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•  Basics of TDDFT

•  Linear response regime:
calculation of photoabsorption spectra

•  Beyond liner regime: 
non-equilibrium absorption spectra



Time Dependent Systems
Generic situation:

molecule in a laser field  

Time-dependent Shrödinger equation:

Hamiltonian (atomic units) for the complete 
systems of   electrons with coordinates 
(r1,..,rn)=r     and Nn nuclei with coordinates 
(R1,...,Rn)=R  masses M1...Mnfsfdsfssf and 
charges 



Time Dependent Systems

calculate: electron spectra, ion spectra, photon spectra

weak field:

1. linear density response
2. dynamic polarizability
3. photoabsorption cross-section 

strong field:

Non-perturbative solution of the TDSE

Atomic 
potetntial

Laser
field

1. Tunneling

2. Acceleration

3. Recombination

3. Rescattering

electron

e.g.



Photoabsorption in weak fields
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The time-dependent electronic many-body problem

The td density

The Hamiltonian

kinetic operator external potential electron-electron interaction 

The time-dependent Schrödinger equation 

typically example

The td current density



Time Dependent Density Functional Theory
E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997 (1984).

1-1 correspondence:

KS theorem:

the time dependent density determines uniquely the time-dependent
external potential and hence all the physical observables 

the time dependent density of an interacting system can be calculated as the density 

of an auxiliary non-interacting (KS) system 

with the local potential



Time Dependent Density Functional Theory
E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997 (1984).

Likewise in the static case the TDKS follow from:

1. 1-1 mapping 

2. the TD V-representability theorem [R. van Leeuwen, PRL 82, 3863 (1999)]

KS theorem:
the time dependent density of an interacting system can be calculated as the density 

of an auxiliary non-interacting (KS) system 

with the local potential



Correspondence theorem

Runge-Gross theorem. The map:

is invertible for all single particle potentials v(rt) which can be expanded 
in Taylor series with respect to the time coordinate around t0 is invertible 
up to an additive merely time dependent function 



Proof

perfect 1-1 correspondence is not to be expected

i.e.

with

Note
initial state 

does not need 
to be the GS

Conditions on V(t) I:

implications for the wavefunction and the density



Proof

Conditions on V(t) II:

together with the conditions of being expandable in Taylor series around the initial time t0

We consider potential that differ by more than just a td function c(t)

becomes 

single particle

for some 

or equivalently 



Proof

Proof strategy:
we want to show that

cannot happen 

i.e.

step I

step II



Proof

Step I current densities:

different potentials generate, under same initial conditions, different current densities

use the equation of motion

for the current density operator

with 



Proof

Step I current densities:



Proof

Step I current densities:

q.e.d.if for k=0

if for k>0 use the equation of motion k+1 times

q.e.d.

apply recursively



Proof

Step II densities:

the continuity equation

use the continuity equation with the Taylor expansion relations for v and j (prev. slide)

remains to be shown that

not constant

if



Proof

Step II densities:

proceed by reductio and absurdum 

with

use Green’s integral theorem

contradiction with q.e.d.

0 0
assumes

physical potentials
asymptotically 
decay to zero



Consequences of the RG theorem

Every time-dependent quantum mechanical 
observable is completely determined by the time-

dependent density .

solve the S.E.

Given an observable expressed as an Hermitian operator   :

up to a time-dependent phase
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Van Leeuwen theorem. For a time-dependent density n(r, t) associated with
a many-body system with a given particle–particle interaction w(|r − r′|), ex-
ternal potential v(r, t), and initial state Ψ0, there exists a different many-body
system featuring an interaction w′(|r − r′|) and a unique external potential
v′(r, t) [up to a purely time-dependent c(t)] which reproduces the same time-
dependent density. The initial state Ψ′0 in this system must be chosen such that
it correctly yields the given density and its time derivative at the initial time.

The true power of this theorem becomes clear if we consider two special cases. Let
us first take w′ = w, i.e., two many-body systems with the same interaction. At first
sight this may seem a somewhat strange thing to do, but one immediately discovers
that this reduces to something very familiar. If we choose Ψ′0 = Ψ0, which means that
the primed system trivially reproduces the initial density and its time derivative for
the unprimed system, then it is proved that there exists a unique potential v′(r, t) that
yields n(r, t). This is precisely the content of the Runge–Gross theorem, which is thus
shown to emerge as a special case of the van Leeuwen theorem.

The other case of particular interest is w′ = 0, i.e., we choose the second system to
be a noninteracting one. Assuming there exists a noninteracting initial state Ψ′0 ≡ Φ0

with the correct initial density and time derivative of the density, the van Leeuwen
theorem tells us that there is a unique potential vs(r, t) [apart from the usual time-
dependent function c(t)] in a noninteracting system which produces n(r, t) at all times
t > t0. This provides the formal justification for the time-dependent Kohn–Sham
approach, which will be discussed in the next chapter.

The question of whether one can always find a potential which reproduces a given
density is known as the v-representability problem and has a long history in DFT (see
Section 2.1.3). A general overview and a discussion of v-representability in TDDFT on
lattice spaces were given by Li and Ullrich (2008). Several formal and mathematical
aspects of the existence of the effective potentials in TDDFT were recently investigated
by Ruggenthaler et al. (2009, 2010).

The van Leeuwen theorem relies on a Taylor expansion of the potential around
the initial time and, in addition, requires the density to be analytic in time at t0 [see
eqn (3.55)]. Under these restrictions, the noninteracting v-representability problem in
TDDFT is solved by the van Leeuwen theorem, provided we can find an initial state
with the required properties.12 Of particular interest are switch-on processes, where
the system has been in the ground state at all previous times t < t0, and where the
associated initial state Ψ0 leads to a density with zero time derivative at t0. In that
case, it is always possible to find a noninteracting initial state with the given density
by construction (Harriman, 1981). This means that for this kind of switch-on process,
a time-dependent Kohn–Sham potential always exists.

However, it was recently discovered (Maitra et al., 2010) that there exist densi-
ties that are nonanalytic in time, although they come from reasonable (i.e., Taylor-
expandable) time-dependent potentials. These cases are related to spatial singularities:

12Whether or not this initial state can be chosen as a noninteracting ground state cannot be
definitely answered in general—this is again the noninteracting v-representability problem for ground-
state systems.

4

The time-dependent Kohn–Sham
scheme

4.1 The time-dependent Kohn–Sham equation

The van Leeuwen theorem, discussed in the previous section, guarantees that the time-
dependent density n(r, t) of an interacting system, evolving from an initial state Ψ0

under the influence of a potential v(r, t), can also be reproduced by a noninteracting
system. This noninteracting system evolves under the effective potential

vs[n,Ψ0,Φ0](r, t), (4.1)

which is in general a functional of the time-dependent density, the initial many-body
state, and the initial state Φ0 of the noninteracting system.

In practice one often encounters situations where the system is in the ground state
at the initial time t0 (and has been for all times t < t0), and then begins to evolve
under the influence of an explicitly time-dependent external potential. We can write
this as follows:

v(r, t) = v0(r) + v1(r, t)θ(t − t0) , (4.2)

where θ(t− t0) denotes the step function (1 or 0 for a positive or a negative argument,
respectively). In such situations, the Hohenberg–Kohn theorem of static DFT applies
to the initial state, and the initial wave functions Ψ0 and Φ0 are both functionals of
the ground-state density n0(r). This leads to considerable formal simplifications, since
now the effective potential (4.1) becomes a density functional only, vs[n](r, t).

The initial noninteracting wave function Φ0 is a single Slater determinant made up
of N Kohn–Sham orbitals ϕ0

j(r), following from a self-consistent solution of the static
Kohn–Sham equation

!
−
∇2

2
+ v0s [n0](r)

"
ϕ0
j (r) = εjϕ

0
j (r) , (4.3)

where the ground-state density is given by

n0(r) =
N#

j=1

|ϕ0
j (r)|2 (4.4)

and the static Kohn–Sham effective potential is
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|ϕ0
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and the static Kohn–Sham effective potential is

well defined if starting from the DFT ground state

depends on 
the density 
at all times
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4.3 The adiabatic approximation

The key quantity in TDDFT is the time-dependent xc potential vxc[n](r, t). Just as
in static DFT, any application of TDDFT requires a suitable approximation to the xc
potential, and a considerable portion of this book is dedicated to this issue.

A reasonable starting point in the quest for approximations to the time-dependent
xc potential is to utilize the vast body of knowledge from static DFT. The easiest
and most obvious thing to do is to simply take the xc potential from static DFT and,
without any scruples or hesitation, use it in the TDKS equation (4.7), plugging in
the time-dependent density n(r, t) rather than the ground-state density n0 (r). This
defines the adiabatic approximation,

vAxc(r, t) = v0xc[n0 ](r)
!!
n0(r)→n(r,t)

, (4.13)

where v0xc[n0 ](r) is the static xc potential functional, whose exact form, of course, is
unknown. The term “adiabatic” means here that vAxc(r, t) becomes exact in the limit
where the adiabatic theorem of quantum mechanics applies, i.e., a physical system
remains in its instantaneous eigenstate if a perturbation that is acting on it is slow
enough.2 In such a situation, the functional dependence of the xc potential at time t
is only on the density at the very same time t, i.e., there is no memory.

It will not come as a surprise that truly adiabatic time evolution of quantum
systems occurs only in exceptional cases.3 Most situations of practical interest are
nonadiabatic at least to some degree. In spite of this, it turns out that the adiabatic
approximation often works surprisingly well in practice, as the example below will
show. The general applicability of the adiabatic approximation is thus one of the
central questions of TDDFT, and we will come back to it several times in this book.

In any practical application, one utilizes one of the many available approximate
static xc potentials v0 ,approxxc [n0 ](r) such as one of the various forms of GGA, and the
corresponding adiabatic approximation is given by

vA,approx
xc (r, t) = v0 ,approxxc [n0 ](r)

!!
n0(r)→n(r,t)

. (4.14)

The most widely used example of this class of time-dependent xc potentials is the
adiabatic local-density approximation (ALDA),

vALDA
xc (r, t) =

dehxc(n̄)

dn̄

!!!!
n̄=n(r,t)

, (4.15)

where ehxc(n̄) is the xc energy density of a homogeneous electron liquid of particle
density n̄ (see Chapter 2). Notice that there are two levels of approximation involved

2This requires the system to have an intrinsic timescale which determines the meaning of “slow”
and “fast.” A typical case is where the eigenstate under consideration is separated by a gap from the
rest of the spectrum of the Hamiltonian. The situation is more complicated for gapless systems such
as electron liquids. We will return to this problem in quite some detail in Chapter 10. For a recent
review of the adiabatic theorem of quantum mechanics, see Comparat (2009).

3A class of highly counterintuitive examples where the adiabatic approximation of TDDFT be-
comes exact is that of situations where a strong external potential varies so rapidly that the electronic
wave function can’t follow anymore, but settles into particular quasi-stationary states (Baer, 2009).
However, this does not constitute an adiabatic time evolution in the true sense, since these states are
not eigenstates in the instantaneous external potential.

use the static xc with the instantaneous density
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simplest functional choice is ALDA

allows the use of any static DFT functional 

discards memory effects
valid as long as the 

density does not differ 
much from the GS one

with all the limitations it had in DFT
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in the so-called xc kernel fxc, which will be introduced in Section 7.3.2. The xc kernel
plays a crucial role in linear-response TDDFT, and we will dedicate Chapter 8 to the
discussion of its various properties and approximations. Practical aspects and results
for atomic and molecular systems will be the subject of Chapter 9.

7.1 General linear-response theory

The dynamics of electronic many-body systems is rigorously described by the time-
dependent Schrödinger equation (3.5) or, alternatively, by the TDKS scheme. In Part
I of this book we studied the formal aspects of these approaches, and we discussed a
variety of applications.

In practice, a full solution of the time-dependent Schrödinger equation or the TDKS
equation is often not necessary, or not even desirable. This is the case when the system
does not deviate much from the ground state (or, more generally, from equilibrium).
In such situations, calculating the full time-dependent wave function (or the full time-
dependent density in the TDKS scheme) and extracting small deviations from the
ground state from it would be inefficient and numerically difficult; it is vastly preferable
to calculate these small differences directly. This can be accomplished using response
theory.

Linear-response theory is a very widely used method, which applies whenever one is
considering the response to a weak perturbation, such as in describing a spectroscopy
experiment which probes the ground state of a system. As we will see, the linear
response of a system contains all the information about its excitation spectrum. There
also exists a large class of experiments that deal with effects beyond linear response;
these situations are described by higher-order response theory.

In this section, we will give a brief overview of the basic linear-response formalism.
More complete discussions of the formal aspects of response theory can be found in
Pines and Nozières (1966) and Giuliani and Vignale (2005).

7.1.1 Definitions and time-dependent response

We consider a quantummechanical observable α̂, whose ground-state expectation value
is given by

α0 = ⟨Ψ0|α̂|Ψ0⟩ , (7.1)

where Ψ0 is the ground-state many-body wave function associated with the static
Hamiltonian Ĥ0. Now assume that the system is acted upon by a time-dependent
perturbation

Ĥ1(t) = F (t)β̂ , t ≥ t0 , (7.2)

where F (t) is an external field that couples to an observable β̂ and which is switched
on at time t0. This perturbation affects the wave function of the system, and thus the
expectation value of the observable α, which now becomes time-dependent:

α(t) = ⟨Ψ(t)|α̂|Ψ(t)⟩ , t ≥ t0 . (7.3)

The difference between the time-dependent expectation value of α̂ and its initial static
value, α(t) − α0, is called the response of α̂ to the perturbation (7.2). The response
can be expanded in powers of the field F (t):
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consider a quantum-mechanical observable whose expectation value on the gs is 

the system is acted upon a perturbation 
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the expectation of the observable becomes td
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α(t) − α0 = α1(t) + α2(t) + α3(t) + . . . , (7.4)

where α1(t) is the linear response, α2(t) is the quadratic (or second-order) response,
α3(t) is the third-order response, and so on.1

Using eqn (3.19) for the first-order approximation to the time evolution operator
and eqn (3.18) for the interaction picture representation of the operators α̂ and β̂, we
obtain the linear response as

α1(t) = −i
! t

t0

dt′ F (t′)⟨Ψ0|[α̂(t), β̂(t′)]|Ψ0⟩ . (7.5)

Since the initial-state Hamiltonian Ĥ0 is time-independent, we can replace the commu-
tator [α̂(t), β̂(t′)] with [α̂(t− t′), β̂] in eqn (7.5). We now define the retarded response
function

χαβ(t− t′) = −iθ(t− t′)⟨Ψ0|[α̂(t− t′), β̂]|Ψ0⟩ , (7.6)

where the word “retarded” indicates that the response at time t is due to a perturbation
at an earlier time t′ ≤ t. This crucial causality requirement is ensured by the step
function θ(t− t′). The linear response α1(t) is therefore given by

α1(t) =

! ∞

−∞
dt′ χαβ(t− t′)F (t′) , (7.7)

where we are allowed to replace the lower integration limit t0 by −∞ since the external
field F (t) is zero for all times before t0.

It is to be emphasized that the response function χαβ(t − t′) depends only on
properties of the system in the absence of the probe. Another important property is
that the response function does not depend on the time t0 at which the perturbation
is switched on.

Let us now consider the most important case in the context of TDDFT, namely, the
density–density response. Here, the external perturbation is a scalar potential v1(r, t),
switched on at t0, which couples to the density operator (3.20),

Ĥ1(t) =

!
d3r′ v1(r

′, t)n̂(r′) . (7.8)

The linear response of the density is given by

n1(r, t) =

! ∞

−∞
dt′

!
d3r′ χnn(r, r

′, t− t′)v1(r
′, t′) , (7.9)

where the density–density response function is defined as

χnn(r, r
′, t− t′) = −iθ(t− t′)⟨Ψ0|[n̂(r, t− t′), n̂(r′)]|Ψ0⟩ . (7.10)

To relate eqns (7.9) and (7.10) to the general expressions (7.6) and (7.7), we notice
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Since the initial-state Hamiltonian Ĥ0 is time-independent, we can replace the commu-
tator [α̂(t), β̂(t′)] with [α̂(t− t′), β̂] in eqn (7.5). We now define the retarded response
function

χαβ(t− t′) = −iθ(t− t′)⟨Ψ0|[α̂(t− t′), β̂]|Ψ0⟩ , (7.6)

where the word “retarded” indicates that the response at time t is due to a perturbation
at an earlier time t′ ≤ t. This crucial causality requirement is ensured by the step
function θ(t− t′). The linear response α1(t) is therefore given by

α1(t) =

! ∞

−∞
dt′ χαβ(t− t′)F (t′) , (7.7)

where we are allowed to replace the lower integration limit t0 by −∞ since the external
field F (t) is zero for all times before t0.

It is to be emphasized that the response function χαβ(t − t′) depends only on
properties of the system in the absence of the probe. Another important property is
that the response function does not depend on the time t0 at which the perturbation
is switched on.

Let us now consider the most important case in the context of TDDFT, namely, the
density–density response. Here, the external perturbation is a scalar potential v1(r, t),
switched on at t0, which couples to the density operator (3.20),
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Ĥ1(t) =

!
d3r′ v1(r

′, t)n̂(r′) . (7.8)

The linear response of the density is given by

n1(r, t) =

! ∞

−∞
dt′

!
d3r′ χnn(r, r

′, t− t′)v1(r
′, t′) , (7.9)

where the density–density response function is defined as

χnn(r, r
′, t− t′) = −iθ(t− t′)⟨Ψ0|[n̂(r, t− t′), n̂(r′)]|Ψ0⟩ . (7.10)

To relate eqns (7.9) and (7.10) to the general expressions (7.6) and (7.7), we notice
that the linear responses to different perturbations can simply be added independently.

1The question remains of whether this expansion of the response in powers of F (t) actually con-
verges. The convergence of perturbation expansions is a subtle mathematical issue beyond the scope
of this book; we shall content ourselves with assuming that it is guaranteed as long as the perturbing
field F (t) is “sufficiently weak.” On the other hand, strong-field phenomena, such as the ones that
will be discussed in Chapter 16, require nonperturbative approaches.

General linear-response theory 125

α(t) − α0 = α1(t) + α2(t) + α3(t) + . . . , (7.4)

where α1(t) is the linear response, α2(t) is the quadratic (or second-order) response,
α3(t) is the third-order response, and so on.1

Using eqn (3.19) for the first-order approximation to the time evolution operator
and eqn (3.18) for the interaction picture representation of the operators α̂ and β̂, we
obtain the linear response as

α1(t) = −i
! t

t0

dt′ F (t′)⟨Ψ0|[α̂(t), β̂(t′)]|Ψ0⟩ . (7.5)
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Since the initial-state Hamiltonian Ĥ0 is time-independent, we can replace the commu-
tator [α̂(t), β̂(t′)] with [α̂(t− t′), β̂] in eqn (7.5). We now define the retarded response
function

χαβ(t− t′) = −iθ(t− t′)⟨Ψ0|[α̂(t− t′), β̂]|Ψ0⟩ , (7.6)

where the word “retarded” indicates that the response at time t is due to a perturbation
at an earlier time t′ ≤ t. This crucial causality requirement is ensured by the step
function θ(t− t′). The linear response α1(t) is therefore given by

α1(t) =

! ∞

−∞
dt′ χαβ(t− t′)F (t′) , (7.7)

where we are allowed to replace the lower integration limit t0 by −∞ since the external
field F (t) is zero for all times before t0.

It is to be emphasized that the response function χαβ(t − t′) depends only on
properties of the system in the absence of the probe. Another important property is
that the response function does not depend on the time t0 at which the perturbation
is switched on.

Let us now consider the most important case in the context of TDDFT, namely, the
density–density response. Here, the external perturbation is a scalar potential v1(r, t),
switched on at t0, which couples to the density operator (3.20),
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Fig. 7.1 Illustration of the linear response represented by eqn (7.9). We observe the density

response of a system at position r and at time t, caused by the sum of small “needle pricks”

at positions r′ and earlier times t′.

Thus, the perturbing Hamiltonian (7.8) can be viewed as a sum of perturbations
v1 (r′, t)n̂(r′) which are of the form (7.2); each gives rise to a retarded density response
at all r, and all of these are then integrated over space in eqn (7.9). An illustration is
given in Fig. 7.1.

7.1.2 Frequency-dependent response and Lehmann representation

In linear-response theory, it is far more common to work in frequency space than to
consider the response of the system in real time. As we will see below, replacing the
time t with the frequency ω as the basic variable is the key to extracting the excitation
energies of a system from its linear response.

Let us define the Fourier transform of the perturbing field, together with its in-
verse:2

F (t) =

! ∞

−∞

dω

2π
F (ω)e−iωt , F (ω) =

! ∞

−∞
dt F (t)eiωt , (7.11)

and similarly for all other time-dependent quantities. Inserting this into eqn (7.7)
yields

! ∞

−∞

dω

2π
α1 (ω)e

−iωt =

! ∞

−∞
dt′

! ∞

−∞

dω

2π
χαβ(ω)e

−iω(t−t′)

! ∞

−∞

dω′

2π
F (ω′)e−iω′t′

=

! ∞

−∞

dω

2π
χαβ(ω)F (ω)e−iωt , (7.12)

where we have used the general relation
"∞
−∞ dt′ eit

′(ω−ω′) = 2πδ(ω−ω′). Since all ex-

ponentials e−iωt are linearly independent, this immediately leads to the linear-response
equation in frequency space,

α1 (ω) = χαβ(ω)F (ω) . (7.13)

Now let us take a closer look at the frequency-dependent response function,

2Strictly speaking, one should use a notation which distinguishes the Fourier transform of a func-
tion from the function itself, e.g., F (t) =

!
(dω/2π) "F (ω)e−iωt + c.c. We shall ignore this subtlety in

the interest of simplicity, since the distinction can be inferred from the functional arguments t and ω.
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χαβ(ω) = −i
! ∞

−∞
dτ θ(τ)⟨Ψ0|[α̂(τ), β̂]|Ψ0⟩eiωτ . (7.14)

We consider the complete set of eigenfunctions {Ψn}, n = 0, 1,2, . . . , of the Hamil-
tonian Ĥ0, where Ψ0 is the many-body ground state, with energy E0; Ψ1 is the first
excited state, with energy E1; and so on. We define the nth excitation energy of the
system as Ωn = En − E0, n = 1,2, . . . . Notice that this, in general, includes both
bound states and continuum states; for the latter, all sums over states have to be
converted into integrals over continua of states. Inserting the completeness relation
1 =

"∞
n=0 |Ψn⟩⟨Ψn| into eqn (7.14) then gives

χαβ(ω) = −i
∞#

n=1

! ∞

−∞
dτ θ(τ)eiωτ

$
⟨Ψ0|α̂|Ψn⟩⟨Ψn|β̂|Ψ0⟩e−iΩnτ

−⟨Ψ0|β̂|Ψn⟩⟨Ψn|α̂|Ψ0⟩eiΩnτ
%

, (7.15)

where we have used the explicit form of the interaction representation (3.18) of the
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Equation (7.17) is called the Lehmann representation of the linear response function
χαβ(ω). It is one of the most important results in response theory because it shows
explicitly how a frequency-dependent perturbation couples to the excitation spectrum
of a system. This will become clear in Section 7.1.3 when we discuss the analytic
behavior of χαβ(ω) in the complex frequency plane.
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How to calculate photoabsorption with TDDFT

Perturbative approach

Real-time approach

Pro Cons

• Accurate (for low e 
transitions)

• Easy to recover 
spectroscopic information 

• Impracticable for large 
systems

• pump-probe limited to 
non-overlapping pulses 
(but with approx)

• Large systems

• Natural for pump-probe

• Hard to recover 
spectroscopic 
information 

• Sometimes noisy

(Casida, Sternheimer, …)

(real-space representation)



Time propagation

Numerical time propagation 67

This “global” time propagation scheme seems a bit awkward, for two reasons. First
of all, it requires a starting guess of a time-dependent density (or of the time-dependent
xc potential) for all times between t0 and t1 . If that initial guess is too far off the mark,
especially if propagation over a long time span is desired, convergence might happen
slowly or not at all. Second, the scheme implies that we need to store the density for
all t0 ≤ t ≤ t1 in memory, even if we work with an adiabatic approximation for the xc
potential, ignoring its dependence on the density at previous times.

In practice, self-consistent propagation of the TDKS equation is carried out in a
different way, namely step by step, rather than globally over the entire time interval.4

This will be explained in the following section.

4.5 Numerical time propagation

The numerical solution of the time-dependent Schrödinger equation is a well-known
problem that has been around for a while (Goldberg et al., 1967), and there exist a
large variety of numerical propagation techniques. A complete survey of the various
time propagation schemes is beyond the scope of this book [see, e.g., Castro et al.
(2004b)]. We will focus here on just one specific, widely used algorithm for the self-
consistent propagation of the TDKS equation.

4.5.1 The Crank–Nicholson algorithm

Let us begin by considering the single-particle Schrödinger equation in a given, time-
dependent external potential,

i
∂

∂t
ψ(r, t) = Ĥ(t)ψ(r, t) =

!
−
∇2

2
+ vext(r, t)

"
ψ(r, t) , (4.19)

where the initial wave function ψ(r, t0 ) is the ground state associated with vext(r, t0 ).
The external potential is assumed to be static for t < t0 , and becomes explicitly
time-dependent after t0 .

We now discretize the time variable, t → τj , and consider discrete time steps ∆τ .
The basic task is to propagate the wave function ψ from time τj to the next time
step τj+1 = τj + ∆τ , assuming that ψ(τj) is known. In Section 3.1.2 we saw that
the solution of the time-dependent Schrödinger equation can be formally expressed in
terms of a time evolution operator; therefore we can write, formally exactly,

ψ(τj +∆τ) = Û (τj +∆τ, τj)ψ(τj) . (4.20)

Let us now find an explicit expression for the time evolution operator Û(τj +∆τ, τj)

which takes us forward by just one time step ∆τ . The exact form of Û for a time-
dependent external potential is given by eqn (3.12); however, if the time step ∆τ is
sufficiently small, we can approximate this by

Û(τj +∆τ, τj) ≈ e−iĤ(τj+∆τ/2) ≡ e−iĤ(τj+1/2) , (4.21)

i.e., we evaluate the time-dependent external potential halfway between τj and τj+1 .
The midpoint evaluation of the potential is dictated by the obvious requirement that

4However, examples of successful TDKS calculations using a global iteration scheme do exist
(Wijewardane and Ullrich, 2008).
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Let us now find an explicit expression for the time evolution operator Û(τj +∆τ, τj)

which takes us forward by just one time step ∆τ . The exact form of Û for a time-
dependent external potential is given by eqn (3.12); however, if the time step ∆τ is
sufficiently small, we can approximate this by

Û(τj +∆τ, τj) ≈ e−iĤ(τj+∆τ/2) ≡ e−iĤ(τj+1/2) , (4.21)

i.e., we evaluate the time-dependent external potential halfway between τj and τj+1 .
The midpoint evaluation of the potential is dictated by the obvious requirement that

4However, examples of successful TDKS calculations using a global iteration scheme do exist
(Wijewardane and Ullrich, 2008).
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This “global” time propagation scheme seems a bit awkward, for two reasons. First
of all, it requires a starting guess of a time-dependent density (or of the time-dependent
xc potential) for all times between t0 and t1 . If that initial guess is too far off the mark,
especially if propagation over a long time span is desired, convergence might happen
slowly or not at all. Second, the scheme implies that we need to store the density for
all t0 ≤ t ≤ t1 in memory, even if we work with an adiabatic approximation for the xc
potential, ignoring its dependence on the density at previous times.

In practice, self-consistent propagation of the TDKS equation is carried out in a
different way, namely step by step, rather than globally over the entire time interval.4

This will be explained in the following section.

4.5 Numerical time propagation

The numerical solution of the time-dependent Schrödinger equation is a well-known
problem that has been around for a while (Goldberg et al., 1967), and there exist a
large variety of numerical propagation techniques. A complete survey of the various
time propagation schemes is beyond the scope of this book [see, e.g., Castro et al.
(2004b)]. We will focus here on just one specific, widely used algorithm for the self-
consistent propagation of the TDKS equation.

4.5.1 The Crank–Nicholson algorithm

Let us begin by considering the single-particle Schrödinger equation in a given, time-
dependent external potential,

i
∂

∂t
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where the initial wave function ψ(r, t0 ) is the ground state associated with vext(r, t0 ).
The external potential is assumed to be static for t < t0 , and becomes explicitly
time-dependent after t0 .

We now discretize the time variable, t → τj , and consider discrete time steps ∆τ .
The basic task is to propagate the wave function ψ from time τj to the next time
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where the initial wave function ψ(r, t0 ) is the ground state associated with vext(r, t0 ).
The external potential is assumed to be static for t < t0 , and becomes explicitly
time-dependent after t0 .

We now discretize the time variable, t → τj , and consider discrete time steps ∆τ .
The basic task is to propagate the wave function ψ from time τj to the next time
step τj+1 = τj + ∆τ , assuming that ψ(τj) is known. In Section 3.1.2 we saw that
the solution of the time-dependent Schrödinger equation can be formally expressed in
terms of a time evolution operator; therefore we can write, formally exactly,

ψ(τj +∆τ) = Û (τj +∆τ, τj)ψ(τj) . (4.20)
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which takes us forward by just one time step ∆τ . The exact form of Û for a time-
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sufficiently small, we can approximate this by

Û(τj +∆τ, τj) ≈ e−iĤ(τj+∆τ/2) ≡ e−iĤ(τj+1/2) , (4.21)

i.e., we evaluate the time-dependent external potential halfway between τj and τj+1 .
The midpoint evaluation of the potential is dictated by the obvious requirement that

4However, examples of successful TDKS calculations using a global iteration scheme do exist
(Wijewardane and Ullrich, 2008).
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where the initial wave function ψ(r, t0 ) is the ground state associated with vext(r, t0 ).
The external potential is assumed to be static for t < t0 , and becomes explicitly
time-dependent after t0 .

We now discretize the time variable, t → τj , and consider discrete time steps ∆τ .
The basic task is to propagate the wave function ψ from time τj to the next time
step τj+1 = τj + ∆τ , assuming that ψ(τj) is known. In Section 3.1.2 we saw that
the solution of the time-dependent Schrödinger equation can be formally expressed in
terms of a time evolution operator; therefore we can write, formally exactly,
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sufficiently small, we can approximate this by
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i.e., we evaluate the time-dependent external potential halfway between τj and τj+1 .
The midpoint evaluation of the potential is dictated by the obvious requirement that

4However, examples of successful TDKS calculations using a global iteration scheme do exist
(Wijewardane and Ullrich, 2008).

68 The time-dependent Kohn–Sham scheme

the propagation τj → τj+1 followed by the backward propagation τj+1 → τj must lead
back to where we started: ψ(τj) = Û(τj , τj+1)ψ(τj+1) = Û(τj , τj+1)Û (τj+1, τj)ψ(τj),

which implies Û(τj , τj+1)Û(τj+1, τj) = 1. The approximation (4.21) for the time evo-
lution operator is easily seen to satisfy this.5

The next task is to deal with the exponential in eqn (4.21). The so-called Crank–
Nicholson algorithm (Press et al., 2007) uses the following approximation:

e−iĤ ∆τ ≈
1− iĤ ∆τ/2

1 + iĤ ∆τ/2
, (4.22)

which is correct to second order in ∆τ and unitary. Substituting this into eqn (4.20)
gives

!
1 +
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2
Ĥ(τj+1/2)∆τ

"
ψ(τj+1) =

!
1−

i

2
Ĥ(τj+1/2)∆τ

"
ψ(τj) . (4.23)

This is an example of a so-called implicit propagation scheme (Press et al., 2007),
which means that the solution ψ(τj+1) is obtained from the known right-hand side of
eqn (4.23) by inversion of the operator 1 + iĤ(τj+1/2)∆τ/2. In practice, one usually
expresses the wave function on a spatial grid or a discrete basis. Equation (4.23) then
becomes a system of linear equations which can be solved for each time step τj → τj+1

using standard numerical algorithms.

4.5.2 The predictor–corrector scheme

As we have seen, the time-dependent single-particle Schrödinger equation can be solved
numerically through step-by-step propagation with the Crank–Nicholson algorithm.
The same approach works for the TDKS equation too, but there is an additional
difficulty that is related to the self-consistency requirement we discussed above in
Section 4.3.

To carry out the propagation of the TDKS orbitals from time τj to τj+1 us-
ing eqn (4.23), we need the TDKS Hamiltonian at the midpoint, that is, we need
vs[n](r, τj+1/2). However, at this stage we only know the time-dependent densities for
times ≤ τj ; this is as far as we have got with the propagation. So, to perform the
next time step, it appears as if we have to look a little bit into the future! However,
this does not imply a violation of causality. What it means is that the propagation
step from τj to τj+1 has to be done with a potential vs[n](r, τj+1/2) that is consistent
with the TDKS orbitals at τj as well as τj+1; in other words, it is the self-consistency
requirement of Section 4.3, but not in a “global” sense as was presented there, but
“locally” for an individual time propagation step.

In practice, self-consistency can be reached through an iterative procedure, called
the predictor–corrector scheme, which we now discuss.

5From a practical point of view, a more tempting choice would have been to evaluate the potential

at the beginning of the time propagation step, Û(τj +∆τ, τj) = e−iĤ(τj). However, this would imply

Û(τj , τj+1 )Û(τj+1 , τj) = eiĤ(τj+1)e−iĤ(τj) ̸= 1.
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Ĥ(τj+1/2)∆τ

"
ψ(τj) . (4.23)

This is an example of a so-called implicit propagation scheme (Press et al., 2007),
which means that the solution ψ(τj+1) is obtained from the known right-hand side of
eqn (4.23) by inversion of the operator 1 + iĤ(τj+1/2)∆τ/2. In practice, one usually
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This “global” time propagation scheme seems a bit awkward, for two reasons. First
of all, it requires a starting guess of a time-dependent density (or of the time-dependent
xc potential) for all times between t0 and t1 . If that initial guess is too far off the mark,
especially if propagation over a long time span is desired, convergence might happen
slowly or not at all. Second, the scheme implies that we need to store the density for
all t0 ≤ t ≤ t1 in memory, even if we work with an adiabatic approximation for the xc
potential, ignoring its dependence on the density at previous times.

In practice, self-consistent propagation of the TDKS equation is carried out in a
different way, namely step by step, rather than globally over the entire time interval.4

This will be explained in the following section.

4.5 Numerical time propagation

The numerical solution of the time-dependent Schrödinger equation is a well-known
problem that has been around for a while (Goldberg et al., 1967), and there exist a
large variety of numerical propagation techniques. A complete survey of the various
time propagation schemes is beyond the scope of this book [see, e.g., Castro et al.
(2004b)]. We will focus here on just one specific, widely used algorithm for the self-
consistent propagation of the TDKS equation.

4.5.1 The Crank–Nicholson algorithm

Let us begin by considering the single-particle Schrödinger equation in a given, time-
dependent external potential,
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where the initial wave function ψ(r, t0 ) is the ground state associated with vext(r, t0 ).
The external potential is assumed to be static for t < t0 , and becomes explicitly
time-dependent after t0 .

We now discretize the time variable, t → τj , and consider discrete time steps ∆τ .
The basic task is to propagate the wave function ψ from time τj to the next time
step τj+1 = τj + ∆τ , assuming that ψ(τj) is known. In Section 3.1.2 we saw that
the solution of the time-dependent Schrödinger equation can be formally expressed in
terms of a time evolution operator; therefore we can write, formally exactly,

ψ(τj +∆τ) = Û (τj +∆τ, τj)ψ(τj) . (4.20)

Let us now find an explicit expression for the time evolution operator Û(τj +∆τ, τj)

which takes us forward by just one time step ∆τ . The exact form of Û for a time-
dependent external potential is given by eqn (3.12); however, if the time step ∆τ is
sufficiently small, we can approximate this by

Û(τj +∆τ, τj) ≈ e−iĤ(τj+∆τ/2) ≡ e−iĤ(τj+1/2) , (4.21)

i.e., we evaluate the time-dependent external potential halfway between τj and τj+1 .
The midpoint evaluation of the potential is dictated by the obvious requirement that

4However, examples of successful TDKS calculations using a global iteration scheme do exist
(Wijewardane and Ullrich, 2008).
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Fig. 7. One-dimensional hydrogen atom absorption cross-
section (bilogarithmic scale) in the continuum. The plot has
been shifted so that the zero of the energy scale corresponds
to hydrogen ionization threshold 13.6 eV. Dashed lines repre-
sent the spectrum for hard-wall boundary conditions (cyan)
and a converged exact solution calculated with a box of size
6000 a.u. (yellow). Solid lines are the spectra calculated with
a sin2 CAP defined by (17), width L = 10 a.u. and having
different heights: η = −0.01 a.u. (red), η = −0.2 a.u. (green),
η = −1 a.u. (blue), and η = −10 a.u. (purple).

In the spectrum, the absorption lines appear in correspon-
dence with allowed transitions from ground to excited
states. They are positioned at photon energies precisely
equal to the energy difference between such states, and
their strength is proportional to the dipole matrix element
connecting the states. At photon energies above the first
ionization threshold, the spectrum thus involves matrix
elements connecting to continuum states. A good descrip-
tion of the spectrum in this region is therefore ultimately
linked to a good representation of continuum states in the
same energy region.

Instead of directly evaluating the dipole matrix ele-
ments we here follow the time evolution of the density.
The optical absorption properties can be easily calculated,
in the linear response, by analyzing the time dependence
of the dipole moment subject to a small initial kick per-
turbation (see for instance Chap. 7 of Ref. [54]). To this
end we discretize spatial and temporal coordinates with
∆x = 0.1 a.u., ∆t = 0.01 a.u., and perform time propa-
gations with different boundary absorbers for a maximum
time of 1000 a.u.

First we analyze the situation where no CAP is
present. To this end we perform the time evolution in a
60 a.u. box with hard wall boundary conditions. The re-
sulting spectrum centered in the continuum region (i.e. for
photon energies above the ionization threshold) is shown
in Figure 7 (cyan dashed line over pale green area). It is
highly structured and presents a series of peaks where a
smooth behavior should be expected. These peaks can be
associated with transitions to unphysical box-states, i.e.
the eigenstates associated with the infinite square well em-
bedding the system. The continuum, constituted by such

discrete states, is thus strongly dependent on the box size
and far from being a good approximation for the real one.

In order to avoid reflection, or equivalently to increase
the number of box levels per unit of energy, a much larger
simulation box has to be employed. In the current case,
a box of 6000 a.u. is enough to avoid reflections and
completely contain the wavefunction at the end of the
time propagation. In contrast to the previous case, here
the spectrum (yellow dashed line over pale yellow area)
presents a smooth behavior characteristic of the contin-
uum region. The goal of a CAP would be to reproduce
the same spectrum with a much smaller simulation box.

To this end we fix the box size to 60 a.u. and recalculate
the spectrum by placing two L = 10 a.u. wide sin2 CAPs
at the edges and vary η. For η = −0.01 a.u. the spectrum
presents a marked oscillating structure with peaks located
at box-state transition energies. The effect of this CAP
is here limited to a smearing between peaks plus a small
increase of the absorption. For η = −0.2 a.u. the spectrum
becomes smoother for low energies. In this region it lies
on top of the exact solution until it departs from it as
the energy becomes larger than 10 eV. A further decrease
of η moves the smooth region forward to higher energies
leaving oscillations in the lower energy end.

None of these CAPs is good enough to reproduce the
exact results for the whole range of energies but only in
a limited region that changes with η. This behavior cor-
responds well to the one we observed for the reflection
error ϵ(E, L) in Figures 5 and 6. We therefore conclude
that ϵ(E, L), although being an approximation to the sur-
vival probability S(E, L), can provide useful information
to assess and control reflections in practical calculations.

6 Connecting MFAs and CAPs

This section is devoted to the discussion of the mathemat-
ical connections a and b in the scheme of Figure 1. The
existence of such a connection has been known in the lit-
erature since long time ago [20,55] but, to the best of the
authors’ knowledge, has never been presented in a unified
framework.

We begin with the problem of linking an MFA to a
CAP and therefore with the problem of casting the first
into the formalism of the second. The solution can be sim-
ply obtained by comparing the time propagation operators
in the two formalisms. Starting from (12) we can define an
infinitesimal mask function time propagation operator as

UM (t +∆t, t) = M(x)U(t +∆t, t)
= M(x)e−iH0∆t

= eM̃(x)e−iH0∆t , (19)

where H0 is the physical Hamiltonian and

M̃(x) = ln[M(x)] (20)

is a logarithmic mask function. By requiring the two prop-
agators in (19) and (15) to be equal it is possible to derive
an explicit form for the CAP VM

CAP(x) associated with the
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Fig. 4. Reflection error ϵ(E, L) as a function of energy E and
boundary width L for a monomial complex potential with b =
3 and α = −0.003 a.u. The functional form of VCAP on the
imaginary axis is shown in the inset.

minimum 10% reflection for E ≈ 5 eV. Compared to the
MFA, the monomial CAP is less sensitive to increase of L,
and the reflection error ϵ(E, L) converges quickly to an
asymptotic shape as L → ∞ . This is because the shape
of the absorbing potential αx3 does not change with L.
Once L is large enough that a given wave packet does not
reach x = L due to the height of the potential, further
increase of L cannot reduce the reflection. The relation-
ship between CAPs and mask functions will be studied in
the next section. Generally if one lets the CAP diverge at
the boundary, it will behave roughly like a mask function
approaching zero.

In order to disentangle the effect of the boundary
width L from that of the maximum value of VCAP in [0, L]
we study the case of a sin2 potential

VCAP(x) = Vs(x) =
!

0 if x < 0
iη sin2

"
xπ
2L

#
if 0 ≤ x ≤ L.

(17)

Compared with the CAP in (16) this potential smoothly
increases from zero to its maximum value at the edge of
the box Vs(L) = η, and, like the monomial one, it absorbs
only for negative values of η.

The reflection error for a sin2 CAP with η = −0.2 is
shown in Figure 5. Compared with the monomial CAP in
Figure 4 the survival probability displays a quite differ-
ent behavior presenting a flat minimum centered around
E = 10 eV increasingly extending with L. The low energy
absorption is globally better than the monomial CAP but
quickly deteriorates for high kinetic energies, and ϵ(E, L)
is more sensitive to the changes of η. The failure at high
energies occurs when the wavepackets are fast enough to
reflect at x = L and exit the absorbing region before the
CAP can absorb them.

The reflection error is shown in Figure 6 for selected
values of the potential height η. For small η the reflec-
tion error has a peaked minimum that widens up with L.

Fig. 5. Complex absorbing potential reflection error ϵ(E, L)
as function of energy E and boundary width L, for a sin2 CAP
as defined in (17) with η = −0.2 a.u. The functional shape of
VCAP on the imaginary axis is shown in the inset.

Fig. 6. Like Figure 5, but for different values of the CAP
height η: (a) η = −0.01 a.u., (b) η = −1 a.u., (c) η = −10 a.u.,
(d) η = −100 a.u.

As η increases, the absorption window widens and the
minimum moves to higher energies quickly overrunning
the plot range.

We conclude the current section by presenting an ex-
ample where CAPs can be used in time-dependent cal-
culations. The calculation of the continuous part of the
absorption spectrum of a hydrogen atom is an illustra-
tive application of CAPs to real-time propagation of the
Schrödinger equation. We consider the simple case of a
one-dimensional hydrogen atom with a softened Coulomb
interaction described by the Hamiltonian

H0 = −1
2
∂2

∂x2
− 1√

x2 + 2
. (18)
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introduce the quantities used to assess the reflection prop-
erties of ABs in finite volumes. In Section 3 we describe
the details of the numerical calculations. We discuss the
reflection properties of MFAs in Section 4. In Section 5
we present the reflection properties of polynomial and
sin2 CAPs for different potential heights and illustrate
by calculating the absorption cross-section of a one-
dimensional hydrogen atom. The connection between
MFAs and CAPs is discussed in Section 6. Finally in Sec-
tion 7we discuss SES in connection with CAPs.

2 Theory

Owing to the position they cover in Figure 1, CAPs play
a central role in the present work. Below we briefly re-
view the scattering theory from complex potentials fol-
lowing the review by Muga et al. [29]. Besides introducing
the reader to the main theoretical formalism the purpose
of the present section is that of formally derive ϵ(k0), a
quantity assessing the error committed by an AB that is
suitable for numerical evaluation in finite volumes. Atomic
units will be used throughout (me = e = ! = 1).

In one-dimension, the stationary Schrödinger equation
for a free electron in the presence of a CAP may be writ-
ten as

Hψ(x) = H0ψ(x) + VCAP(x)ψ(x) = Eψ(x) (1)

with H0 being the physical Hamiltonian and VCAP(x) an
absorbing potential with support in [0, L] as in Figure 2a.
For simplicity we consider here the case where H0 de-
scribes free electrons H0= −∇2/2.

The non-normalizable solutions of (1) corresponding
to stationary scattering states are obtained by imposing
one of the following asymptotic boundary conditions,

ψ+(k, x) =
!

eikx + Rl(k)e−ikx x → −∞
T l(k)eikx x → ∞ (2)

ψ−(k, x) =
!

T r(k)e−ikx x → −∞
e−ikx + Rr(k)e+ikx x → ∞ .

(3)

For k > 0, they enforce the condition corresponding
respectively to a right-travelling wave Ψ+(k, x) and a
left-travelling wave Ψ−(k, x). The functions Rl,r(k) and
T l,r(k) indicate the (left/right) reflection and transmis-
sion coefficients. These coefficients are, in general, com-
plex functions of k and their square modulus represents
the probability to reflect and transmit a wave with a given
momentum. If the initial wavepacket is localized on the left
side of the potential we can simplify the notation by im-
posing only the left asymptotic condition, discarding the
right quantities.

By imposing the left asymptotic boundary conditions
of (2) on the time-dependent Schrödinger equation

i
∂ψ(t, x)
∂t

= Hψ(t, x) , (4)

Fig. 2. Scheme illustrating one-dimensional wavepackets scat-
tering from a CAP. (a) A CAP with support in [0, L] separates
the real axis into left and right semi-infinite regions. (b) A
CAP is employed in the bounded region [−X, L] to simulate
the presence of the semi-infinite right region by absorbing a
right-moving wavepacket ψ0(x). Spurious reflections are left-
moving and represented by the wavepacket ψR(x, t).

a unique solution is obtained for every single initial con-
dition. For a right-moving wavepacket ψ0(x) initially lo-
calized to the left region [−∞ , 0], this solution is given by

ψ(t, x) =
" ∞

0
dkψ+(k, x)e−ik2t/2ψ0(k) , (5)

where space is restricted to x ∈ [−∞ , 0] ∪ [L,∞ ], and
ψ0(k) represents the Fourier transform of ψ0(x). Here,
U(t) = e−ik2t/2 is the time evolution operator associated
with the free Hamiltonian H0. Note that, although re-
flection and absorption coefficients are strictly defined for
k > 0, they can be analytically continued to negative k
and the integral (5) can be extended to the whole real
axis.

The most appropriate quantity to assess the absorp-
tion properties of a CAP is the survival probability S(k).
It is defined as the the sum of transmission |T (k)|2 and
reflection |R(k)|2 probabilities: S(k) := |T (k)|2+ |R(k)|2.
According to this definition, an ideal absorber, preventing
reflections regardless of the incoming wavevector, would
have S(k) = 0 for all k > 0. As already mentioned,
none of the known CAPs is free from reflections, and
the evaluation of S(k) is of great importance for practical
applications.

While from (5) it is possible to evaluate the time evo-
lution of an arbitrary wavepacket knowing the reflection
and transmission coefficients (and thus S(k)), the calcu-
lation of these coefficients starting from the knowledge of
ψ(t, x) is a more complicated task. A widely used approach
consists in calculating R(k) and T (k) by numerically solv-
ing the static one-dimensional scattering problem [42–44].
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Fig. 4. Reflection error ϵ(E, L) as a function of energy E and
boundary width L for a monomial complex potential with b =
3 and α = −0.003 a.u. The functional form of VCAP on the
imaginary axis is shown in the inset.

minimum 10% reflection for E ≈ 5 eV. Compared to the
MFA, the monomial CAP is less sensitive to increase of L,
and the reflection error ϵ(E, L) converges quickly to an
asymptotic shape as L → ∞ . This is because the shape
of the absorbing potential αx3 does not change with L.
Once L is large enough that a given wave packet does not
reach x = L due to the height of the potential, further
increase of L cannot reduce the reflection. The relation-
ship between CAPs and mask functions will be studied in
the next section. Generally if one lets the CAP diverge at
the boundary, it will behave roughly like a mask function
approaching zero.

In order to disentangle the effect of the boundary
width L from that of the maximum value of VCAP in [0, L]
we study the case of a sin2 potential

VCAP(x) = Vs(x) =
!

0 if x < 0
iη sin2

"
xπ
2L

#
if 0 ≤ x ≤ L.

(17)

Compared with the CAP in (16) this potential smoothly
increases from zero to its maximum value at the edge of
the box Vs(L) = η, and, like the monomial one, it absorbs
only for negative values of η.

The reflection error for a sin2 CAP with η = −0.2 is
shown in Figure 5. Compared with the monomial CAP in
Figure 4 the survival probability displays a quite differ-
ent behavior presenting a flat minimum centered around
E = 10 eV increasingly extending with L. The low energy
absorption is globally better than the monomial CAP but
quickly deteriorates for high kinetic energies, and ϵ(E, L)
is more sensitive to the changes of η. The failure at high
energies occurs when the wavepackets are fast enough to
reflect at x = L and exit the absorbing region before the
CAP can absorb them.

The reflection error is shown in Figure 6 for selected
values of the potential height η. For small η the reflec-
tion error has a peaked minimum that widens up with L.

Fig. 5. Complex absorbing potential reflection error ϵ(E, L)
as function of energy E and boundary width L, for a sin2 CAP
as defined in (17) with η = −0.2 a.u. The functional shape of
VCAP on the imaginary axis is shown in the inset.

Fig. 6. Like Figure 5, but for different values of the CAP
height η: (a) η = −0.01 a.u., (b) η = −1 a.u., (c) η = −10 a.u.,
(d) η = −100 a.u.

As η increases, the absorption window widens and the
minimum moves to higher energies quickly overrunning
the plot range.

We conclude the current section by presenting an ex-
ample where CAPs can be used in time-dependent cal-
culations. The calculation of the continuous part of the
absorption spectrum of a hydrogen atom is an illustra-
tive application of CAPs to real-time propagation of the
Schrödinger equation. We consider the simple case of a
one-dimensional hydrogen atom with a softened Coulomb
interaction described by the Hamiltonian

H0 = −1
2
∂2

∂x2
− 1√

x2 + 2
. (18)
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Fig. 3. Reflection error ϵ(E, L) as a function of kinetic energy
E (in logarithmic scale) and boundary width L, for a mask
function absorber with M(x) (in the inset) defined by (13).

accurate description of the time propagation for all the
wavepackets considered. Additionally, they are directly
comparable to the typical ones used in three-dimensional
atomic and molecular calculations. To take a step further
in the direction of application to real systems, in what fol-
lows, we express the reflection error ϵ(E, L) as a function
of the wavepacket kinetic energy E = 5k2

0/4 (in eV) and
absorber width L (in atomic units).

4 Mask function absorbers (MFAs)

MFAs [17] are commonly used in numerical propagation
schemes where the infinitesimal time-evolution operator
U(t +∆t, t), connecting t to t +∆t, is repeatedly applied
to an initial wavefunction. One chooses a mask function
0 ≤ M(x) ≤ 1 and apply it multiplicatively on each time
step, i.e.

ψ(x, t +∆t) = M(x)U(t +∆t, t)ψ(x, t). (12)

If the function M(x) is chosen to smoothly decay from one
in the buffer region [0, L], the iterative application of (12)
results in a damping of any part of the wave extending
into this region. In order to absorb, the mask function
has to be smaller than 1 but is free to assume any value
from 0 to 1 at the border x = L. The resulting absorption
properties depend on the specific functional form of M(x).

In Figure 3 we show the reflection error ϵ(E, L) as
function of kinetic energy E and boundary width L for a
mask function defined as

M(x) =
!

1 if x < 0
1 − sin2

"
xπ
2L

#
if 0 ≤ x ≤ L.

(13)

Reflections smoothly decay from almost unity at low ener-
gies to negligible values for high energies. The range of en-
ergies with minimal reflection is connected to the bound-
ary width L: the greater L, the wider the region of minimal

reflection. The high reflectivity for low energies can be di-
minished by increasing L, but slowly moving wavepackets,
associated with large wavelengths, are difficult to remove
with finite size absorbers.

Besides being easy to implement, the main attraction
of MFAs derives from the central role they play in split-
domain propagation schemes [20,21]. At the foundation of
these schemes lies the idea that it is always possible to
perform a spatial partitioning of a wavefunction as a sum
of two partially overlapping components

ψ(x, t) = M(x)ψ(x, t) + (1 − M(x))ψ(x, t). (14)

In this partitioning, one piece of the wavefunction is local-
ized in [−∞ , L] and the other in the partially overlapping
region [0,∞ ]. The two parts can then be separately propa-
gated with different Hamiltonians using different approx-
imations. This decomposition is at the core of a recent
method developed for the calculation of electron photoe-
mission in molecular systems [22]. For further details we
refer to reference [52].

5 Complex absorbing potentials (CAPs)

ABs based on CAPs are constructed by adding an artificial
complex potential VCAP(x) to the physical Hamiltonian
H0as described by (1). By virtue of this change, the new
Hamiltonian H is no longer Hermitian, and the associated
time propagation operator,

UCAP (t +∆t, t) = e−iH∆t = e−i[H0+VCAP(x)]∆t , (15)

becomes non-unitary. When VCAP(x) is chosen to be non-
zero only in the buffer region [0, L], this non-unitarity be-
comes localized and, during time propagation, the wave-
functions have their norm altered (increased or decreased)
when overlapping with that region. In order to absorb,
the imaginary part of VCAP(x) must take negative values
since the presence of a negative imaginary potential at the
exponent of the propagation operator of (15) induces an
exponential damping of wavepackets.

Among the many possible choices, the monomial
CAP represents one of the most discussed in the litera-
ture [29,46,48,53]. It consists of a purely imaginary poten-
tial of the form

VCAP(x) = Vm(x) =
!

0 if x < 0
iαxb if 0 ≤ x ≤ L.

(16)

To act as an absorber, a monomial CAP must have α < 0,
while b can be any number greater than one. The strength
of induced damping depends on the kinetic energy of the
colliding wavepacket and on the width of the absorption
region as shown in Figure 4. In this case we select α =
−0.003 a.u. and b = 3.

Except for L < 10 a.u., the reflection error qualita-
tively follows the one previously discussed for the mask
functions of Figure 3. For L = 5 a.u. the CAP is sim-
ply not large enough and at best capable of delivering a

use absorbing boundaries: e.g. complex absorbing potentials (CAPs)
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What about transitions with continuum states?

adding a CAP to the Hamiltonian modifies the 
evolution operator 



What about transitions with continuum states?
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[34]. In the absence of such absorbers, the electronic wave
packets are reflected back and forth at the boundaries of
the simulation box. Complex absorbing potentials (CAPs)
constitute a widely used solution to eliminate such reflections
[41,42]. We implement our boundary condition by inserting
into the system’s Hamiltonian an additional (spherically
symmetric) imaginary potential VCAP(r) acting at a certain
distance RCAP from the center of the box of radius R,

VCAP(r) = −iη

!
0 if r < RCAP,

sin2
"

π (r−RCAP)
2(R−RCAP)

#
if RCAP ! r ! R.

(A1)
Time propagation with a Hamiltonian containing VCAP en-
forces a wave-function damping in the region near the edges
of the simulation box. The absorption properties of this CAP
as a function of the outgoing electron’s kinetic energy depends
on the values of η and RCAP.

We find that for a spherical box of radius R = 16 Å, a
CAP having η = 1 and RCAP = 8 Å is enough to guarantee
good continuum properties in the outgoing electron’s kinetic
energy range that we consider in this work for Ne and Ar.
To check this we have compared the experimental absorption
spectra to the one obtained from TDDFT for different
absorbing boxes until reflections are negligible for this
range.

To assess the quality of the present choice, in Figs. 5 and 6
we show Ne and Ar absorption cross sections σ obtained

with different xc functionals for energies in the continuum,
above the first ionization threshold. These cross sections
have been calculated in the linear regime analyzing the time
evolution of the atomic dipole moment [44].

For both Ne and Ar, the cross-section presents spurious
oscillations reminiscent of box states for energies "20 eV
above the ionization threshold. For larger values our CAP is
well absorbing and the cross sections smoothly follow the
experimental ones [43].
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FIG. 5. (Color online) Ne absorption cross section (logarithmic
scale) above the first ionization threshold. Result for different TDDFT
xc functionals (LDA, PBE, CXD-LDA, and LB94) compared with
experimental data [43]. In the inset we focus on the range of energies
relevant for ionization from a ω = 93 eV laser pulse.
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FIG. 6. (Color online) Same as in Fig. 5, but for the Ar absorption
cross section. In the inset we focus on the range of energies relevant
for ionization from a ω = 105 eV laser pulse.

If we discard nonlinear effects, the kinetic energy of
an electron ejected by an ionizing laser pulse is given by
E = Ip − ω, where Ip is the ionization potential of the bound
electron and ω the laser energy. Under the assumption that
the energy absorbed from the laser is integrally transformed
into the kinetic energy of the escaping electron, we can
conclude that the absorption cross section in the continuum
is proportional to the electron photoemission probability.
The Ip in TDDFT is given by the KS eigenvalue of each
bound electron. A rough estimate of the TDDFT quality
attained in the description of ionization processes initiated
by a laser of a given frequency ω is therefore given by the
behavior of σ in an energy range identified by the deeper
and higher KS ionization potentials. In the insets of Figs. 5
and 6 we plot σ in the energy range relevant for a laser of
ω = 93 eV (Ne) and ω = 105 eV (Ar), respectively. We can
therefore conclude that in the energy range associated with
our pulses, there are no spurious reflections and the absorp-
tion cross sections agree remarkably with the experimental
ones.

2. Pseudopotential accuracy

In Table I, we show the relative percentage errors introduced
by the pseudopotential in the outermost valence energy levels
of Ar and Ne for increasing ionized species and the different
xc functionals tested. The error is here evaluated relative to
an all-electron calculation. Since our pseudopotentials have
been generated from a neutral ground-state configuration, the
errors increase linearly as a function of the charged state.
Here the errors are larger for Ne than for Ar, because Ne
pseudopotentials have been generated using a larger radial
cutoff. The spacing of 0.16 Å we have used is small enough
to describe accurately the steep Coulomb potential for the
innermost core eigenvalues with charge +6 and +7. The
eigenvalue errors for all the functionals are between 0.001
and 0.01 Ha.

033412-6

Argon atom 
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it can be interpreted as photoionization cross-section
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TAS - Helium atom in 1D
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Non-equibirlium dynamics of matter with 
TDDFT: 

dynamical control of material properties
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• Tr-ARPES in short

• How to simulate tr-ARPES with TDDFT 

• Examples:

★ARPES and on WSe2 (dressing and pumping)

★ Phonon-dressing on graphene  

★ Photon induced magnetization on MoS2

Outline
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in the photoemission from the free-electron metal magnesium Mg(0001)10.
Theoretical models have addressed different contributions such as may
arise from the band structure of the material9,16,17, the spatial charac-
teristics of the initial-state wavefunctions18–21, and elastic and inelastic
scattering effects9,22. These models also differ from each other in the way
that the screening of the laser field at the surface is taken into account
when calculating the photoemission time delays19,22,23. To isolate the
atomic-scale electron propagation process from this multitude of dis-
parate effects, we investigate hybrid metallic samples consisting of a
controllable number n of Mg adlayers on a W(110) crystal12,24 (see Fig. 1a
and Supplementary Information for details) and contrast the measured
time shifts with electron transport calculations.

In our experiments, XUV pulses with a duration of about 450 as and
a photon energy of BvXUV 5 118 eV simultaneously generate photo-
electrons from core states of the substrate (W 4f) and adlayer (Mg 2p),
as well as from the energetically overlapping CB states of both materials
(Fig. 1b). A representative streaking spectrogram for n 5 4 Mg adlayers
on W(110) is shown in Fig. 2a. Despite the ,80% attenuation of the W
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Figure 1 | Spatio-temporal dynamics in attosecond photoemission from
Mg/W(110). a, Principle of the experiment: photoelectrons (green dots) are
launched inside a tungsten W(110) crystal and a magnesium (Mg) overlayer a
few ångströms thick by an XUV pulse of ,450 as, and are detected in ultrahigh
vacuum with a time-of-flight analyser. At the surface, the arrival times of
electrons released from different initial states are probed by streaking their
associated electron energy distributions with a 2 3 1011 W cm22 strong electric
field delivered by a sub-5 fs broadband linearly polarized visible/near-infrared
laser pulse. Relative time delays Dt developing during the propagation of
the photoelectrons to the metal–vacuum interface are detected as temporal
shifts between their streaked energy distributions. The time shifts Dt are

sensitive to the atomic-scale electron transport characteristics (quantified by
the inelastic mean free path l; indicated only for the W 4felectrons), the Mg
overlayer thickness and the screening behaviour of the laser field at the
solid–vacuum interface. b, Schematic energy-level diagram for the probed
electronic transitions. The central XUV photon energy of ,118 eV allows
the simultaneous excitation of Mg 2p, W 4fand the joint CB states (binding
energy Ebin as indicated). A background-corrected photoelectron spectrum of
n 5 4 adlayers of Mg on W(110) in the absence of the laser field is shown as
the black solid line. For better visibility, the strength of the CB and W 4fsignals
are magnified by a factor of six.
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Figure 2 | Attosecond time-resolved photoemission from Mg/W(110).
a, Representative streaking spectrogram for n 5 4 Mg monolayers (ML). All
photoelectron spectra are corrected for the inelastic electron background signal.
The strength of the CB and W 4fsignals is magnified by a factor of 6 for better
visibility. b, Exemplary timing analysis of the Mg 2p and W 4fcore-level
electrons: the first moments calculated from their respective kinetic energy
distributions are shown as red crosses (Mg 2p) and blue crosses (W 4f) as
functions of NIR–XUV delay Dt. A global fit of the resultant streaking traces to
a parameterized waveform for the NIR vector potential (solid lines) reveals a
relative time shift Dt[4f- 2p], which can be identified with the time delay
occurring during the release of the electrons from the metal surface. Insets
illustrate the evolution of Dt[4f- 2p] for 0 , n # 4. Regions exhibiting the
largest gradient of the streaking field (corresponding to the highest temporal
resolution) are highlighted. An analogous evaluation of Dt[CB - 2p] is
presented in the Supplementary Information.
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100 and 300 K. Figure 2G summarizes these
results and displays the observed frequencies for
both modes as a function of fluence. At 300 K,
only the Temode (3.6 THz) is observed, whereas at
100 K, two modes are identified for F ≤ 1 mJ/cm2.
As for 300 K, thermodynamic fluctuations are ex-
pected to hamper the excitation of the amplitude
mode, which again suggests that the 2.3-THz mode
is the CDW amplitude mode. We also note that
this frequency regime is typical of the CDW sys-
tems (27). Recent Raman (26) and time-dependent
reflectivity (28) studies also come to the conclu-
sion that the 2.3-THz mode is connected to the
formation of the CDW.

The trARPES experiment provides an explicit
link between the amplitude mode and CDW gap
modulation via amomentum-dependent analysis:
In a nesting-driven CDW, the electrons are most
susceptible to scattering by the CDW phonon wave
vector QCDW at the FS as the Lindhardt response
function increases rapidly upon approaching kF
(here, kF is the electron momentum at the Fermi
energy) (1). We therefore expect that a modulation
in the CDW amplitude and thus a modulation in
CDW order parameter (i.e., the gap magnitude)
influences the electronic band structure the most
at or near kF. Following this simple argument, this
k-dependence should be present independent of
perturbation strength. Figure 3A defines the BZ
position where the data of Fig. 3, B to D, have
been recorded. Figure 3, B to D, establishes a
pronounced momentum-dependent excitation of
the electronic structure. While away from the FS
(below EF), the CB energy does not vary; the
largest change indeed occurs on the FS.

Our finding also has implications well beyond
the specific materials we study. Conventional
ARPES offers superior energy and angle resolu-
tion and is able to detect the effect of collective
modes in the form of dispersion kinks or spectral

dips (29). The interpretation of their assignment
and the impact on the low-lying electronic struc-
ture, however, requires sophisticated theoretical
and often model-dependent calculations. Current
technology limits the accessible BZ region, energy,
and angle resolution of trARPES. Nevertheless,
trARPES is able to directly probe the transient
interplay between collective modes and single-
particle states in theory-independent ways and
thus complements conventional ARPES.

We now turn to a momentum-specific anal-
ysis of the electronic excitation and the response
of the lattice to reveal the process of the ultrafast
melting of the CDW state. Figure 3, E to I, shows
the momentum-dependent data for selected de-
lays; the full data set is available as a supple-
mental movie online. At 0 fs, the CDW gap is
preserved, and the dispersion of the CB repre-
sents a localized state as prior to pumping.
However, in the vicinity of kF (red dot in Fig. 3,
E to I), an intensity increase at E − EF = 0.15 eV
coinciding with an unoccupied state as observed
in Fig. 2C is encountered and represents instan-
taneous photo-doping of the system. At 100 fs
(i.e., delayed with respect to the excitation), the
gap is closed and the dispersion of the band re-
sembles the quasi-free electron dispersion known
from spectra taken at 300K (Fig. 1).We term this
excitation regime “strongly perturbative,” as the
excitation results in an ultrafast melting of the
charge-ordered state. Notably, the conduction
electrons recover their wavelike nature, as they
are still strongly k-dependent, despite the intense
excitation and resulting intense scattering.

Thus, we have identified a delay in the ultra-
fast CDW melting with respect to the photo-
doping. This is related to themechanism of CDW
formation. Because of coupling between lattice
vibrations (phonons) to the electrons, electronic
energy is gained if a phonon with a wave vector

Q, which nests two regions of the FS, freezes in
the crystal, leading to a charge densitymodulation.
Upon cooling, this energy gain becomes larger
than the energy loss from the lattice deformation,
and the system undergoes a phase transition into
the CDW state. Because formation of the CDW
requires freezing of a phonon (i.e., nuclear
motion), the inverse process of melting cannot
proceed faster than the respective motion. Con-
sidering that photo-doping modifies the screened
ion potential such that it sustains a delocalized
state, the ion cores still have to propagate to
the potential minima in the presence of screen-
ing carriers, which explains the observed delay
in the CDW melting. This result provides a
direct and vivid demonstration of the electron-
phonon interaction being the origin of the CDW
formation.

This result also raises the question of whether
the transition is complete after 100 fs. We return
to the strong perturbation case with F = 2mJ/cm2

(Fig. 2 B, D, and F), where we have indicated
earlier that the physics can be divided into two
regimes according to the time delays. Between
1 and 3 ps, when the melting of the CDW is
complete and the amplitude mode no longer
exists, only the 3.6-THz Te phonon oscillation is
observed. This is most clearly seen in the black
dotted curve in Fig. 2F, which has the same
frequency. Below 1 ps, the situation is complex.
Whereas the gap is closed at 100 fs, a transient
“equilibrium” outside the CDW state has not
been established yet. The ions cannot stop once
excited and will continue to oscillate as previ-
ously discussed. Thus, we expect the system to
oscillate between a localized CDW state and a
delocalized molten CDW state en route to the
transient equilibrium beyond 1 ps. The mode as-
sociated with this oscillation is related to the
amplitude mode but is not quite the same.

Fig. 3. (A) Detail of the
FS plot in Fig. 1A′ with
indicated positions (white
circles) of time-resolved
data shown in (B) to (D)
for fixed k as a function of
time delay. Indicated cut
position (red line) of pho-
toelectron intensity is
shown as a function of
energy, and position [(E)
to (I)] for a momentum
scan is shown as a func-
tion of time delays. All
data were collected at
100 K and F = 2 mJ/cm2.
kF is marked in (E) to (I)
(red dot). Error bars indi-
cate the distance to the
neighboring sample
points, which is a good
estimate for the error
of kF.
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equilibrium, see Fig. 1(c). The first features to be populated
are displayed in Fig. 1(d). Curiously, the parabolic dispers-
ing feature (labeled 1) appears to be populated before time-
zero. Moreover, closer inspection reveals that it decays
toward negative delays [16]. We attribute this feature to
the first image potential state (IPS) [13,17–20], which is an
electron state bound in front of the metallic Bi2Se3 surface,
and frequently observed in time-resolved photoemission

experiments. Its decay toward negative delays indicates
that it is populated by h!2 and probed by h!1, hence its
separate energy axis in the figure. We compute a binding
energy EIPS ! Evac ¼ !0:77ð3Þ eV, consistent with the
IPS binding energy !0:85 eV expected for a perfectly
metallic surface [16–18]. Importantly, the decay toward
negative delay implies that the IPS relaxation is decoupled
from the SS and bulk band dynamics which are the focus of
this Letter, and we can safely disregard it for the remaining
discussion.
The feature at E! EF ¼ 1:3 eV (labeled 2) decays

with a time constant 70(20) fs and results from a direct
optical transition pumped by h!1 from the bulk valence
band (BVB) edge to higher-lying states in the bulk. Note
that the lower-lying BCB and SS have negligible popula-
tion around time-zero, and it takes % 700 fs for them to
reach maximum population, see Fig. 1(a). This indicates
that these bands are not directly populated by h!1, but
are populated indirectly by scattering from higher-lying
states. The SS dispersion agrees with ARPES measure-
ments in thermal equilibrium, see Fig. 1(e) [6,21], ensuring
that we can discuss transient populations in a fixed
electronic structure. The BCB does not have a sharp
dispersion, consistent with its 3D bulk nature, but appears
as a diffuse electron distribution centered around the !
point.
After 2 ps the SS and BCB populations have signifi-

cantly decayed and energetically relaxed towards the bot-
tom of their respective bands, see Fig. 1(f). The subsequent
dynamics is much slower and persists for >10 ps.
Obstructed from further decay due to the band gap, the
BCB electrons form a metastable population at the BCB
edge. Intriguingly, this BCB population is accompanied by
a persistent population in the SS, but only energetically
below the BCB edge, see Fig. 1(g).
To understand the coupled dynamics of bulk and surface

electrons in more detail, we proceed by analyzing the
energetic distribution of electrons in the bulk. Figure 2(a)
presents energy distribution curves (EDCs), obtained by
integrating the trARPES spectral intensity within a & 2'

angular window around the ! point, for selected delays. We
first focus on the energetic region of the EDCs associated
with the BVB. By fitting each EDC with a Fermi-Dirac
(FD) distribution, we extract an electronic temperature Te

as a function of delay, shown in Fig. 2(b) [16]. At negative
delays there is a well-defined FD distribution at EF in the
BVB. After excitation, a FD distribution with increased Te

is observed and attributed to scattering of photoexcited
electrons with electrons in the cold Fermi sea [22,23].
The hot electron population subsequently cools by trans-
ferring energy to the lattice [24,25]. Within 9 ps, Te almost
returns to its equilibrium value, and the BVB electrons and
lattice system can be regarded as equilibrated. We find that
Te decays exponentially with a time constant "BVB ¼
1:85ð6Þ ps. Note that we confine our fit to delays after

FIG. 1 (color online). (a) Transient photoemission intensity
within the integration windows indicated in the subsequent
panels. Feature (1) corresponds to an IPS populated by h!2

and probed by h!1 and thus appears before time-zero. Feature
(2) is a bulk state populated by a direct optical transition at time-
zero. The BCB (3) and SS (4) are indirectly populated by
scattering from higher energy states. (b) Schematic of the
electronic band structure for Bi2Se3. Grey, shaded regions rep-
resent the BVB and BCB. Lines represent the SS with spin
texture indicated. (c)–(g) trARPES spectra near the ! point for
various pump-probe delays. (c) BVB before excitation. (d) Initial
optical transition to high-lying bulk state and IPS. Note the
separate energy axis for the IPS. (e) The SS and BCB are
populated by scattering from higher-lying states. (f) Energy
relaxation of the SS and BCB populations are mostly complete.
(g) A metastable population in the BCB, accompanied by a
persistent population of the SS in the region energetically below
it. A movie showing data at all delays is included in the
Supplemental Material [16].
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Figure 1 | Dressed electron states in the Tr-ARPES spectra of a topological insulator and experimental geometry. a, Schematic illustrating the various
transitions in a Tr-ARPES experiment. In the unperturbed case or before time zero, electrons transition from bound states to free-electron-like states.
Dressing of the bound states results in Floquet states (nF) separated by the drive photon energy !, whereas dressing of the free-electron-like states results
in Volkov states (nV). If both the initial and final states are dressed (rightmost panel), the nth-order sideband in the Tr-ARPES spectra is given by all
transitions such that n=nF +nV. b, Experimental geometry of the Tr-ARPES set-up. The pump light is incident onto the sample at an angle of ⇠45�. The
pump is linearly polarized with the P-polarization having an out-of-plane component and an in-plane component along the kx direction, whereas the
S-polarization is purely in-plane along the ky direction. c, Tr-ARPES (E�Ef versus ky) spectra on Bi2Se3 using the P-polarized pump at various delay times
between the pump and the probe. BCB refers to the bulk conduction band and SS refers to the topological surface state. The nth-order sidebands are
indicated in the spectra at t=0.

pump pulse. The intensity of these sidebands is maximized at t=0,
which refers to the maximum E-field of the pump beam coinciding
with the maximum E-field of the probe. Once the dressing field
of the pump pulse disappears (t >500 fs), the sidebands disappear,
leaving a heated Dirac cone. The dynamics of this non-equilibrium
heated distribution of electrons has been discussed in a number of
Tr-ARPES experiments25–28. Here we will focus on the Tr-ARPES
spectra taken at t = 0 to ascertain the relative contribution of
Floquet–Bloch and Volkov states.

To disentangle the two, we study the Tr-ARPES spectra at t =0
along various directions of the electron momentum. Figure 2a and
b show the spectra along the kx and the ky directions respectively,
taken with the linear P-polarized pump with an in-plane electric
field component along kx (Fig. 1b). Two observations are apparent:
avoided crossing gaps along ky (Fig. 2b, red arrows) but not along kx ,
and asymmetry in the intensity of Floquet sidebands about kx =0.
The first observation is consistent with Floquet–Bloch theory on
Dirac systems29–32. As the pump E-field is along the x-direction,
the perturbing Hamiltonian commutes with the Dirac Hamiltonian
corresponding to electrons with momentum along kx . This leads to
a trivial crossing between sidebands along kx , which thus remains
gapless. However, along ky , the direction perpendicular to the
E-field, avoided crossing gaps open up. The gap (2�) at the

crossing between the zeroth- and first-order sideband is predicted32

to scale linearly with the electric field amplitude (E0), and thus
2�/

p
P , where P is the applied average pump power. By plotting

the measured value of the gap as a function of the pump power on
a log–log plot (Fig. 2c), we find that 2� indeed scales as the square
root of the pump power. This observation unequivocally establishes
the transient generation of Floquet–Bloch states.

The second observation of asymmetry in the intensity of the
sidebands allows us to establish scattering between Floquet–Bloch
and Volkov states. As seen in Fig. 2a, the first-order sideband
(n1) is not an exact replica of the original band (n0). Rather,
the replication of the Dirac cone is asymmetric between the
+kx and �kx directions. It is important to distinguish this from
the asymmetry in the intensity of the Dirac cone that arises in
the unperturbed ARPES spectra. Owing to the coupling of the
photoemitting 6 eVprobe beam to the spin texture of theDirac cone,
there is a natural asymmetry between the +kx and �kx directions
because the incident plane of the photoemitting probe is along the
kx direction. This matrix element (spin–probe) e�ect has been well
understood in other ARPES measurements on similar systems24.
Here, we will study the additional asymmetry that is present in the
replica of the original Dirac cone. This asymmetry is more evident
in constant energy cuts separated by the driving photon energy

2 NATURE PHYSICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephysics
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E. Runge and E. K. U. Gross, Phys. 
Rev. Lett. 52, 997 (1984).
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• Exact reformulation of the TD Schrödinger equation
• Very good compromise between computational efficiency 
and accuracy.
• All observables as functional of the TD density

Key features

TD Kohn-Sham equations Propagation of the KS 
equations in real-space 

and real-time

Our approach

The external field is an 
arbitrary function of time
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exchange and correlation functional
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Solve TDDFT equations in real-space only for the 
periodic component in each k-point subspace:
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Figure 1 | Bulk electronic structure of WSe2. a, Side and top views of the bulk crystal structure of WSe2. The unit cell contains two Se–W–Se units in which
there is a net in-plane dipole pointing to the right and left, respectively. b, Corresponding bulk and surface Brillouin zone. c,d, ARPES measurements
(h⌫ = 125 eV, T =30 K) of the electronic structure along the K0–0–K direction (c) and isoenergy contours throughout the surface Brillouin zone (d) reveal
sharply-defined bands (for example, the upper valence bands at K) with significant in-plane dispersion, indicative of two-dimensional electronic states. We
also observe broader ‘filled-in’ pockets of spectral weight characteristic of three-dimensional states, where the finite kz resolution of ARPES leads to
broadening. e, We directly confirm this absence or presence, respectively, of significant kz dispersion from photon-energy-dependent ARPES
measurements (Methods and Supplementary Fig. 1). Our measured electronic structure is in excellent agreement with that calculated from density
functional theory (solid lines in c,e), confirming that we are probing the bulk electronic states of WSe2.

bone-shaped pockets centred at M. The large splitting of ⇠0.5 eV
of the top of these bands at K signifies the strong atomic spin–
orbit interaction in this compound, which is further reflected by
our observation of hybridization gaps, for example between two-
and three-dimensional states along the 0–A line (Fig. 1e). Despite
such strong spin–orbit coupling, we stress that all states remain spin-
degenerate in our calculations, as expected from the bulk inversion
symmetry of the crystal.

Intriguingly, however, our spin-resolved photoemission
measurements reveal a strong spin polarization of the upper pair
of valence band states at the K point of the Brillouin zone (Fig. 2).
The measured polarization is entirely out of the surface plane
within experimental error, with up (down) orientation for the
upper (lower) valence band, respectively. From fitting the measured
energy distribution curves (EDCs, described in Methods), we
estimate the magnitude of the spin polarization to exceed 90%,
suggestive of an almost fully spin-polarized band. Moreover,
the signs of all polarizations are reversed at the K0 = �K point,
confirming that time-reversal symmetry remains unbroken, and
thus there is no net magnetic moment. This indicates a non-
magnetic origin of the observed spin polarization, seemingly at
odds with the centrosymmetric nature of the bulk crystal structure
(Fig. 1a). We attribute this to the local inversion asymmetry of
individual WSe2 layers, leading to spin-polarized states whose
texture is strongly modulated in both real and momentum space
despite the global inversion symmetry of the unit cell. For these
quasi-two-dimensional bands around K, our calculations reveal
that the electronic wavefunctions are almost completely localized
on individual Se–W–Se layers of the bulk crystal. This is consistent

with a spin–orbit-mediated suppression of interlayer hopping
predicted at the K point for bilayer WSe2, which was proposed to
lead to a strong coupling of the real spin with the layer pseudospin7.
Such spin–layer locking was subsequently attributed as the origin of
characteristic circularly and linearly polarized photoluminescence
from bilayer WSe2 (ref. 8).

As in the bilayer, with the electronic wavefunctions localized on
a single Se–W–Se layer (half of the unit cell) of the bulk crystal
around K, the D6h symmetry of the crystal is e�ectively reduced to
D3h, allowing a net dipole moment within the ab-plane (Fig. 1a). A
recent theory has established the general grounds by which such
a lack of inversion symmetry of the crystal site point group can
lead to a macroscopic spin polarization, driven by the local nature
of spin–orbit coupling6. Indeed, our calculated bulk wavefunctions
projected onto either WSe2 layer of the unit cell are almost fully
spin polarized for the topmost two valence bands at K (Fig. 2g). The
180� rotation of neighbouring layers in AB-stacked WSe2, however,
ensures that the sign of the spin polarization is opposite between
adjacent layers (Fig. 2h). This leads to a strong spin–layer locking7,8,
with an overall spin degeneracy of the bulk electronic structure
as required for a centrosymmetric material. Photoemission, being
extremely surface sensitive, can be expected to predominantly probe
the top layer of this material. We thus attribute the strong measured
spin polarization we observe here to be a direct observation of a
layer-localized spin-polarization of bulk electronic states in WSe2.

This is further supported by our photon-energy-dependent
measurements (Fig. 2i), which show how the measured
photoelectron spin polarization at K can be tuned nearly to
zero. Our model calculations (see also Supplementary Fig. 3 and

836 NATURE PHYSICS | VOL 10 | NOVEMBER 2014 | www.nature.com/naturephysics
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Figure 1 | Bulk electronic structure of WSe2. a, Side and top views of the bulk crystal structure of WSe2. The unit cell contains two Se–W–Se units in which
there is a net in-plane dipole pointing to the right and left, respectively. b, Corresponding bulk and surface Brillouin zone. c,d, ARPES measurements
(h⌫ = 125 eV, T =30 K) of the electronic structure along the K0–0–K direction (c) and isoenergy contours throughout the surface Brillouin zone (d) reveal
sharply-defined bands (for example, the upper valence bands at K) with significant in-plane dispersion, indicative of two-dimensional electronic states. We
also observe broader ‘filled-in’ pockets of spectral weight characteristic of three-dimensional states, where the finite kz resolution of ARPES leads to
broadening. e, We directly confirm this absence or presence, respectively, of significant kz dispersion from photon-energy-dependent ARPES
measurements (Methods and Supplementary Fig. 1). Our measured electronic structure is in excellent agreement with that calculated from density
functional theory (solid lines in c,e), confirming that we are probing the bulk electronic states of WSe2.

bone-shaped pockets centred at M. The large splitting of ⇠0.5 eV
of the top of these bands at K signifies the strong atomic spin–
orbit interaction in this compound, which is further reflected by
our observation of hybridization gaps, for example between two-
and three-dimensional states along the 0–A line (Fig. 1e). Despite
such strong spin–orbit coupling, we stress that all states remain spin-
degenerate in our calculations, as expected from the bulk inversion
symmetry of the crystal.

Intriguingly, however, our spin-resolved photoemission
measurements reveal a strong spin polarization of the upper pair
of valence band states at the K point of the Brillouin zone (Fig. 2).
The measured polarization is entirely out of the surface plane
within experimental error, with up (down) orientation for the
upper (lower) valence band, respectively. From fitting the measured
energy distribution curves (EDCs, described in Methods), we
estimate the magnitude of the spin polarization to exceed 90%,
suggestive of an almost fully spin-polarized band. Moreover,
the signs of all polarizations are reversed at the K0 = �K point,
confirming that time-reversal symmetry remains unbroken, and
thus there is no net magnetic moment. This indicates a non-
magnetic origin of the observed spin polarization, seemingly at
odds with the centrosymmetric nature of the bulk crystal structure
(Fig. 1a). We attribute this to the local inversion asymmetry of
individual WSe2 layers, leading to spin-polarized states whose
texture is strongly modulated in both real and momentum space
despite the global inversion symmetry of the unit cell. For these
quasi-two-dimensional bands around K, our calculations reveal
that the electronic wavefunctions are almost completely localized
on individual Se–W–Se layers of the bulk crystal. This is consistent

with a spin–orbit-mediated suppression of interlayer hopping
predicted at the K point for bilayer WSe2, which was proposed to
lead to a strong coupling of the real spin with the layer pseudospin7.
Such spin–layer locking was subsequently attributed as the origin of
characteristic circularly and linearly polarized photoluminescence
from bilayer WSe2 (ref. 8).

As in the bilayer, with the electronic wavefunctions localized on
a single Se–W–Se layer (half of the unit cell) of the bulk crystal
around K, the D6h symmetry of the crystal is e�ectively reduced to
D3h, allowing a net dipole moment within the ab-plane (Fig. 1a). A
recent theory has established the general grounds by which such
a lack of inversion symmetry of the crystal site point group can
lead to a macroscopic spin polarization, driven by the local nature
of spin–orbit coupling6. Indeed, our calculated bulk wavefunctions
projected onto either WSe2 layer of the unit cell are almost fully
spin polarized for the topmost two valence bands at K (Fig. 2g). The
180� rotation of neighbouring layers in AB-stacked WSe2, however,
ensures that the sign of the spin polarization is opposite between
adjacent layers (Fig. 2h). This leads to a strong spin–layer locking7,8,
with an overall spin degeneracy of the bulk electronic structure
as required for a centrosymmetric material. Photoemission, being
extremely surface sensitive, can be expected to predominantly probe
the top layer of this material. We thus attribute the strong measured
spin polarization we observe here to be a direct observation of a
layer-localized spin-polarization of bulk electronic states in WSe2.

This is further supported by our photon-energy-dependent
measurements (Fig. 2i), which show how the measured
photoelectron spin polarization at K can be tuned nearly to
zero. Our model calculations (see also Supplementary Fig. 3 and
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position with a finite velocity along the normal mode of each
phonon we want to excite. The shape of each phonon mode is
depicted in Fig. 1b. The calculated time profiles of the spin of the
excited electron at the CBM of the K valley are presented in
Fig. 1c–f. We highlight that only the E″ optical phonon mode
appreciably couples to the spin motion, while the other three
phonons (E′, A1, and A2″) are basically uncoupled. This particular
feature can be related to the fact that the E″ is the only optical
vibration that breaks both the mirror and trigonal symmetries of
the MoS2 plane, while others preserve at least one of the
symmetries. The spin profile affected by the E″ mode is shown on
the Bloch sphere in Fig. 1c. This spin motion is neither in plane
nor out of plane and has a precession that turns out to be
proportional to the amount of phonon displacement. The time
traces of the Cartesian components of the spin driven by each
optical phonon mode are presented in Fig. 1d–f. As a reference,
we show the calculated spin dynamics for the frozen equilibrium
ionic configuration (black curve) starting from the same excited
electronic initial condition (Fig. 1a). The spin dynamics with the
latter three phonons (E′, A1, and A2″) are almost the same as that
in the frozen lattice configuration. Since the excited electronic
configuration at t=0 (Fig. 1a) deviates from the electronic self-
consistent ground state of the material, the electron exhibits a
minor dynamics even with the frozen lattice. Moreover, the spins
in the VBMs mostly remain near the equilibrium configuration
during the time evolution, which can be inferred from the fact
that their intrinsic up/down spin splitting is an order of
magnitude larger than the phonon-induced in-plane SOC
magnetic field (given in Supplementary Figs. 2d and 3d).

Static DFT calculations of the phonon-induced magnetism. We
now formulate a minimal model Hamiltonian that captures the
essence of the aforementioned spin dynamics. SOC splits the

bands, as presented in Fig. 2a, except at the symmetry-protected
degenerate points14,25. The up/down splitting of the CBM and the
VBM near K and K′ amount to 3 and 156 meV, respec-
tively14,15,26. The monolayer MoS2 honeycomb structure has a
mirror symmetry plane at the central Mo layer which in the point
group of D 3h enforces the spins to be aligned out of the plane. All
these features can be cast into a simple two-level Hamiltonian.
For the CBM state in the K and K′ valleys, the up/down energy
separation can be modeled as a Zeeman splitting induced by an
effective magnetic field of the form: B ¼ τB0ẑ, where τ = 1 and
τ=−1 for K and K′, respectively. The corresponding model
Hamiltonian reads as Ĥ ¼ e

m Ŝ " B ¼ τε0σ̂z , with an energy
parameter ε0 = 1.5 meV (fitted to our first-principles calcula-
tions). The observed dynamical effect of the phonon is accounted
for by this effective Hamiltonian via including an additional
effective magnetic field that mimics the spin–phonon coupling,
namely B tð Þ ¼ τB0ẑ þ BphðtÞ. The SOC potential (v̂SOC) in Eq.
(1) reveals how the effective magnetic field BphðtÞ ¼

1
2m2c2

∂
∂rV ½Rλ' ´ p̂ appears as a result of the atomic motion Rλ(t).

To quantify the phonon dependence of the effective Hamilto-
nian, instead of dealing with the operator form for Bph(t), here we
directly compute the spin resolved electronic structure variations
induced by the static atomic displacements following each
phonon mode near the CBM at the K valley. The results for the
E″ phonon and the other three optical phonons are shown in
Fig. 2b, d, respectively. Except for the E″ phonon, all the other
phonon modes do not change the spin texture of the bands
around K. Similar results are obtained near K′ but not shown. In
fact, for static displacement along the selected E″ eigenmode the
spin of the CBM lies almost in the x–y plane along the y direction.
In Fig. 2c, we show the inclination angle of the spin vector and
the up/down splitting gap (Δε) of the CBM as a function of the
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Fig. 2 Electronic structures of monolayer MoS2 in equilibrium geometry and with the displacement along a specific coherent phonon mode. a The band
structure with the equilibrium geometry. b Zoomed-in view of the CBM near the K valley with a displacement along E″. c The variations in the inclination of
the spin angle and the up/down splitting (Δεgap) with respect to the magnitude of the displacement along the E″ phonon mode. d Zoomed-in view of the
CBM near the K valley with the equilibrium geometry and with the displacement along the other three zone-center phonon modes E′, A1, A2″. In b, d the
displacement vectors are normalized such that the maximum shift of the atomic position is 0.1 Å. The dashed box in a indicates the window for the zoom in
b and d. Inset in c depicts the direction of the atomic displacement in y direction. Further details of the role of the E″ phonon mode are given in
Supplementary Table 1 and Supplementary Figs. 3 and 4
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magnitude of the atomic displacement along the phonon mode.
The angle for the spin vector is defined by θ ¼ cos"1ðSz=SÞ,
where S is the norm of the vector, i.e., !h=2. For this plot, we note
that the spin is gradually canted towards the y direction as the
atomic displacement increases and the z-component (Sz) is
reduced but remains finite over the range of displacement shown
in Fig. 2c. These variations in the spin structures can be modeled
by a magnetic field in y direction, as B ¼ τB0ẑþ Bphŷ. We note
that the E″ mode is doubly degenerate at the zone center of the
phonon Brillouin zone, and thus the linear combination of the
two eigenvectors can be chosen such that the in-plane component
of the induced spin points in any direction (summarized in
Supplementary Table 1). Furthermore, we want to emphasize that
exciting a superposition of two linear E″ modes in different
directions can result, depending on the relative detuning of the
two modes, in a circular or elliptically polarized phonon with the
same frequency.
Since the lattice distortion along the E″ phonon mode creates a

net effective in-plane magnetic field while the other three
phonons are almost ineffective, the previously derived two-level
Hamiltonian will inherit the time profile of the E″ phonon mode,
i.e., ĤðtÞ ¼ Ĥðt þ 2π=ωphÞ, where ωph the frequency of the E″
mode. This Hamiltonian, being perfectly periodic in time and
describing the dynamics of our spin–phonon-driven system,
suggests that the spin states can be described in terms of the
corresponding Floquet spectrum, as will be outlined below27. The
details of the model Hamiltonian studies are given in Supple-
mentary Notes 2 and 3.

Simplified model hamiltonian. To illustrate this new phonon-
mediated spin-Floquet non-equilibrium state of the material, we
explicitly incorporate the time oscillation of the phonon into the
model Hamiltonian in the form of a simple trigonometric func-
tion. As for Fig. 1, the phonon is assumed to oscillate along the y
direction, producing a magnetic field along the same direction of
BphðtÞ ¼ Bph sin ωpht

! "
ŷ. The corresponding two-level

Hamiltonian becomes Ĥ tð Þ ¼ ε0σ̂z þ εphσ̂y sinðωphtÞ, where
εph ¼ e!h

2mBph and the effective magnetic field Bph depends impli-
citly on the amplitude of the phonon mode. The time evolution of
the two-component state vector is calculated by
ψ t þ Δtð Þj i ¼ exp " i

!h Ĥ tð ÞΔt
! "

ψ tð Þj i. The spin dynamics is
presented in Fig. 3a. We note that the calculated spin trajectories
are in good agreement with the full ab initio TDDFT simulation
performed shown in Fig. 1 for a shorter time interval up to
2T=244 fs. This excellent performance of the simple 2 × 2 model
allows for an accurate description of the spin dynamics for very
long times, which would be difficult to reach with the first prin-
ciples TDDFT approach. The plot in Fig. 3a shows only the case of
εph=3ε0, however we verified that we get qualitatively the same
behavior for a set of different values of εph.

Floquet analysis and phononic dichroism. The field of spin-
tronics is evolving at very high speed28. In particular, the pos-
sibility of realizing light control of the spin has attracted huge
interest as a way to seamlessly bridge magnetic responses and
spin manipulation4,5,10,11. To achieve this goal, it was proposed
(e.g., in refs. 11,29) to use a time-dependent circularly polarized
perturbation (phonon or photon) to switch the angular
momentum eigenstate of the material11,29. Although they indi-
cate that the spin configuration of magnetic materials can be
indeed controlled by light, the non-equilibrium magnetic
response in an optically driven state of a non-magnetic material
has not yet been demonstrated. The open question in this regard
is whether a non-magnetic material, for instance a semi-
conducting 2D material, can be driven into a stationary mag-
netic state by a time-reversal breaking perturbation. We address
this point in detail next. To illustrate this concept, we take
the aforementioned two-level Hamiltonian and extend it to
the case where the driving is a circularly polarized phonon.
In this case the time-dependent Hamiltonian reads
Ĥ tð Þ ¼ ε0σ̂z þ εph σ̂x cosðωphtÞ " σ̂y sinðωphtÞ

! "
. The time-

dependent Schrödinger equation can be solved analytically
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Fig. 3 Time evolution of the spin driven by the E″ mode. a, b Model Hamiltonian calculation of the spin trajectory starting at t=0 with the spin-down state
shown in Fig. 1a with a a linearly polarized and b a circularly polarized in-plane magnetic field. c, d The Floquet eigenstate on the Bloch sphere for c the
model Hamiltonian with the circularly polarized in-plane magnetic field and d the full TDDFT solution with the circularly polarized E″ phonon. The inset of c
depicts schematically the two Floquet eigenstates, Ψαþ and Ψα" described in the main text. In a–c the time scale is presented in units of the E″ phonon
period, i.e., T=2π/ωph=122 fs
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magnitude of the atomic displacement along the phonon mode.
The angle for the spin vector is defined by θ ¼ cos"1ðSz=SÞ,
where S is the norm of the vector, i.e., !h=2. For this plot, we note
that the spin is gradually canted towards the y direction as the
atomic displacement increases and the z-component (Sz) is
reduced but remains finite over the range of displacement shown
in Fig. 2c. These variations in the spin structures can be modeled
by a magnetic field in y direction, as B ¼ τB0ẑþ Bphŷ. We note
that the E″ mode is doubly degenerate at the zone center of the
phonon Brillouin zone, and thus the linear combination of the
two eigenvectors can be chosen such that the in-plane component
of the induced spin points in any direction (summarized in
Supplementary Table 1). Furthermore, we want to emphasize that
exciting a superposition of two linear E″ modes in different
directions can result, depending on the relative detuning of the
two modes, in a circular or elliptically polarized phonon with the
same frequency.
Since the lattice distortion along the E″ phonon mode creates a

net effective in-plane magnetic field while the other three
phonons are almost ineffective, the previously derived two-level
Hamiltonian will inherit the time profile of the E″ phonon mode,
i.e., ĤðtÞ ¼ Ĥðt þ 2π=ωphÞ, where ωph the frequency of the E″
mode. This Hamiltonian, being perfectly periodic in time and
describing the dynamics of our spin–phonon-driven system,
suggests that the spin states can be described in terms of the
corresponding Floquet spectrum, as will be outlined below27. The
details of the model Hamiltonian studies are given in Supple-
mentary Notes 2 and 3.

Simplified model hamiltonian. To illustrate this new phonon-
mediated spin-Floquet non-equilibrium state of the material, we
explicitly incorporate the time oscillation of the phonon into the
model Hamiltonian in the form of a simple trigonometric func-
tion. As for Fig. 1, the phonon is assumed to oscillate along the y
direction, producing a magnetic field along the same direction of
BphðtÞ ¼ Bph sin ωpht

! "
ŷ. The corresponding two-level

Hamiltonian becomes Ĥ tð Þ ¼ ε0σ̂z þ εphσ̂y sinðωphtÞ, where
εph ¼ e!h

2mBph and the effective magnetic field Bph depends impli-
citly on the amplitude of the phonon mode. The time evolution of
the two-component state vector is calculated by
ψ t þ Δtð Þj i ¼ exp " i

!h Ĥ tð ÞΔt
! "

ψ tð Þj i. The spin dynamics is
presented in Fig. 3a. We note that the calculated spin trajectories
are in good agreement with the full ab initio TDDFT simulation
performed shown in Fig. 1 for a shorter time interval up to
2T=244 fs. This excellent performance of the simple 2 × 2 model
allows for an accurate description of the spin dynamics for very
long times, which would be difficult to reach with the first prin-
ciples TDDFT approach. The plot in Fig. 3a shows only the case of
εph=3ε0, however we verified that we get qualitatively the same
behavior for a set of different values of εph.

Floquet analysis and phononic dichroism. The field of spin-
tronics is evolving at very high speed28. In particular, the pos-
sibility of realizing light control of the spin has attracted huge
interest as a way to seamlessly bridge magnetic responses and
spin manipulation4,5,10,11. To achieve this goal, it was proposed
(e.g., in refs. 11,29) to use a time-dependent circularly polarized
perturbation (phonon or photon) to switch the angular
momentum eigenstate of the material11,29. Although they indi-
cate that the spin configuration of magnetic materials can be
indeed controlled by light, the non-equilibrium magnetic
response in an optically driven state of a non-magnetic material
has not yet been demonstrated. The open question in this regard
is whether a non-magnetic material, for instance a semi-
conducting 2D material, can be driven into a stationary mag-
netic state by a time-reversal breaking perturbation. We address
this point in detail next. To illustrate this concept, we take
the aforementioned two-level Hamiltonian and extend it to
the case where the driving is a circularly polarized phonon.
In this case the time-dependent Hamiltonian reads
Ĥ tð Þ ¼ ε0σ̂z þ εph σ̂x cosðωphtÞ " σ̂y sinðωphtÞ
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. The time-

dependent Schrödinger equation can be solved analytically
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Fig. 3 Time evolution of the spin driven by the E″ mode. a, b Model Hamiltonian calculation of the spin trajectory starting at t=0 with the spin-down state
shown in Fig. 1a with a a linearly polarized and b a circularly polarized in-plane magnetic field. c, d The Floquet eigenstate on the Bloch sphere for c the
model Hamiltonian with the circularly polarized in-plane magnetic field and d the full TDDFT solution with the circularly polarized E″ phonon. The inset of c
depicts schematically the two Floquet eigenstates, Ψαþ and Ψα" described in the main text. In a–c the time scale is presented in units of the E″ phonon
period, i.e., T=2π/ωph=122 fs
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magnitude of the atomic displacement along the phonon mode.
The angle for the spin vector is defined by θ ¼ cos 1ðSz=SÞ,
whereS is the norm of the vector, i.e.,h=2. For this plot, we note
that the spin is gradually canted towards they direction as the
atomic displacement increases and thez-component (Sz) is
reduced but remainsfinite over the range of displacement shown
in Fig. 2c. These variations in the spin structures can be modeled
by a magneticfield in y direction, asB ¼ τB0ẑ þ Bphŷ. We note
that theE�mode is doubly degenerate at the zone center of the
phonon Brillouin zone, and thus the linear combination of the
two eigenvectors can be chosen such that the in-plane component
of the induced spin points in any direction (summarized in
Supplementary Table1). Furthermore, we want to emphasize that
exciting a superposition of two linearE� modes in different
directions can result, depending on the relative detuning of the
two modes, in a circular or elliptically polarized phonon with the
same frequency.
Since the lattice distortion along theE�phonon mode creates a

net effective in-plane magneticfield while the other three
phonons are almost ineffective, the previously derived two-level
Hamiltonian will inherit the time profile of theE�phonon mode,
i.e., ĤðtÞ ¼ Ĥðt þ 2π=ωphÞ, where ωph the frequency of theE�
mode. This Hamiltonian, being perfectly periodic in time and
describing the dynamics of our spin–phonon-driven system,
suggests that the spin states can be described in terms of the
corresponding Floquet spectrum, as will be outlined below27. The
details of the model Hamiltonian studies are given in Supple-
mentary Notes2 and 3.

Simplified model hamiltonian. To illustrate this new phonon-
mediated spin-Floquet non-equilibrium state of the material, we
explicitly incorporate the time oscillation of the phonon into the
model Hamiltonian in the form of a simple trigonometric func-
tion. As for Fig. 1, the phonon is assumed to oscillate along they
direction, producing a magneticfield along the same direction of
BphðtÞ ¼Bph sin ωpht ŷ. The corresponding two-level

Hamiltonian becomes Ĥ tð Þ ¼ε0σ̂z þ εphσ̂y sinðωphtÞ, where
εph ¼ eh

2mBph and the effective magneticfield Bph depends impli-
citly on the amplitude of the phonon mode. The time evolution of
the two-component state vector is calculated by
ψ t þ Δtð Þj i ¼ exp i

h Ĥ tð ÞΔt ψ tð Þj i . The spin dynamics is
presented in Fig.3a. We note that the calculated spin trajectories
are in good agreement with the full ab initio TDDFT simulation
performed shown in Fig.1 for a shorter time interval up to
2T=244 fs. This excellent performance of the simple 2× 2 model
allows for an accurate description of the spin dynamics for very
long times, which would be difficult to reach with thefirst prin-
ciples TDDFT approach. The plot in Fig.3a shows only the case of
εph=3ε0, however we verified that we get qualitatively the same
behavior for a set of different values ofεph.

Floquet analysis and phononic dichroism. The field of spin-
tronics is evolving at very high speed28. In particular, the pos-
sibility of realizing light control of the spin has attracted huge
interest as a way to seamlessly bridge magnetic responses and
spin manipulation4,5,10,11. To achieve this goal, it was proposed
(e.g., in refs. 11,29) to use a time-dependent circularly polarized
perturbation (phonon or photon) to switch the angular
momentum eigenstate of the material11,29. Although they indi-
cate that the spin configuration of magnetic materials can be
indeed controlled by light, the non-equilibrium magnetic
response in an optically driven state of a non-magnetic material
has not yet been demonstrated. The open question in this regard
is whether a non-magnetic material, for instance a semi-
conducting 2D material, can be driven into a stationary mag-
netic state by a time-reversal breaking perturbation. We address
this point in detail next. To illustrate this concept, we take
the aforementioned two-level Hamiltonian and extend it to
the case where the driving is a circularly polarized phonon.
In this case the time-dependent Hamiltonian reads
Ĥ tð Þ ¼ε0σ̂z þ εph σ̂x cosðωpht σ̂y sinðωphtÞ . The time-
dependent Schrödinger equation can be solved analytically
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magnitude of the atomic displacement along the phonon mode.
The angle for the spin vector is defined by θ ¼ cos 1ðSz=SÞ,
whereS is the norm of the vector, i.e.,h=2. For this plot, we note
that the spin is gradually canted towards they direction as the
atomic displacement increases and thez-component (Sz) is
reduced but remainsfinite over the range of displacement shown
in Fig. 2c. These variations in the spin structures can be modeled
by a magneticfield in y direction, asB ¼ τB0ẑ þ Bphŷ. We note
that theE�mode is doubly degenerate at the zone center of the
phonon Brillouin zone, and thus the linear combination of the
two eigenvectors can be chosen such that the in-plane component
of the induced spin points in any direction (summarized in
Supplementary Table1). Furthermore, we want to emphasize that
exciting a superposition of two linearE� modes in different
directions can result, depending on the relative detuning of the
two modes, in a circular or elliptically polarized phonon with the
same frequency.
Since the lattice distortion along theE�phonon mode creates a

net effective in-plane magneticfield while the other three
phonons are almost ineffective, the previously derived two-level
Hamiltonian will inherit the time profile of theE�phonon mode,
i.e., ĤðtÞ ¼ Ĥðt þ 2π=ωphÞ, where ωph the frequency of theE�
mode. This Hamiltonian, being perfectly periodic in time and
describing the dynamics of our spin–phonon-driven system,
suggests that the spin states can be described in terms of the
corresponding Floquet spectrum, as will be outlined below27. The
details of the model Hamiltonian studies are given in Supple-
mentary Notes2 and 3.

Simplified model hamiltonian. To illustrate this new phonon-
mediated spin-Floquet non-equilibrium state of the material, we
explicitly incorporate the time oscillation of the phonon into the
model Hamiltonian in the form of a simple trigonometric func-
tion. As for Fig. 1, the phonon is assumed to oscillate along they
direction, producing a magneticfield along the same direction of
BphðtÞ ¼Bph sin ωpht ŷ. The corresponding two-level

Hamiltonian becomes Ĥ tð Þ ¼ε0σ̂z þ εphσ̂y sinðωphtÞ, where
εph ¼ eh

2mBph and the effective magneticfield Bph depends impli-
citly on the amplitude of the phonon mode. The time evolution of
the two-component state vector is calculated by
ψ t þ Δtð Þj i ¼ exp i

h Ĥ tð ÞΔt ψ tð Þj i . The spin dynamics is
presented in Fig.3a. We note that the calculated spin trajectories
are in good agreement with the full ab initio TDDFT simulation
performed shown in Fig.1 for a shorter time interval up to
2T=244 fs. This excellent performance of the simple 2× 2 model
allows for an accurate description of the spin dynamics for very
long times, which would be difficult to reach with thefirst prin-
ciples TDDFT approach. The plot in Fig.3a shows only the case of
εph=3ε0, however we verified that we get qualitatively the same
behavior for a set of different values ofεph.

Floquet analysis and phononic dichroism. The field of spin-
tronics is evolving at very high speed28. In particular, the pos-
sibility of realizing light control of the spin has attracted huge
interest as a way to seamlessly bridge magnetic responses and
spin manipulation4,5,10,11. To achieve this goal, it was proposed
(e.g., in refs. 11,29) to use a time-dependent circularly polarized
perturbation (phonon or photon) to switch the angular
momentum eigenstate of the material11,29. Although they indi-
cate that the spin configuration of magnetic materials can be
indeed controlled by light, the non-equilibrium magnetic
response in an optically driven state of a non-magnetic material
has not yet been demonstrated. The open question in this regard
is whether a non-magnetic material, for instance a semi-
conducting 2D material, can be driven into a stationary mag-
netic state by a time-reversal breaking perturbation. We address
this point in detail next. To illustrate this concept, we take
the aforementioned two-level Hamiltonian and extend it to
the case where the driving is a circularly polarized phonon.
In this case the time-dependent Hamiltonian reads
Ĥ tð Þ ¼ε0σ̂z þ εph σ̂x cosðωpht σ̂y sinðωphtÞ . The time-
dependent Schrödinger equation can be solved analytically
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Spin-Floquet valley magnetism. Finally, we propose that total
net spin of the electrons in the valleys can be indeed engineered
and controlled through coherent excitation of phonons (in this
case of MoS2 by a linear combination of two orthogonal and
dephased E″ phonons). This can be explicitly discussed in terms
of the cumulative time-averaged total spin, defined as
SavgðtÞ¼ 1=tð Þ

R t
0 SKðτÞ þ SK′ðτÞð Þdτ. Suppose that, as an initial

configuration, a spin-down and a spin-up electrons are prepared
in the CBM edge of the K and K′ point, respectively, as depicted
in Fig. 4a. The time propagation of the total spin, evolved from
this initial configuration, under presence of a right-circularly
polarized phonon is presented in Fig. 4b. Remarkably, the time-
averaged total spin results in a non-negligible net magnetization
even though the system is non-magnetic in its ground state. This
surprising result can be explained in terms of the Floquet
eigenstates of the driven system. The spinor in the valley can be
decomposed into two Floquet states, each one carrying a constant
Sz value: ψðtÞj iK¼ Dþ ΨαþðtÞ

!! "
KþD% Ψα%ðtÞj iK. For the circularly

polarized phonon, the Floquet states at K and K′ differ from each
other, having different Sz values, as schematically depicted in
Fig. 4c, leading to the non-zero constant total spin value. Details
of the derivation are given in Supplementary Note 7. This
behavior is analogous to the observed dichroism for circularly
polarized photons14,15,26. We note that, in the initial configura-
tion (Fig. 4a), the electron can be paired with its time-reversal
symmetric Kramer partner30, which keeps the system in the non-
magnetic state. However, the presence of a circularly polarized
phonon makes the system lose time-reversal symmetry, through
the discrimination between the two valleys. In contrast, a linearly
polarized phonon is not able to distinguish between the two
valleys, and the spins started from the initial non-magnetic
configuration evolve in time with vanishing average value, as
presented in Fig. 4d. We examined the same phonon-driven spin-
Floquet state for the case of TMDC bilayer. For bilayer, the E″
phonon separates into two branches, among which only the Eu

mode is IR-active and produces the spin-Floquet valley magnetic
responses36,37, as summarized in Supplementary Note 8, Sup-
plementary Table 2, and Supplementary Fig. 5.

The necessary initial condition of this phonon dependent
magnetization of the valley electrons can be prepared electro-
statically or optically. A positive gating of the MoS2 semicon-
ductor attracts minimal electron carriers onto the CBM edges of
the valleys. A selective spin population of the two valleys (up and
down electrons at K′ and K, respectively) can be achieved in
very low temperature, because of the small up/down splitting
of the CBM bands. In practice, other members of the 2H-polytype
semiconducting TMDCs with a wider SOC splitting can be
considered for more efficient electrostatic gating. On the
other hand, a narrow-band linearly polarized light in resonance
with the band gap can induce the aforementioned electron
net spin population in K and K′ valleys, which leaves the holes
of opposite spin behind. As discussed above, the spins of the
holes are almost immobile (up to a few quanta of phonons),
and thus the spin dynamics of the system are mainly governed
by the motion of CBM electrons. Nevertheless, an experimental
realization of the spin-Floquet valley magnetism is quite
challenging. In Supplementary Table 3 we provide a full
scanning of properties of 2H-polytype semiconducting TMDCs
in order to identify the best candidate to exhibit spin-
Floquet valley magnetism under realistic experimental conditions.
MoTe2 and WTe2 appear as promising candidates due to
their large SOC splitting and the phonon frequency near low-
IR range.

Discussion
In summary, by performing full-fledged first principles TDDFT
calculations and by analyzing them in terms of a model Hamil-
tonian, we found that the lowest-lying optical phonon is delicately
coupled to the spin of the electron at the CBM of valleys of MoS2.
When a circularly polarized phonon is excited, the spin state at
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Spin-Floquet valley magnetism. Finally, we propose that total
net spin of the electrons in the valleys can be indeed engineered
and controlled through coherent excitation of phonons (in this
case of MoS2 by a linear combination of two orthogonal and
dephased E″ phonons). This can be explicitly discussed in terms
of the cumulative time-averaged total spin, defined as
SavgðtÞ¼ 1=tð Þ

R t
0 SKðτÞ þ SK′ðτÞð Þdτ. Suppose that, as an initial

configuration, a spin-down and a spin-up electrons are prepared
in the CBM edge of the K and K′ point, respectively, as depicted
in Fig. 4a. The time propagation of the total spin, evolved from
this initial configuration, under presence of a right-circularly
polarized phonon is presented in Fig. 4b. Remarkably, the time-
averaged total spin results in a non-negligible net magnetization
even though the system is non-magnetic in its ground state. This
surprising result can be explained in terms of the Floquet
eigenstates of the driven system. The spinor in the valley can be
decomposed into two Floquet states, each one carrying a constant
Sz value: ψðtÞj iK¼ Dþ ΨαþðtÞ

!! "
KþD% Ψα%ðtÞj iK. For the circularly

polarized phonon, the Floquet states at K and K′ differ from each
other, having different Sz values, as schematically depicted in
Fig. 4c, leading to the non-zero constant total spin value. Details
of the derivation are given in Supplementary Note 7. This
behavior is analogous to the observed dichroism for circularly
polarized photons14,15,26. We note that, in the initial configura-
tion (Fig. 4a), the electron can be paired with its time-reversal
symmetric Kramer partner30, which keeps the system in the non-
magnetic state. However, the presence of a circularly polarized
phonon makes the system lose time-reversal symmetry, through
the discrimination between the two valleys. In contrast, a linearly
polarized phonon is not able to distinguish between the two
valleys, and the spins started from the initial non-magnetic
configuration evolve in time with vanishing average value, as
presented in Fig. 4d. We examined the same phonon-driven spin-
Floquet state for the case of TMDC bilayer. For bilayer, the E″
phonon separates into two branches, among which only the Eu

mode is IR-active and produces the spin-Floquet valley magnetic
responses36,37, as summarized in Supplementary Note 8, Sup-
plementary Table 2, and Supplementary Fig. 5.

The necessary initial condition of this phonon dependent
magnetization of the valley electrons can be prepared electro-
statically or optically. A positive gating of the MoS2 semicon-
ductor attracts minimal electron carriers onto the CBM edges of
the valleys. A selective spin population of the two valleys (up and
down electrons at K′ and K, respectively) can be achieved in
very low temperature, because of the small up/down splitting
of the CBM bands. In practice, other members of the 2H-polytype
semiconducting TMDCs with a wider SOC splitting can be
considered for more efficient electrostatic gating. On the
other hand, a narrow-band linearly polarized light in resonance
with the band gap can induce the aforementioned electron
net spin population in K and K′ valleys, which leaves the holes
of opposite spin behind. As discussed above, the spins of the
holes are almost immobile (up to a few quanta of phonons),
and thus the spin dynamics of the system are mainly governed
by the motion of CBM electrons. Nevertheless, an experimental
realization of the spin-Floquet valley magnetism is quite
challenging. In Supplementary Table 3 we provide a full
scanning of properties of 2H-polytype semiconducting TMDCs
in order to identify the best candidate to exhibit spin-
Floquet valley magnetism under realistic experimental conditions.
MoTe2 and WTe2 appear as promising candidates due to
their large SOC splitting and the phonon frequency near low-
IR range.

Discussion
In summary, by performing full-fledged first principles TDDFT
calculations and by analyzing them in terms of a model Hamil-
tonian, we found that the lowest-lying optical phonon is delicately
coupled to the spin of the electron at the CBM of valleys of MoS2.
When a circularly polarized phonon is excited, the spin state at
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Spin-Floquet valley magnetism. Finally, we propose that total
net spin of the electrons in the valleys can be indeed engineered
and controlled through coherent excitation of phonons (in this
case of MoS2 by a linear combination of two orthogonal and
dephased E″ phonons). This can be explicitly discussed in terms
of the cumulative time-averaged total spin, defined as
SavgðtÞ¼ 1=tð Þ

R t
0 SKðτÞ þ SK′ðτÞð Þdτ. Suppose that, as an initial

configuration, a spin-down and a spin-up electrons are prepared
in the CBM edge of the K and K′ point, respectively, as depicted
in Fig. 4a. The time propagation of the total spin, evolved from
this initial configuration, under presence of a right-circularly
polarized phonon is presented in Fig. 4b. Remarkably, the time-
averaged total spin results in a non-negligible net magnetization
even though the system is non-magnetic in its ground state. This
surprising result can be explained in terms of the Floquet
eigenstates of the driven system. The spinor in the valley can be
decomposed into two Floquet states, each one carrying a constant
Sz value: ψðtÞj iK¼ Dþ ΨαþðtÞ
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KþD% Ψα%ðtÞj iK. For the circularly

polarized phonon, the Floquet states at K and K′ differ from each
other, having different Sz values, as schematically depicted in
Fig. 4c, leading to the non-zero constant total spin value. Details
of the derivation are given in Supplementary Note 7. This
behavior is analogous to the observed dichroism for circularly
polarized photons14,15,26. We note that, in the initial configura-
tion (Fig. 4a), the electron can be paired with its time-reversal
symmetric Kramer partner30, which keeps the system in the non-
magnetic state. However, the presence of a circularly polarized
phonon makes the system lose time-reversal symmetry, through
the discrimination between the two valleys. In contrast, a linearly
polarized phonon is not able to distinguish between the two
valleys, and the spins started from the initial non-magnetic
configuration evolve in time with vanishing average value, as
presented in Fig. 4d. We examined the same phonon-driven spin-
Floquet state for the case of TMDC bilayer. For bilayer, the E″
phonon separates into two branches, among which only the Eu

mode is IR-active and produces the spin-Floquet valley magnetic
responses36,37, as summarized in Supplementary Note 8, Sup-
plementary Table 2, and Supplementary Fig. 5.

The necessary initial condition of this phonon dependent
magnetization of the valley electrons can be prepared electro-
statically or optically. A positive gating of the MoS2 semicon-
ductor attracts minimal electron carriers onto the CBM edges of
the valleys. A selective spin population of the two valleys (up and
down electrons at K′ and K, respectively) can be achieved in
very low temperature, because of the small up/down splitting
of the CBM bands. In practice, other members of the 2H-polytype
semiconducting TMDCs with a wider SOC splitting can be
considered for more efficient electrostatic gating. On the
other hand, a narrow-band linearly polarized light in resonance
with the band gap can induce the aforementioned electron
net spin population in K and K′ valleys, which leaves the holes
of opposite spin behind. As discussed above, the spins of the
holes are almost immobile (up to a few quanta of phonons),
and thus the spin dynamics of the system are mainly governed
by the motion of CBM electrons. Nevertheless, an experimental
realization of the spin-Floquet valley magnetism is quite
challenging. In Supplementary Table 3 we provide a full
scanning of properties of 2H-polytype semiconducting TMDCs
in order to identify the best candidate to exhibit spin-
Floquet valley magnetism under realistic experimental conditions.
MoTe2 and WTe2 appear as promising candidates due to
their large SOC splitting and the phonon frequency near low-
IR range.

Discussion
In summary, by performing full-fledged first principles TDDFT
calculations and by analyzing them in terms of a model Hamil-
tonian, we found that the lowest-lying optical phonon is delicately
coupled to the spin of the electron at the CBM of valleys of MoS2.
When a circularly polarized phonon is excited, the spin state at
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