from the DR prediction; moreover,
even the ‘linearized’ results – not requiring the third
derivatives of the potential – are in an excellent
agreement. Remarkably, the number of trajectories
needed for convergence has been reduced from
approximately 104 to one!

All semiclassical approximations (DR, CDR-lin.,
and CDR) capture quite well all the main features of
the exact quantum spectrum except for the splitting of
peaks. The satisfactory agreement with the quantum
results is partially due to the attenuation of the fidelity
amplitude by the phenomenological damping function
of Equation (28), which diminishes the magnitude of
recurrences in the correlation function. While this
damping is often justified physically by the interaction
with the environment, it may not be present in
(effectively) few-dimensional systems.

Because the main goal of this paper is the acceler-
ation of convergence and not improvement of the
accuracy, in the following we focus entirely on the
undamped fidelity amplitude.

3.3. Convergence of the original dephasing
representation

First of all, in order to justify the requirement of
approximately N¼ 16 384 trajectories for a converged

DR spectrum in Figure 2, Figure 3 studies the
convergence behaviour of the original DR computa-
tion of jfDR(t; �)j. A fleeting glance reveals that the
results can be considered converged roughly for
N� 104 trajectories in the shown time interval.

3.4. Single-trajectory calculations of the
correlation functions

Next we calculated the fidelity amplitude in the setting
of Subsection 2.1, i.e. with only one classical trajectory.
Corresponding results are depicted in Figure 4.

It is clear from the figure that the quadratic
expansion of DS in Equation (15) produces a signifi-
cant effect and that the resulting time dependence of
the absolute value of the fidelity amplitude is quite
close to the converged DR prediction. The required
number of trajectories has been reduced from approx-
imately 104 (for DR) to one (for CDR)! The price to
pay is the dire necessity to compute the derivatives of
the Hessian required for expanding DS via
Equation (17).

Employing only the linear expansion yields a result
whose magnitude disagrees with that of the DR; the
oscillatory period of j f(t; �)j, on the other hand, is
reproduced reasonably well. Note also that the quan-
tum dependence (labelled ‘QM’ in Figure 4) is followed
slightly better by the CDR-lin. result than by the CDR.
We believe that this phenomenon is purely coincidental
and is caused by mutual cancellation of the inherent
error of the DR and the error introduced by the
truncated expansion of DS.

3.5. Correlation functions computed with the general
cellular dephasing representation

Subsequently we computed the fidelity amplitude of
Equation (4) using the generalized approach of
Subsections 2.2 and 2.3 in order to study the conver-
gence properties of Equation (25) and its relation to the
original DR.

We have considered two cases distinguished by a
particular choice of the squeezing parameter � intro-
duced in Equation (26). Larger � means that our
Gaussian phase space basis functions are ‘narrower’
(i.e. more localized) than the initial state. In this case
we expect a diminished convergence rate. On the other
hand, the error stemming from a truncated expansion
of DS should be less important. Since for �!1 the
evolving Gaussians ‘degenerate’ to point-like classical
trajectories, for larger values of � the CDR results
should approach the results of the DR.

Figure 2. Time-resolved electronic spectrum of Equation (5)
for a delay time � of 500 au. Converged DR spectrum
(computed using 16 384 trajectories), reproducing main
qualitative features of the quantum (QM) dependence, is in
remarkable agreement with the one-trajectory CDR of
Equation (20).
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Figure 5 confirms these considerations. Results
obtained for �¼ 1.25, displayed in Figure 5(a), can be
regarded as converged approximately for 102 trajecto-
ries. Note that the original DR needed roughly 104

trajectories. However, the fully converged limiting
dependence of CDR slightly differs from the DR for
reasons adumbrated above. Figure 5(b) shows calcu-
lations for �¼ 2.5, which converge to the DR as
anticipated. It also demonstrates the expected

diminished convergence rate, which is in this case
nevertheless still mildly superior to the convergence
rate of the DR.

4. Conclusions

We have proposed an alternative approach to the
dephasing representation (DR) based on the ideas of

Figure 3. Convergence of the absolute value of the fidelity amplitude for stimulated emission [Equation (4)] – computed using
the DR (8) – with respect to the number of trajectories N for a delay time � of 500 au. Panel (a) depicts the behaviour of jfDR(t; �)j
in the time domain with a significant impact on the resulting time-resolved spectrum shown in Figure 2 while panel (b) records
the long-time behaviour as well as a comparison with the split-operator quantum (QM) calculation. The damping function (28)
discussed in the text is displayed in panel (b) by a grey dash-dotted line.

Figure 4. Absolute value of the fidelity amplitude: comparison of the converged DR results (dash-dotted line; computed with
N¼ 16 384 trajectories) with the one-trajectory calculations based on Equation (20). Suffix ‘-lin.’ stands for ‘linear’ and
designates results obtained by taking into account only the linear expansion of the action difference (10). The dashed line
represents the results of quantum (QM) split-operator calculations. The delay time � is again 500 au.
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Heller’s cellular dynamics with the main intent to speed
up the convergence of the DR, i.e. to reduce the
required number of classical trajectories.

Numerical tests of our method on a two-dimen-
sional model of the collinear NCO molecule confirmed
its robustness as well as computational efficiency. As
depicted in Figure 4, taking into account a quadratic
expansion of the action difference DS enabled us to
obtain a fidelity amplitude agreeing remarkably well
with the DR using just one classical trajectory
compared to approximately 104 trajectories necessi-
tated by the DR. The resulting time-resolved electronic
spectrum shown in Figure 2 is then almost identical.

Further refinement has been achieved by employing
the generalized formalism established in Subsection
2.3. Corresponding results are recorded in Figure 5.
Panel (a) demonstrates the faster convergence of the
CDR for wider Gaussian basis functions (smaller
values of �) while panel (b) of Figure 5 shows that
more localized basis functions (greater values of �)
entail a slower convergence rate resembling closely the
behaviour of the DR.

The remarkable efficiency of the CDR does not
come for free: any method based on the DR belongs
among semiclassical perturbation approximations and
as such has a limited accuracy. Both CDR and DR,
e.g. cannot reproduce certain types of recurrences in
the correlation functions. Such recurrences are, fortu-
nately, often suppressed in the presence of coupling to
the environment. In such situations, the CDR can yield
accurate time-resolved spectra as was shown in
Figure 2.

In conclusion, judging by the continual develop-
ment of efficient semiclassical methods [48,49] and
thanks to their natural compatibility with on-the-fly
ab initio electronic structure calculations [50–52], it
appears that semiclassical methods will continue to
play an important role in simulations of quantum
molecular dynamics.
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Note

1. In mass-weighted normal mode coordinates, widths of
the resulting GWP are approximately equal to (15.73,
11.08) while the centre is shifted by (10.8, 3.1) au.

References
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[36] C. Mollica and J. Vanı́ček, Phys. Rev. Lett. 107, 214101

(2011).

[37] E.J. Heller, J. Chem. Phys. 94 (4), 2723 (1991).
[38] E.J. Heller, Acc. Chem. Res. 39 (2), 127 (2006).
[39] M.L. Brewer, J.S. Hulme and D.E. Manolopoulos,

J. Chem. Phys. 106 (12), 4832 (1997).
[40] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals,

Series, and Products, 7th ed. (Academic Press,

San Diego, 2007).
[41] C.C. Paige and M.A. Saunders, SIAM J. Numer. Anal.

12 (4), 617 (1975).

[42] A.R. Walton and D.E. Manolopoulos, Mol. Phys. 87

(4), 961 (1996).
[43] M. Ben-Nun and T.J. Martı́nez, J. Chem. Phys. 108

(17), 7244 (1998).
[44] R. Baer and R. Kosloff, J. Phys. Chem. 99 (9), 2534

(1995).
[45] Y. Li, S. Carter, G. Hirsch and R.J. Buenker, Mol.

Phys. 80 (1), 145 (1993).
[46] R. Kosloff and H. Tal-Ezer, Chem. Phys. Lett. 127 (3),

223 (1986).

[47] H.D. Meyer, F. Gatti and G.A. Worth,

Multidimensional Quantum Dynamics: MCTDH

Theory and Applications, 1st ed. (Wiley-VCH,

Weinheim, 2009).
[48] A. Goussev, Phys. Rev. E 83, 056210 (2011).
[49] J. Tatchen, E. Pollak, G. Tao and W.H. Miller, J. Chem.

Phys. 134 (13), 134104 (2011).
[50] J. Tatchen and E. Pollak, J. Chem. Phys. 130 (4), 041103

(2009).

[51] M. Ceotto, S. Atahan, S. Shim, G.F. Tantardini and

A. Aspuru-Guzik, Phys. Chem. Chem. Phys. 11, 3861

(2009).
[52] M. Ceotto, G.F. Tantardini and A. Aspuru-Guzik,

J. Chem. Phys. 135 (21), 214108 (2011).
[53] H.F. Trotter, Proc. Am. Math. Soc. 10, 545 (1959).
[54] M. Suzuki, Phys. Lett. A 165 (5–6), 387 (1992).

[55] S.A. Chin, Phys. Lett. A 226 (6), 344 (1997).
[56] C. Lubich, From Quantum to Classical Molecular

Dynamics: Reduced Models and Numerical

Analysis, 12th ed. (European Mathematical Society,
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Appendix 1. Symplectic propagation of the

derivatives of the stability matrix

In order to evaluate the second-order expansion terms (17) of
the action difference DS, it is necessary to have at one’s
disposal derivatives of the stability matrix with respect to the
initial conditions x0. We have subsumed these quantities into
a collective symbol N�. Although N� could be, in principle,
obtained by some rather ponderous gambit in the finite
differences fashion, it is possible to use an approach similar
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to that proposed [39] for the propagation of the stability
matrix M�.

The gist of the symplectic treatment consists in a repeated
application of the chain rule enabling us to effect the
algebraic transformation

@=@x0i �! @x�l =@x
0
i � @=@x

�
l : ð29Þ

In this spirit one obtains the formula

N�þ��
k,ij �

@

@x0i

@

@x0j
x�þ��k ¼

@

@x0i

	
@x�þ��k

@x�l

@x�l
@x0j




¼
@x�þ��k

@x�l

@2x�l
@x0i @x

0
j

þ
@2x�þ��k

@x�m@x
�
l

@x�m
@x0i

@x�l
@x0j

¼
@x�þ��k

@x�l
N�

l,ij þ
@2x�þ��k

@x�m@x
�
l

M�
mi M

�
lj, ð30Þ

resembling closely the simpler propagation scheme [39] for
the stability matrix:

M�þ��
ij �

@x�þ��i

@x0j
¼
@x�þ��i

@x�m

@x�m
@x�j
¼
@x�þ��i

@x�m
M�

mj: ð31Þ

In our calculations, classical trajectories were propagated in a
symplectic fashion. As is well known, for a Hamiltonian of
the form

P
i p

2
i =2mi þ VðqÞ, each such time integrator can be

decomposed in the spirit of the Lie–Trotter formula [53–56]
into elementary steps within which the system is propagated
alternately under the influence of either the kinetic or the
potential term only. Since the former case conserves
the momentum while the position changes, one speaks

of a ‘q-propagation’. The latter setting can be similarly
termed a ‘p-propagation’. Formally, the action of the kinetic
term

P
i p

2
i =2mi within the time interval (�, �þ ��) corre-

sponds to a phase space mapping, for which the image
of ðq�i , p

�
j Þ reads

�
q�þ��i , p�þ��j

�
¼

�
q�i þ

��

mi
p�i , p

�
j

�
: ð32Þ

Similarly, the action of the potential term V(q) transforms
the momentum and preserves the position

�
q�þ��i , p�þ��j

�
¼ q�i , p

�
j � ��

@Vðq�Þ

@q�j

 !
: ð33Þ

Since the only nonlinear dependence of q�þ��i , p�þ��j on q�k, p
�
l

is due to the presence of the potential gradient in
Equation (33), the second derivative terms in Equation (30)
are non-zero only in case of the ‘p-propagation’ [specified by
Equation (33)] and explicitly involve derivatives of the
Hessian as

@2p�þ��k

@q�m@q
�
l

¼ ���
@3Vðq�Þ

@q�k@q
�
m@q

�
l

: ð34Þ

The propagation schemes (30) and (31) thus coincide for
quadratic potentials and one easily finds that the only
distinction in the time evolution of N� and M� consists of
different initial conditions at �¼ 0, since N

0
¼ 0 whereas

M
0
¼ 1.
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