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Most empirical force fields use atom-centered point charges (PCs) to represent the electrostatic poten-
tial (ESP) around molecules. While such PC models are computationally efficient, they are unable
to capture anisotropic electronic features, such as σ holes or lone pairs. These features are better
described using atomic multipole (MTP) moments, which significantly improve the quality of the
resulting ESP. However, the improvement comes at the expense of a considerably increased compu-
tational complexity and cost for calculating the interaction energies and forces. In the present work,
a novel minimal distributed charge model (MDCM) based on off-centered point charges is presented
and the quality of the resulting ESP is compared to the performance of MTPs and atom-centered
PC models for several test molecules. All three models are fitted using the same algorithm based
on differential evolution, which is available as a Fortran90 program from the authors upon request.
We show that the MDCM is capable of approximating the reference ab initio ESP with an accu-
racy as good as, or better than, MTPs without the need for computationally expensive higher order
multipoles. Further it is demonstrated that the MDCM is numerically stable in molecular dynamics
simulations and is able to reproduce electrostatic interaction energies and thermodynamic quanti-
ties with the same accuracy as MTPs at reduced computational cost. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4993424]

I. INTRODUCTION

Classical molecular dynamics (MD) simulations based
on empirical force fields (FFs) are widely used nowadays
and their analysis provides insight into chemical and biolog-
ical phenomena at a molecular level.1–3 In most commonly
used FFs, including CHARMM,2 AMBER,3 GROMOS,4 and
OPLS,5 the electrostatic potential (ESP) around molecules
is approximated by a summation over atom-centered point
charges (PCs). While PC models are computationally efficient
and easy to implement, it is well-known that they are incapable
of correctly describing certain features of the ESP outside of
molecules.6 For example, they lack a realistic description of
the ESP around chemically important features such as lone
pairs and σ holes.7

Alternatives to PCs are distributed atomic multipoles
(MTPs),6 which can considerably reduce the error in the
ESP between 50% and 90%.8 Also, MTP-based descriptions
have been shown to better capture experimental observables,
which is the ultimate aim of employing accurate force fields
together with the experimental data, to provide improved phys-
ical insight into questions such as structure-dynamics-function
relationships.9–13 In general, the ESP can be expressed as an
expansion according to

ESP(θ, φ, r) =
lmax∑
l=0

l∑
m=−l

Qm
l Ym

l (θ, φ)Rl,m(r), (1)

a)Author to whom correspondence should be addressed: m.meuwly@
unibas.ch

where Ym
l (θ, φ) are standard spherical harmonics, Rl ,m(r) are

radial functions, Qm
l are (nonunique due to partitioning, vide

infra) expansion coefficients derived from the charge density,
and lmax defines at which term the expansion is truncated.
The expansion coefficients Qm

l are distributed atomic MTPs6

centered on the respective atoms.
However, the implementation of MTPs in MD software

is demanding and only few complete implementations exist
(e.g., AMOEBA,14 an implementation by Brooks et al.,15 and
our own16). Further, the evaluation of the additional terms
required by the multipole expansion leads to increased com-
putational cost.17 Although the application to larger systems
has become more feasible due to increasing computational
power and new multipolar implementations,18,19 there is still
ongoing need for computationally efficient implementations or
alternatives.20

Recently, a new approach called the “Distributed Charge
Model” (DCM) was introduced,21 which takes advantage
of the fact that any multipole expansion truncated after the
quadrupole moment can be exactly represented using an
arrangement of maximally six point charges. The DCM is
inspired by earlier approaches22 and related to work by Gao
et al.23 Another related work focuses on coarse-grained mod-
els and represents the ESP of the entire molecule using only
two point charges,24 which is analogous to a multipole expan-
sion truncated after the dipole moment. While the DCM
allows direct conversion of any atomic MTP model to PCs,
it is still by a factor of n2 computationally more expensive
than an atom-centered PC model, where n is the number
of PCs per atom.21 The most general DCM, describing any
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multipole expansion truncated at the quadrupole moment,
uses n = 6. Therefore, there is scope to improve computa-
tional efficiency by further reducing the number of charges
required.

Different approaches can be taken to reduce the computa-
tional cost of DCMs and multipolar models without decreas-
ing accuracy. First, local molecular symmetry can be used to
choose local axis systems that reduce the number of non-zero
multipole moments.8 This can be taken further by using the
principle axes of the diagonalized Cartesian quadrupole tensor
to leave maximally three nonzero quadrupole moment compo-
nents per atom or two if a spherical harmonics representation
is used.21,25 However, these approaches maintain higher order
multipole moments on all atoms rather than removing them
from atoms where they are not needed.26 Fitting of MTPs to
the molecular ESP,8,21 rather than using density-derived multi-
pole moments,27,28 is a further means to reduce the number of
multipole moments. Density-derived multipole moments are
designed to best describe the electron density and not to opti-
mally converge the ESP by a given cutoff rank, and higher order
multipole moments (usually at least quadrupole) are required
to describe the locally partitioned electron density well enough
to accurately describe the ESP. In practice, the required cutoff
rank could be reduced by optimizing the partitioning scheme,
for example, by changing the integration radii in Gaussian
distributed multipole analysis (GDMA).28 However, it is not
evident how to approach this systematically. Fitting directly
to the ESP or electric field, the quantity of interest in MM
and MD simulations, allows a simpler approach to eliminat-
ing unnecessary multipole moments. First, for buried atoms
that contribute little to the ESP, the series can be truncated at
the monopole term. Second, atoms in regions of the molecule
with simpler ESP can similarly be truncated at a lower rank if
the fitting scheme is able to automatically identify them.

A final way to reduce the required number of multipole
moments is to choose an improved set of local origins for the
interaction centers than the atomic nuclei. This has already
been investigated in the context of improving convergence
of density-based multipole moments29 and is the reason that
off-centered charge models such as TIP4P30 offer greater accu-
racy at the same interaction rank (monopole) and use the
same number of charges as atom-centered models such as
TIP3P.30

In the current work, an efficient “minimal” DCM
implementation is developed by (i) replacing general DCM
arrangements around nuclei with tailor-made minimal charge
arrangements that can be different for each atom, (ii) elim-
inating charges that contribute little to the accuracy of the
electric field outside the molecule, and (iii) allowing charge
sites to move away from nuclei to find more optimal posi-
tions. While the additional spatial degrees of freedom and
variation in the number of charges increase the complexity
of the fitting problem compared with a multipole expansion
centered at nuclear origins, the computational gains in MD
simulations by reducing the number of DCM charges make
the initial time investment well worthwhile. While the DCM
aims at converting an MTP model directly and analytically
to PCs, minimal distributed charge model (MDCM) replaces
the MTP (or any alternative electrostatic) model entirely by

fitting a minimal set of distributed charges directly to the ESP
while maintaining the same accuracy as the full MTP model or
DCM.

The use of off-centered point charges to better describe
the ESP is not new and has been considered in construct-
ing water models for over 30 years.30 The concept is also
used in the recent OPLS331 FF for treating σ holes and by
the novel quadrature approach of Ivanov et al.32 However,
at least to our knowledge, the position of these charges for
the non-quadrature approaches is determined empirically and
whether or not they are required for describing the ESP around
a molecule is decided by human intuition. A robust, automated
fitting scheme for off-centered PCs would open up the possi-
bility of accurate FF electrostatics at minimal computational
cost.

Since any ab initio ESP can be represented exactly with an
infinite number of PCs, there must exist a minimal finite num-
ber of (off-centered) PCs to represent it up to a given error
threshold. The aim of this work is to automatically identify
arrangements of PCs that perform similarly to the DCM,21

while using significantly fewer charges. Given a fixed number
N of PCs, with total charge Q, finding their optimal posi-
tion ri and magnitude qi to represent a reference ESP can
be formulated as an optimization problem that minimizes the
root mean squared error (RMSE) between the ESP gener-
ated by the N point charges and the reference ab initio data
ESPref ,

RMSE(ρ) =

√√√
1
J

J∑
j=1

(
ESP(ρ, xj) − ESPref

j

)2
. (2)

Here, a total of J ab initio reference points ESPref
j at positions

xj are given, and ρ is a parameter vector containing the posi-
tions ri and magnitudes qi of all N charges. ESP(ρ, xj) can
then be calculated according to

ESP(ρ, xj) =
N∑

i=1

qi

| |ri − xj | |
, (3)

where qi, ri, and xj are given in atomic units. Note that ρ is only
(4N � 1)-dimensional instead of (4N)-dimensional since qN is
determined by the total charge Q through qN = Q−

∑N−1
i=1 qi and

is therefore not a free parameter in the optimization. The value
of qN , however, still is fitted indirectly as its value depends on
all other qi.

A straightforward way to find the MDCM for a given error
threshold is to first optimize the RMSE for M charges, where
M is some modest guess for the smallest number of charges
that are expected to be required, e.g., one per atom, as for
a conventional PC model. If the error threshold is not met,
the RMSE is optimized for M + 1 charges and so on, until
the results are satisfactory. While the above procedure seems
straightforward, even for small molecules and only a single
PC for each atom, the dimensionality of the problem is high
and minimizing the RMSE is a difficult task where gradient-
based methods, such as the Levenberg-Marquardt method,33

are prone to become trapped in local minima.
However, the optimization of objective functions, such as

Eq. (2), is a common problem in many different fields includ-
ing science and engineering, so a wide array of algorithms
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are available to tackle it.34 One of the most powerful and
widely used real-parameter optimization algorithms is Differ-
ential Evolution (DE).35 While DE uses similar computational
steps to other evolutionary algorithms, the current-generation
population members are perturbed by the scaled differences
of other randomly selected members of the population so
that no probability distribution has to be assumed to gener-
ate offspring.36 The algorithm is described in more detail in
Sec. II A.

In this work, a fitting procedure based on DE is devel-
oped, which can fit parameters for all of the above-mentioned
models (PC model, MTPs, and MDCMs) to an ab initio ESP.
The procedure is applied to four different molecules and the
quality of the resulting models is compared. As proxies, water
was chosen for being a ubiquitously important molecule, bro-
mobenzene (PhBr) for its complicated ESP with pronounced
σ hole, and imidazole as a model for a typical amino acid side
chain. In order to test the performance for charged molecules,
protonated imidazole is also considered. Using the same num-
ber of PCs as a traditional atom-centered PC model, it is
shown that MDCMs achieve similar or better quality fits to the
ab initio ESP than MTP models truncated after the quadrupole
term. Further it is demonstrated that MDCMs can repro-
duce electrostatic interaction energies at the same quality as
MTPs by comparing both models to Coulomb integrals for
ten water dimers commonly used for probing intermolecular
interactions.37 Finally, the numerical stability of the MDCM
in MD simulations and its ability to compute accurate ther-
modynamic quantities is exemplified by optimizing the non-
bonded interactions for the solvation free energy of PhBr
from thermodynamic integration (TI). The calculated value
is in good agreement with the experimental value, which was
shown previously to not be achievable by atom-centered PC
models.16,38

II. THE MINIMAL DISTRIBUTED CHARGE MODEL

In the following, Sec. II A presents the fitting pro-
cedure used to construct a MDCM for a given molecule.
The ab initio calculations for obtaining reference data are
detailed in Sec. II B. MDCMs were determined for four dif-
ferent molecules and results are presented and discussed in
Sec. II C.

A. Fitting procedure
1. Differential evolution (DE)

The DE algorithm is the core of the MDCM fitting proce-
dure. In the following, DE is described succinctly. For a more
detailed introduction, the reader is referred to Ref. 35.

The DE algorithm expects as input an objective function
f (ρ) to be minimized, where ρ is a vector of D parameters.35

It should be noted that DE is not guaranteed to find the global
optimum of f (ρ). Rather, DE efficiently explores the avail-
able parameter space, focusing on regions where the value of
f (ρ) is low. A formulation of the standard version of DE in
pseudocode is given by Algorithm 1.

The maximum number of generations Gmax, the popula-
tion size NP, the crossover ratio CR, and the differential weight

Algorithm 1. Standard form of the differential evolution algorithm. Parameter
vectors ρi are initialized with randomly chosen parameter values. Symbols
such as u[j] denote the jth entry of vector u and “←” is the assignment operator.

Initialize population {ρi, i = 1 . . .NP }
G← 0
while not converged and G < Gmax do

for i = 1 . . .NP do
randomly select ρa, ρb, ρc (a , b , c , i) from population
draw random integer jrand between 1 and D
for j = 1 . . .D do

if rand[0, 1) < CR or j = jrand then
u[j]← ρa[j] + F ·

(
ρb[j] − ρc[j]

)
else

u[j]← ρi[j]
end if

end for
if f (u) < f (ρi) then

ρi ← u
end if

end for
G← G + 1

end while

F are meta-parameters that depend on the problem. Increasing
NP slows down the rate of convergence but makes the search
more global (i.e., increases the chances of finding the global
optimum). The differential weight F is usually chosen between
0 and 2 and determines how much the parameters of ρa are
modified by the difference ρb−ρc to generate a new trial solu-
tion u. The optimal value of F is problem specific, but even
a poor choice usually only affects the speed of convergence.
The crossover ratio CR controls the probability of choosing
new parameters for the trial solution u versus reusing param-
eters from the current ρi. For separable objective functions,
CR < 1 can lead to faster convergence. Note that the random
integer jrand guarantees that at least one parameter in u is dif-
ferent from ρi even when CR = 0. The algorithm is terminated
either when G reaches Gmax or if the population converges to
a single solution. Other problem-specific convergence criteria
are also possible [e.g., when the value of any f (ρi) drops below
a certain threshold].

The standard DE algorithm is not applicable to con-
strained optimization problems. A simple modification to
allow constraints would be to exclude infeasible solutions from
the population entirely (i.e., reject every trial solution u that
violates the constraints). However, this is usually found to be
detrimental to the exploration of parameter space since often
two feasible regions are separated by an infeasible region that
needs to be traversed. In order to allow the necessary (infeasi-
ble) intermediate steps, “soft” constraints can be used instead:
The objective function f is modified by adding a penalty
term proportional to the magnitude of the constraint viola-
tion. Unfortunately, it can be very difficult to tune the penalty
function such that it neither penalizes constraint violations
very harshly nor very leniently and a wrong balance leads
to a bias during the search. For this reason, a slightly mod-
ified version of DE for constrained optimization was devel-
oped,39 which leaves the objective function untouched. The
main modification is to allow infeasible solutions to remain in
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the population over feasible solutions with a certain probability
if their value of the objective function is lower. This proba-
bility is gradually decreased so that the search space can be
explored in infeasible regions early on, while finally, the pop-
ulation is driven only towards feasible solutions. For a more
detailed description of the method, the reader is referred to the
literature.39

In order to fit MDCMs with DE, the objective function
f (ρ) is chosen to be the RMSE(ρ) [see Eq. (2)] and the param-
eter vectors ρ contain charge positions and magnitudes. To
ensure that the repulsive part of the Lennard-Jones potential
keeps any two charges from approaching arbitrarily close in
MD simulations (which would lead to numerical instabilities),
the charge positions are constrained to remain in the vicinity
of the nuclei (within 33% of the van der Waals radius40 of
a nucleus in the current work). Even though DE is not guar-
anteed to find the optimal solution, our results show that the
best solutions achieve errors well below 1 (kcal/mol)/e and are
therefore suitable for atomistic simulations.

Usually, it is sufficient to initialize ρ randomly (see
Algorithm 1). For fitting MDCMs with DE, however, it was
found that such an initialization only gives satisfactory results
for up to ∼7 PCs per molecule. For a larger number of charges,
the dimensionality of parameter space is very large and it is
therefore extremely difficult to sufficiently cover the search
space, unless the population size NP is increased dramatically.
Instead of random initialization, it is therefore preferable to
initialize the population with meaningful candidate solutions
(initial guesses) so as to guide DE towards promising regions
of parameter space.

For meaningful initial guesses, the molecular ESP is first
decomposed into atomic contributions. These atomic ESPs
usually are more isotropic and it is reasonable to expect good
solutions with few PCs. The “atomic MDCMs” are then used
to construct the initial population for fitting a MDCM to the
molecular ESP. For this purpose, it is useful to determine
several atomic MDCMs per atom, each with different num-
bers of PCs, such that a variety of initial guesses can be
constructed.

2. Determination of atomic ESPs

In this work, we chose to decompose the molecular ESP
into atomic contributions by constructing an MTP model.
Since distributed multipoles6 represent the molecular ESP as
a superposition of multipole expansions [see Eq. (1)] cen-
tered on each atom, the separation into atomic contributions is
straightforward.

To fit the MTP model, the RMSE [Eq. (2)] is minimized
by DE, where ρ now contains the multipole coefficients Qm

l
and Eq. (1) is used to calculate the ESP.16 Due to the nature
of a multipolar expansion, a straightforward way to simplify
the fitting problem is to fit MTPs of different ranks sepa-
rately. This breaks the high-dimensional problem into a series
of lower-dimensional steps. Since the quality of a multipole
expansion in describing the ESP improves by adding higher
order terms, each subsequent term can be considered to be a
correction that reduces the error of the previous lower order
expansion.16

This suggests the following iterative fitting procedure:
First, the monopole terms are optimized, while all other MTP
parameters are set to zero. Then, the optimized monopole
parameters are kept fixed and only dipole parameters are
optimized, keeping all higher order parameters to zero and
so on, until the parameters of the highest order term lmax

are optimized.16 In principle, it is even possible to simplify
the problem further by constraining the molecular dipole,
quadrupole, or higher order moments to match the respective
ab initio reference values. In this work, only the monopole
parameters were constrained to reproduce the total molecular
charge Q.

It is important to note that the MTP model is only required
for obtaining “atomic ESPs” as reference data. Once decom-
position in such “atomic ESPs” is available, the remaining
steps in the fitting procedure are independent of how these
reference data were generated. Other decomposition proce-
dures to obtain atomic ESPs are possible: atoms in molecules
(AIM),41 GDMA,6 iterated stockholder atoms,42 or the MTPs
derived from them43 could be used to construct the reference
data instead.

3. Construction of atomic MDCMs

After atomic ESPs have been obtained, atomic MDCMs
are fitted for each of them. Since atomic ESPs are more
isotropic than the molecular ESP, fewer PCs are needed to rep-
resent them. It was found that one to five PCs give satisfactory
results and random initialization of parameters in DE is suffi-
cient to find good solutions. For a large-scale parametrization
project involving a range of families of molecules, it might
even be possible to reuse (i.e., “transfer”) atomic MDCMs
between different molecules with the same atom types without
refitting to individual atomic ESPs at all.

4. Generation of initial guesses

After atomic MDCMs with different numbers of charges
have been constructed, the question remains of how to gen-
erate initial guesses for fitting the molecular ESP. For many
molecules, the ESP shows varying degrees of anisotropy
around different atoms, so it is meaningful to construct ini-
tial guesses accordingly: With increasing anisotropy of the
ESP around an atom, the number of point charges placed in
its vicinity should increase. The RMSE difference ∆RMSE
between atomic MDCMs with different numbers of PCs to
the corresponding atomic ESP is taken as a guideline. If
the atomic ESP is largely anisotropic, the RMSE of atomic
MDCMs is expected to decrease significantly with an increas-
ing number of charges, whereas a largely isotropic ESP is
expected to be already well represented by a model with
fewer charges. The present work uses a greedy algorithm to
decide how to combine atomic MDCMs to different initial
guesses: How many charges to use in the vicinity of each
atom is determined by a weighted probability that depends on
∆RMSE.

As an example, consider PhBr, which features a pro-
nounced σ hole (Fig. 7). It is apparent that the ESP around
the bromine atom is more complicated than in the vicinity of
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other atoms. Therefore more PCs should be placed around the
bromine atom. Assume we want to construct an MDCM with
13 PCs, which has one additional PC compared with a con-
ventional atom-centered point charge model. A completely
random assignment would place the additional charge only
1 out of 12 times in the vicinity of the bromine atom.
However, it is intuitively more promising to construct initial
guesses in such a way that most of them place the addi-
tional charge close to the bromine atom. The greedy proce-
dure automatically ensures that initial guesses are constructed
accordingly, because the atomic MDCMs for bromine will
show the greatest ∆RMSE upon addition of charges. It was
found that as a last step, it is beneficial to further randomly
modify magnitudes and positions of the initial guesses by a
small amount in order to increase the diversity of the initial
population.

Finally, it should be noted that although charges are
“assigned” to individual atoms for generating the initial
guesses, PCs are not restricted during the DE fit to remain
in the vicinity of a specific atom. They can still change their
magnitude and position as long as this improves the overall
RMSE. In the final MDCM, any assignment of PCs to atoms
is essentially arbitrary. The algorithm determines all parame-
ters based only on the molecular ESP. Nuclear coordinates are
merely used as reference points to maintain charges within the
van der Waals volume of the molecule (for numerical stabil-
ity in MD simulations). However, if necessary for a specific
application, assignment of charges can easily be constructed
a posteriori by a distance criterion.

Since the algorithm effectively reduces the problem of
fitting the molecular ESP to fitting the ESP around individual
atoms, it is expected to perform well even for large molecules.
Additionally, large molecules are typically divided into sub-
systems (e.g., amino acid side chains), which further reduces
the complexity. The key steps of the fitting procedure are sum-
marised below, and the workflow is schematically shown in
Fig. 1.

1. Generation of atomic ESP reference data. The molec-
ular reference ESP is decomposed into atomic contri-
butions. In this work, we chose to iteratively fit an
MTP model to the reference molecular ESP and gen-
erate atomic ESPs from the resulting multipole parame-
ters. However, different decomposition schemes (AIM,41

GDMA,6 or iterated stockholder atoms42) can also be
used.

2. Fitting atomic MDCMs to atomic ESPs. Atomic
MDCMs with different numbers of PCs (one to five in
this work) are fitted to the atomic ESPs from the previous
step. Since only few parameters need to be fitted, ran-
dom initialization is sufficient to find good solutions with
DE.

3. Fitting molecular MDCM to the reference ESP. Initial
guesses are constructed greedily from different combi-
nations of the atomic MDCM solutions obtained in the
previous step. After the population has been constructed,
DE is used to minimize the RMSE. MDCMs with an
increasingly larger number of PCs can be constructed
starting from the same atomic MDCMs (the previous step

FIG. 1. Schematic representation of the workflow for water. Step (1): The
reference ab initio ESP is decomposed into atomic contributions. Here, this
is achieved by constructing an MTP model, but any other decomposition
method can be used instead. Step (2): Atomic MDCMs are fitted to the
atomic ESPs. Note that, since only atomic ESPs are fitted, this approach
scales linearly with the number of atoms. Step (3): The atomic MDCMs
from step 2 are used to construct initial guesses for the MDCM fit to the
reference molecular ESP. It should be pointed out that steps 1 and 2 need
to be performed only once, whereas step 3 can be repeated with different
numbers of PCs until an MDCM of low complexity but sufficient quality is
found.

needs to be performed only once) until the desired RMSE
threshold or convergence is reached.

B. Ab initio calculations

The ab initio calculations needed to obtain the reference
ESP were performed using the Gaussian09 suite of software.44

The structures of all molecules were optimized, and the ESP
and density data were extracted on a regular 3-dimensional grid
using the cubegen utility of Gaussian09. For each molecule,
a coarse grid and a fine grid were constructed, and the exact
grid specifications are listed in Table I.

Data for water were calculated at the CCSD(T)/aug-cc-
pVQZ level of theory; all other molecules are treated at the
B97D3/aug-cc-pVTZ level of theory.

C. Results and discussion

MDCMs were fitted for water, PhBr, imidazole, and proto-
nated imidazole using the procedure described in Sec. II A. In
order to assess the quality of the results, the ESP generated by
MDCMs with different numbers of PCs (denoted as MDCMX,
where X is the number of charges) is compared to ESPs gen-
erated by MTPs of increasing rank. In this work, lmax = 5
was chosen for the MTPs, which corresponds to a truncation
after the ditriantapole (32-pole) term. In usual applications,
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TABLE I. Grid specifications. The first number in each column gives the
grid spacing in Å, the values in square brackets give the number of grid
points on each principal axis [Nx × Ny × Nz], and the percentage in brack-
ets indicates how many points out of the total are outside the 0.001 a.u.
isodensity surface (points inside are excluded both from the fit and the
analysis). All grids are centered on the center of mass of the respective
molecule. The grid points for water, imidazole, and PhBr extend at least
up to a distance of 5.3 Å, 6.9 Å, and 10.5 Å from the molecular center,
respectively.

Molecule Coarse grid Fine grid

Water 0.28 Å [20 × 20 × 20] (84%) 0.07 Å [80 × 80 × 80] (82%)
Imidazole 0.43 Å [22 × 21 × 17] (85%) 0.10 Å [90 × 83 × 68] (83%)
PhBr 0.59 Å [23 × 18 × 18] (90%) 0.14 Å [94 × 74 × 74] (90%)

the expansion is truncated much earlier at the quadrupole
term (lmax = 2).14 Note that truncation after the monopole
term (lmax = 0) corresponds to a traditional atom-centered PC
model. We also include MTP models obtained from the GDMA
program45 for an independent comparison with our own
algorithm.

Since the computational complexity for the evaluation of
the RMSE [Eq. (2)] scales linearly with the number of ref-
erence points J, the RMSE during the fitting is calculated
using a coarse grid spacing and the results are evaluated on
a fine grid (see Table I). Note that during both fitting and
evaluation, only grid points outside the 0.001 a.u. isoden-
sity surface are considered, which is a good approximation
to the Lee-Richards molecular surface.46 This approach has
been used previously21,47 and eliminates any influence of the
ESP “inside” the molecule, which is irrelevant for atomistic
simulations.

The primary motivation for fitting MDCMs is to reduce
the computational cost of MD simulations while maintain-
ing the accuracy of a multipolar force field. As such, it is
instructive to compare the RMSE (accuracy) of each model
with its associated computational complexity. Unfortunately,

it is difficult to compare MTPs and MDCMs directly in
terms of wall-clock time, since the computation time strongly
depends on the particular cutoff schemes used for the non-
bonded interactions as well as the underlying implementa-
tion. For this reason, we introduce a complexity measure ζ ,
which simply counts the number of additional interaction
terms relative to an atom-centered PC model (ζ = 1). A
naı̈ve multipolar model truncated at the quadrupole has up to
nine non-zero multipole moments, leading to 81 multipole-
multipole interaction terms per atom-atom interaction, so
ζ = 81. A more efficient implementation, with a diagonalized
quadrupole tensor to leave maximally six non-zero multi-
pole moments,48 has ζ = 36. A DCM with full octahedral
charge arrangement has six charges per atom, i.e., ζ = 36.
MDCMs can have a complexity ζ < 1 since it is possible to
construct models that use fewer PCs than there are atoms in
the molecule. Since ζ measures only the number of interac-
tion terms, it should be noted that the actual computational
gains of MDCMs compared with multipolar models are likely
to be larger than ζ implies due to the additional mathematical
complexity of higher order multipole-multipole interactions
compared with the simple charge-charge interactions of a
MDCM.7,21

The ESP in different regions around the molecule has
varying importance depending on the application, so the
RMSE and maximum errors are reported not only for the com-
plete grid but also separately for points close, intermediate,
and far away from the molecule. The definition of the differ-
ent regions is that from the Lee-Richards molecular surfaces,46

where the first interaction belt (up to 1.66 times the van der
Waals radii σ from atom centers) defines the close region, the
second interaction belt (1.66σ to 2.2σ) defines the intermedi-
ate region, and the third interaction belt (all points farther than
2.2σ) defines the far region. For a visual representation of the
fitting quality, the reference ESP is reported alongside error
maps for different models in 2-dimensional slices of the grid
(see Fig. 2).

FIG. 2. Error maps for water. Top: 3-dimensional repre-
sentation of the 0.001 a.u. isodensity surface along with
three 2-dimensional cuts and visual representations of
the MDCMs (negative PCs are shown as red spheres, and
positive PCs are shown as blue spheres). Bottom: Refer-
ence ESP (leftmost column) and error maps for different
models. The columns “quadrupole” and “ditriantapole”
(32-pole) denote MTP models which are truncated at
the respective term. The values of the legends for the
magnitudes of ESP and errors are given in (kcal/mol)/e.
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TABLE II. Quality of GDMA, MTP, and MDCM for water. RMSE and max-
imum errors (values in brackets) for different models in (kcal/mol)/e. Close
range describes the region closer than 1.66σ to the nuclei, intermediate range
describes the region between 1.66σ and 2.2σ, and long range describes the
region farther than 2.2σ from the nuclei (σ are the van der Waals radii40 of
the respective atoms). For MDCMs, the value in brackets denotes how many
charges per atom are used.

Total Close Intermediate Long
range range range range

GDMA (lmax = 0) 5.89 8.33 (24.5) 4.15 (8.76) 2.49 (5.08)
GDMA (lmax = 1) 3.86 5.79 (20.4) 2.26 (7.20) 0.72 (2.49)
GDMA (lmax = 2) 0.79 1.23 (4.96) 0.34 (1.05) 0.12 (0.33)
GDMA (lmax = 5) 0.44 0.72 (4.70) 0.57 (0.26) 0.01 (0.06)

MTP (lmax = 0) 2.21 3.30 (10.9) 1.33 (3.78) 0.49 (1.58)
MTP (lmax = 1) 0.99 1.52 (8.38) 0.49 (1.78) 0.15 (0.57)
MTP (lmax = 2) 0.46 0.74 (3.58) 0.11 (0.51) 0.03 (0.10)
MTP (lmax = 5) 0.36 0.60 (2.79) 0.04 (0.22) 0.02 (0.04)

MDCM3 (1.00) 0.57 0.91 (4.84) 0.19 (0.69) 0.07 (0.22)
MDCM4 (1.33) 0.48 0.77 (4.24) 0.12 (0.54) 0.04 (0.14)
MDCM6 (2.00) 0.39 0.64 (2.11) 0.04 (0.18) 0.01 (0.02)
MDCM9 (3.00) 0.39 0.64 (1.98) 0.04 (0.14) 0.01 (0.03)

1. Water

Although water appears to be a simple molecule, it has
a comparatively complicated electrostatic potential due to the
oxygen lone pairs and it is therefore useful to evaluate the
performance of the MDCM for water. Further it is a ubiqui-
tous molecule in chemistry and biology, which is important for
many processes and therefore an important test case. Table II
shows a comparison of the RMSE of the ESP between mul-
tipolar models of increasing rank and MDCMs with differ-
ent numbers of PCs. The best MDCMs outperform a multi-
pole expansion truncated after the quadrupole term. Figure 3
shows that MDCMs converge rapidly to the same RMSE value
as high-order multipole expansions. Figure 9 confirms that
the fitting algorithm is able to automatically identify which
regions of a molecule would benefit from an anisotropic charge

FIG. 3. Convergence of the MDCM and MTPs for increasing model com-
plexity ζ for water. The horizontal dashed line corresponds to the RMSE of
a multipole expansion truncated at the ditriantapole (32-pole) term lmax = 5.
The first data point (ζ = 1) of the MTP set corresponds to a traditional PC
model. Note that the MDCM converges rapidly and approaches the quality of
a high-order multipole expansion.

TABLE III. Quality of GDMA, MTP, and MDCM for imidazole. RMSE and
maximum errors (values in brackets) for different models are in (kcal/mol)/e.
Close range describes the region closer than 1.66σ to the nuclei, intermediate
range describes the region between 1.66σ and 2.2σ, and long range describes
the region farther than 2.2σ from the nuclei (σ are the van der Waals radii40 of
the respective atoms). For MDCMs, the value in brackets denotes how many
charges per atom are used.

Total Close Intermediate Long
range range range range

GDMA (lmax = 0) 3.01 4.82 (20.4) 2.70 (10.1) 1.83 (5.56)
GDMA (lmax = 1) 4.82 8.64 (25.2) 4.23 (15.1) 1.35 (7.12)
GDMA (lmax = 2) 0.83 1.69 (6.72) 0.44 (1.81) 0.14 (0.59)
GDMA (lmax = 5) 0.59 1.21 (5.37) 0.29 (1.38) 0.10 (0.44)

MTP (lmax = 0) 1.33 2.60 (16.5) 0.87 (3.85) 0.35 (1.55)
MTP (lmax = 1) 0.85 1.74 (12.0) 0.41 (2.05) 0.13 (0.57)
MTP (lmax = 2) 0.58 1.24 (9.17) 0.18 (1.46) 0.05 (0.29)
MTP (lmax = 5) 0.39 0.84 (4.35) 0.11 (0.69) 0.05 (0.20)

MDCM6 (0.67) 0.85 1.75 (11.5) 0.42 (2.26) 0.14 (0.67)
MDCM9 (1.00) 0.69 1.43 (9.34) 0.29 (1.51) 0.09 (0.46)
MDCM13 (1.44) 0.50 1.06 (4.59) 0.13 (0.69) 0.04 (0.21)
MDCM16 (1.78) 0.47 1.00 (4.28) 0.11 (0.59) 0.03 (0.19)

distribution (oxygen in this case) and which atoms are well
described by fewer charges.

2. Imidazole as proxy for a protein sidechain

Many amino acids carry functional groups with demand-
ing electrostatic features. As an example, for simulations of
protein-ligand or protein-protein interactions, these features
need to be reproduced as accurately as possible. Imidazole is a
suitable proxy for the histidine side chain and therefore a mean-
ingful test to assess the performance of the MDCM for protein
side chains. Table III shows that MDCM6 (0.67 charges/atom)
is sufficient to reach chemical accuracy [1 (kcal/mol)/e] for
the ESP. Models with more PCs outperform MTP models
truncated after the quadrupole and converge rapidly to the
quality of a high-order (lmax = 3) multipole expansion (Fig. 4).
Figure 5 again demonstrates that the algorithm identifies atoms

FIG. 4. Convergence of the MDCM and MTPs for increasing model com-
plexity ζ for imidazole. The horizontal dashed line corresponds to the RMSE
of a multipole expansion truncated after the ditriantapole (32-pole) term lmax
= 5. The first data point of the MTP set (ζ = 1) corresponds to a traditional PC
model. Note that the MDCM converges rapidly and approaches the quality of
a high-order multipole expansion.
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FIG. 5. Error maps for imidazole. Top: 3-dimensional
representation of the 0.001 a.u. isodensity surface along
with three 2-dimensional cuts and visual representations
of the MDCMs are shown (negative PCs are shown in
red, and positive PCs are shown in blue). Bottom: Refer-
ence ESP (leftmost column) and error maps for different
models. The columns “quadrupole” and “ditriantapole”
(32-pole) denote MTP models that are truncated at the
respective term. The magnitudes of ESP and errors are
given in (kcal/mol)/e.

with more complex ESPs at their surface (here the electroneg-
ative nitrogen atoms) and assigns additional charges to them.
Note that as for the water oxygen atom, the close grouping of
charges will introduce anisotropy. This is analogous to a DCM,
but unlike in DCMs, these charges are only added where they
have maximum impact in reducing the error in the ESP around
the molecule.

3. Protonated imidazole as example
of a charged molecule

In order to determine the performance of MDCMs for
charged molecules, MDCMs were also constructed for pro-
tonated imidazole. The performance was found to be similar
to neutral molecules (see Table IV). Figures S1 and S2 of
the supplementary material show error maps and convergence
graphs.

TABLE IV. Quality of MTP and MDCM for protonated imidazole. RMSE
and maximum errors (values in brackets) for different models are in
(kcal/mol)/e. Close range describes the region closer than 1.66σ to the nuclei,
intermediate range describes the region between 1.66σ and 2.2σ, and long
range describes the region farther than 2.2σ from the nuclei (σ are the van
der Waals radii40 of the respective atoms). For MDCMs, the value in brackets
denotes how many charges per atom are used.

Total Close Intermediate Long
range range range range

MTP (lmax = 0) 0.79 (12.0) 1.54 (12.0) 0.40 (2.61) 0.14 (0.48)
MTP (lmax = 1) 0.60 (9.61) 1.19 (9.61) 0.26 (1.28) 0.09 (0.35)
MTP (lmax = 2) 0.41 (6.21) 0.84 (6.21) 0.01 (0.83) 0.03 (0.18)
MTP (lmax = 5) 0.29 (3.95) 0.59 (3.95) 0.08 (0.43) 0.03 (0.11)

MDCM5 (0.50) 0.73 (10.0) 1.44 (10.0) 0.38 (1.94) 0.12 (0.62)
MDCM10 (1.00) 0.49 (6.98) 1.00 (6.98) 0.17 (1.01) 0.06 (0.31)
MDCM13 (1.30) 0.39 (4.41) 0.79 (4.41) 0.11 (0.53) 0.04 (0.19)
MDCM18 (1.80) 0.32 (3.48) 0.65 (3.48) 0.06 (0.28) 0.02 (0.10)

4. PhBr

PhBr has a prominent σ hole at the bromine atom (see
Fig. 7), a feature which cannot be captured by atom-centered
PCs. Previous studies suggest that MTPs or off-centered point
charge models are necessary in order to reproduce the ther-
modynamic quantities of PhBr in MD simulations.16,38,49–51

With MDCM12 (equivalent to 1 PC per atom) it is pos-
sible to reproduce the σ hole feature (see Fig. 7). How-
ever, more remarkably, even with MDCM10 (i.e., fewer
PCs than the number of atoms), the σ hole and molecular
ESP are still captured correctly. MDCMs of low computa-
tional complexity ζ outperform multipole models truncated

TABLE V. Quality of GDMA, MTP, and MDCM for PhBr. RMSE and maxi-
mum errors (values in brackets) for different models are in (kcal/mol)/e. Close
range describes the region closer than 1.66σ to the nuclei, intermediate range
describes the region between 1.66σ and 2.2σ, and long range describes the
region farther than 2.2σ from the nuclei (σ are the van der Waals radii40 of
the respective atoms). For MDCMs, the value in brackets denotes how many
charges per atom are used.

Total Close Intermediate Long
range range range range

GDMA (lmax = 0) 6.79 (36.3) 13.3 (36.3) 8.14 (17.0) 4.50 (10.4)
GDMA (lmax = 1) 3.47 (31.5) 8.00 (31.5) 4.05 (14.5) 1.63 (8.04)
GDMA (lmax = 2) 0.57 (8.04) 1.65 (8.04) 0.37 (1.86) 0.08 (0.63)
GDMA (lmax = 5) 0.37 (5.16) 1.09 (5.16) 0.21 (1.43) 0.06 (0.52)

MTP (lmax = 0) 0.88 (16.5) 2.39 (16.5) 0.77 (4.22) 0.24 (1.68)
MTP (lmax = 1) 0.67 (12.2) 1.92 (12.2) 0.43 (2.69) 0.12 (0.97)
MTP (lmax = 2) 0.49 (8.45) 1.45 (8.45) 0.23 (1.24) 0.06 (0.33)
MTP (lmax = 5) 0.33 (6.34) 0.95 (6.34) 0.17 (0.98) 0.06 (0.28)

MDCM7 (0.58) 0.78 (13.7) 2.08 (13.7) 0.70 (4.98) 0.24 (2.48)
MDCM10 (0.83) 0.42 (7.63) 1.23 (7.63) 0.19 (1.27) 0.05 (0.39)
MDCM12 (1.00) 0.38 (4.89) 1.13 (4.89) 0.16 (1.10) 0.04 (0.34)
MDCM19 (1.58) 0.35 (4.54) 1.04 (4.54) 0.12 (0.93) 0.04 (0.23)

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-147-012791
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FIG. 6. Convergence of the MDCM and MTPs for increasing model com-
plexity ζ for PhBr. The horizontal dashed line corresponds to the RMSE
of a multipole expansion truncated after the ditriantapole (32-pole) term
lmax = 5. The first data point of the MTP set (ζ = 1) corresponds to a tradi-
tional PC model. Note that the MDCM converges rapidly and approaches the
quality of a high-order multipole expansion.

after the quadrupole term and converge rapidly to the same
quality as a high-order multipole expansion (see Table V and
Fig. 6).

MDCM12 demonstrates additionally that it is not nec-
essary to include symmetry constraints during fitting, as
the symmetry of the ESP is preserved despite the asym-
metric charge distribution. This is because, since the refer-
ence ESP is symmetric, any asymmetric model ESP would
have a large RMSE and be eliminated during the fitting.
As an independent check, the molecular dipole moment
of this charge distribution was evaluated with the C–Br
bond used to define a molecular z-axis and the phenyl ring
lying in the xz plane and found to be ~µ = (µx, µy, µz)
= (−0.002,−0.001,−0.701) a.u.

Figure 7 demonstrates that the fitting algorithm correctly
identifies the halogen atom as a site requiring additional

charges to describe the anisotropy of the sigma hole and places
2 charges in close proximity along the C–Br bond axis to create
a local atomic dipole and quadrupole moment.

III. APPLICATIONS

For the application in force fields, rather than the ESP,
the total interaction energy is usually the quantity of inter-
est. While the performance of the MDCMs in describing the
ESP is encouraging, it is further instructive to examine how
the differences between reference and fitted ESP affect inter-
action energies. As the total interaction energy in standard
force fields consists of electrostatic (PC) and van der Waals
contributions, it is not possible to assess the performance of
the MDCMs in isolation using the total interaction energy.
In other words, for a direct comparison with reference inter-
action energies from electronic structure calculations, van
der Waals parameters would have to be determined from
condensed-phase simulations for a particular MDCM by com-
paring with thermodynamic reference data from experiment.
Such an approach is pursued for the second example in this
section.

However, for a direct comparison of the electrostatic con-
tribution to the interaction energy, a more suitable reference is
the exact Coulomb integral over the ab initio electron den-
sities of two frozen monomers. This assumes that second-
order polarization and charge-transfer effects will be either
neglected or handled by the remaining force field terms. For
this reason, water dimer electrostatic interaction energies are
presented in this section and compared to exact Coulomb
integrals.

In the second example, to test the performance of the
MDCM electrostatic term in combination with fitted van der
Waals parameters in condensed-phase simulations, thermo-
dynamic integration of the hydration free energy of PhBr
was selected as a reference quantity. It has been shown that
MTP electrostatics are necessary to accurately compute the

FIG. 7. Error maps for PhBr. Top: 3-dimensional repre-
sentation of the 0.001 a.u. isodensity surface along with
three 2-dimensional cuts and visual representations of
the MDCMs (negative PCs are shown as red spheres, and
positive PCs are shown as blue spheres). Bottom: Refer-
ence ESP (leftmost column) and error maps for different
models. The columns “quadrupole” and “ditriantapole”
(32-pole) denote MTP models that are truncated at the
respective term. The magnitudes of ESP and errors are
given in (kcal/mol)/e.
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solvation free energy of PhBr, even if Lennard-Jones parame-
ters on PhBr are refitted accordingly.52

A. Methods
1. Coulomb integrals

Reference electrostatic interaction energies for water
dimers were calculated using CCSD(T)/aug-cc-pVQZ elec-
tron density cube files, with each cube file containing the
monomer density in its supermolecule orientation. Monomers
in each supermolecule were fixed at the gas phase geometries
used to fit their MDCM, as conformational dependence of the
ESP has not been considered here. A fine density cube file with
50 points/Å, extending at least 3.5 Å from each nucleus was
generated for each monomer. Within 0.4 a.u. of each nucleus,
where the electron density is large and changes quickly, every
grid point was considered. Outside this region, only every 5th
grid point was used. The Coulomb integral was then evaluated
across the grids using

VCoulomb =

∑N1
i=1

∑N2
j=1 ρiVi ρjVj

rij
, (4)

where N1 is the number of grid points in the cube file of
monomer 1, ρi is the electron density at point i in the density
cube file, V i is the volume of the cube centered at this point
with edge length equal to the spacing between grid points, and
rij is the distance between point i in grid 1 and j in grid 2. The
parameters used (grid spacing, extent, the size of the detailed
region around the nucleus, and the number of points discarded
in the low-density region) were selected so that VCoulomb had
converged to within 0.1 kcal/mol and the integration error of
the charge of each monomer was of the order of 10�3 a.u. Due
to the large number of grid points required for convergence,
this procedure is only possible for small molecules such as
water.

2. Thermodynamic integration (T.I.)

T.I. was performed with CHARMM2 using both standard
“slow-growth” subroutines (implemented for Lennard-Jones
terms and in a locally modified version of CHARMM for
the DCM module) and a procedure previously employed16

for multipolar simulations where the standard T.I. subroutines
are not yet implemented. For the latter, simulations for each
λ window are propagated using the scaled Hamiltonian (Hλ),
but the total energy is recorded for each time step using the
product Hamiltonian (λ= 1). If the energy variance for a trajec-
tory exceeded kBT, λ−windows were divided and the process
repeated for the smaller windows.

Solvation free energies were calculated for PhBr solvated
in a box of 514 pre-equilibrated water molecules with periodic
boundary conditions. The system was equilibrated for 80 ps
with a 1 fs time step at 298 K at constant pressure and tem-
perature. Ten independent 120 ps simulations were run per λ
window and averaged. Bond lengths involving H-atoms were
constrained using the SHAKE algorithm53 and all nonbonded
interactions were evaluated using shifted interactions with a
cutoff of 12 Å.

FIG. 8. Top: Ten water dimers of Tschumper et al.37 used to compute the
electrostatic contribution to the interaction energy. Bottom: Correlation of the
Coulomb integral interaction energy with MTPs truncated after the quadrupole
term, MDCMs with different numbers of charges and the TIP3P water model.
The bold diagonal black line indicates perfect correlation, and the dashed lines
correspond to straight line fits to the data. The numbers above and below data
points indicate to which dimer the data points belong to.

B. Results and discussion
1. Water dimer interactions

The ten water dimers of Tschumper et al.37 (see Fig. 8)
were chosen as test systems that explore the water dimer
potential energy surface, including many challenging short-
range interactions. The electrostatic interaction energy was
calculated for MDCM3, MDCM6, and ESP-fitted MTPs
truncated at quadrupole and for the popular TIP3P water
model and compared with the electrostatic component of
the interaction energy obtained by performing a numerical
Coulomb integral. The results show (see Fig. 8 and Table
S1 of the supplementary material that MDCMs outperform

TABLE VI. Quantitative measures for the performance of different electro-
static models for their ability to reproduce electrostatic interaction energy.
The coefficient of determination R2 measures how well the data are modeled
by the best straight line fit (see Fig. 8). The RMSE is the root mean squared
deviation of the data points relative to the best straight line fit. The Pearson
correlation coefficient56 r directly measures the correlation between Coulomb
integral and model electrostatic interaction energies. The closer r and R2 are
to 1, the better the model.

Model R2 r RMSE (kcal/mol)

MDCM3 0.9694 0.9846 0.2831
MDCM6 0.9970 0.9985 0.0866
MTP 0.9741 0.9870 0.2484
TIP3P 0.7965 0.8925 0.6968

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-147-012791
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FIG. 9. Comparison of MDCMs with different numbers of PCs to popular
water models with similar numbers of charges. The scheme on the far left
shows a unified model, which describes all of the depicted models. Parameter
values for all models can be found in Table VII.

the popular TIP3P water model and their results resem-
ble those of MTP models truncated after the quadrupole
term.

Quantitative measures for the quality of the models (see
Table VI) show that MDCM3 and the MTP model give similar
results, whereas MDCM6 (4 charges for oxygen, 1 for each
hydrogen-atom) outperforms the quadrupolar MTP model.
The lower correlation coefficients of TIP3P demonstrate that
while the RMSE description of the dimers is still meaningful,
the model does not capture relative energies of different dimer
orientations well. The high correlation coefficient of MDCM6
in particular shows that the dimer electrostatic interaction
energy surface is much better described. The systematic under-
estimation of the electrostatic interaction energy by MDCMs
and MTP models with respect to the full Coulomb integral
represents the well-known penetration energy that arises from
overlapping electron densities in short-range interactions.54

Correcting for this effect is a possible future improvement for
MDCMs and MTPs, although MDCMs could also be used
directly to replace multipole moments in force fields that
already contain explicit correction terms.55

2. Comparison of MDCMs to other off-center
water models

Recently, it was suggested that the shortcoming of multi-
ple older water models are mainly due to substantial inaccu-
racies in the description of higher order multipole moments.57

It is therefore instructive to also compare charge positions
and magnitudes of different MDCMs to other off-center
water models. Figure 9 compares charge positions of sev-
eral MDCMs and other water models from the literature and
Table VII gives the parameters for all models.

TABLE VIII. Optimized van der Waals parameters from this work compared
to literature values. CA and HA are the atom types of carbon and hydrogen
atoms in aromatic rings.

Atom Rmin/2 (Å) ε (kcal/mol)

This work CA 2.60 −0.05
HA 1.20 −0.01
Br 3.30 −0.20

References 16 and 38 CA 2.00 −0.08
HA 1.20 −0.01
Br 2.30 −0.46

Reference 51 CA 3.16 −0.07
HA 2.16 −0.03
Br 3.09 −0.47

Interestingly, even though water is known to locally
arrange in tetrahedral structures,58 the placement of nega-
tive charges suggests that the electric field around water is
best described using a “T-shape” structure around the oxygen
atom instead. This feature is reproduced by the MDCMs auto-
matically from the molecular reference ESP alone, see, e.g.,
MDCM4 in Fig. 9.

3. PhBr solvation free energies

For computing the hydration free energy from MD simu-
lations, MDCM10 was chosen, as it is comparable in quality
to a MTP model truncated after the quadrupole term. Note that
a traditional PC model for this molecule would use 12 charges
(one for each atom, see MTP (lmax = 0) in Table V). Lennard-
Jones parameters were fitted using the Fitting Wizard52 and
are listed in Table VIII.

The computed solvation free energy of ∆Gsolv = −1.55
± 0.07 kcal/mol is within 0.1 kcal/mol of the experimen-
tal value (�1.46 kcal/mol60,61). It has been argued previ-
ously that σ holes are not accurately represented by a
traditional PC model49,50 and it was shown that PC models
generally have an error of about 1 kcal/mol (∆Gsolv = − 0.62
kcal/mol,38 ∆Gsolv = −0.55 kcal/mol16) (i.e., the magnitude
of the hydration free energy itself), whereas MTPs are able
to reproduce the experimental value very accurately (∆Gsolv

= −1.46 kcal/mol,38 ∆Gsolv = − 1.40 kcal/mol16). In con-
clusion, MDCM10 with optimized van der Waals parameters
performs comparably to a MTP model but at considerably
reduced computational complexity.

TABLE VII. Parameters for different MDCMs and popular water models. φ and ψ are the angles between “lone-
pair” PCs qL and the angle between OH bond and qH charges, respectively (see Fig. 9). n.a. indicates non applicable,
redundant parameters for the particular model.

Model qH (e) rH (Å) qM (e) rM (Å) qL (e) rL (Å) qP (e) rP (Å) φ (◦) ψ (◦)

MDCM3 1.26 0.25 −2.52 0.35 n.a. n.a. n.a. n.a. n.a. 20.19
MDCM4 0.47 0.05 n.a. n.a. −0.47 0.34 n.a. n.a. 216.38 273.26
MDCM6 0.32 0.14 −1.40 −0.34 −2.12 0.21 5.00 0.13 154.43 192.98
TIP4P58,59 0.52 0.00 −1.04 0.15 n.a. n.a. n.a. n.a. n.a. n.a.
TIP5P59 0.24 0.00 n.a. n.a. −0.24 0.70 n.a. n.a. 109.47 n.a.
TL6P57 0.51 0.00 −0.57 0.38 −0.22 0.46 n.a. n.a. 175.00 n.a.
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IV. CONCLUSION AND OUTLOOK

The present work explores the viability and efficiency of
an off-center point charge representation for faithfully describ-
ing the molecular ESP and using such a representation in
molecular simulations. Until now, off-center charges have been
considered to mainly capture particular and obvious features
such as lone pairs30 or sigma-holes.51 The systematic use of an
off-center representation for entire molecular building blocks
is a paradigm shift. The results show that flexibility in position-
ing the PCs away from atom centers can significantly improve
the quality of the resulting ESP. Such MDCMs reduce the
error compared with a conventional PC model by between
48% and 74% using the same number of PCs. If more charges
than atoms are added to a MDCM, the error further reduces
by 61%–82%, which is similar to MTPs,8 but at considerably
reduced computational cost.

The best MDCMs found in this work all outperform a
multipole expansion truncated after the quadrupole term and
are very close to or even better in quality than a multipole
expansion truncated after the octopole term. At the same time,
they usually use fewer than two PCs per atom and are there-
fore by about a factor of 10 or more computationally more
efficient than the recently proposed DCM,21 while having the
same computational advantages over MTPs in MD simula-
tions. Remarkably, for imidazole and PhBr, it is even possible
to find an MDCM with fewer PCs than there are atoms (i.e.,
more efficient than a conventional PC representation), which
has a quality comparable to a multipole expansion truncated
after the quadrupole term.

In principle, ESPs of arbitrarily high quality should be
possible by adding additional PCs in MDCMs. Nonetheless,
as Figs. 3, 4, and 6 show, a typical MDCM seems to converge
somewhere between the quality of an MTP expansion trun-
cated after the l = 2 and l = 4 terms. An explanation for the
convergence of the MDCMs might be the fact that charge posi-
tions are constrained to be close to atom centers, whereas for a
guaranteed convergence of infinitely many PCs to a reference
ab initio ESP, arbitrary charge positions might be necessary.
Since the remaining errors usually concern regions close to the
0.001 a.u. isodensity, it is possible that the MDCM could be
improved further by adding a penetration energy term,54 which
is also not included in our MTP representation. The fact that
the error maps of the MDCMs (see Figs. 2, 5, and 7) almost
exclusively predict an ESP that is very negative around the
molecular surface (i.e., interactions with a positively charged
probe are predicted to be very stable) suggests that including a
penetration term will further improve the MDCM. Note that the
penetration effect is destabilizing here due to the penetration
of a positive probe charge used to calculate the ESP, rather than
the interpenetration of two negative electron density clouds in
intermolecular interactions. Again such contributions are typi-
cally not included in conventional FFs. Finally, it is worthwhile
to point out the fact that none of the models (PC, MDCM, and
MTP) can be made arbitrarily accurate, either due to insuffi-
cient degrees of freedom (PC) or penetration effects (MTP).
However, as the error maps show, MDCMs typically concen-
trate remaining errors close to the molecular surface, which is
not necessarily true for PC and low-order MTP models.

MDCMs for large numbers of charges sometimes show
asymmetric charge distributions, although the molecular sym-
metry would suggest a symmetric distribution (see MDCM12
for PhBr, Fig. 7). The resulting ESP however suggests that
asymmetric charge distributions can still lead to a symmet-
ric ESP (see Fig. 7) and are therefore of no concern for
practical purposes. This is also confirmed by considering
the molecular dipole moment of PhBr, which shows that
MDCM12, for which the charges are distributed asymmet-
rically, has a non-vanishing contribution to the dipole moment
only along the molecular axis (z-direction). Note that, if
slight asymmetries are of concern for specific applications,
solutions can always be symmetrized a posteriori. However,
we found that this deteriorates the quality of the solution
slightly.

Future improvements to the MDCM fitting method itself
could take advantage of molecular symmetry to further reduce
the number of free parameters during fitting. This is similar in
spirit to exploiting symmetry in fitting MTPs to the reference
ESP.8 One possible strategy would be to identify symmetry
related points in the reference ESP and to construct only a sub-
set of charges directly, while additional charges are obtained
indirectly by applying the appropriate symmetry operations.
In the present work, comparatively small molecules with chal-
lenging features in the molecular ESP were considered. Exten-
sions to larger molecules will be straightforward as the present
approach is based on local, atom-centered information. For
molecules with several metastable minima (e.g., acrolein), it
has been found that neglecting the conformational dependence
of the MTPs or averaging them over different conformers ren-
ders multipoles worse than standard PC models.8 It is expected
that MDCMs will be affected similarly but further improve-
ments are possible when the charges can depend on the internal
geometry (fluctuating charges), in particular for spectroscopic
applications.62,63 One possibility is to determine individual
MDCMs for each metastable state of a molecule and interpo-
late between them during the dynamics or to combine them
with energy-dependent weights akin to combining force fields
to describe chemical reactions.64

Although we used CHARMM2 and the DCM module21

to propagate torques and handle nonbonded cutoffs (and ther-
modynamic integration of off-centered charges) for the MD
simulations, MDCMs can—in principle—also be used with
facilities such as “dummy atoms” or “lone-pairs.” This func-
tionality is typically available in other widely used atomistic
simulation packages such as GROMACS65 or NAMD66 and
the off-center charges need to be handled using constraint
algorithms such as SHAKE53 or LINCS.67

In terms of computational efficiency, it is important to
note that MDCMs are point charge-based and therefore Par-
ticle Mesh Ewald (PME) methods can be directly applied.
This is different for multipolar force fields for which a PME
implementation is less conventional.68 The PME method
reduces the complexity of calculating electrostatic interac-
tions from O(N2) to O(N log N) (N is the number of atoms)
when periodic boundary conditions are used. Note that the
complexity measure ζ introduced earlier (see Sec. II C)
does not measure the overall complexity for evaluating the
electrostatic interactions; it merely indicates the relative
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complexity per atom-atom interaction compared with a stan-
dard PC model (independent of whether the PME method is
used or not).

In conclusion, a novel model using off-centered point
charges for describing the molecular ESP was presented. This
MDCM is based on the recently proposed DCM21 and yields
ESPs that are comparable in quality to ESPs computed from
MTPs, while being significantly cheaper to evaluate. It was
also demonstrated that force fields for demanding molecu-
lar building blocks, such as PhBr, can be parametrized with
accuracies for the hydration free energy within 0.1 kcal/mol
compared to experiment. This opens the way for large-scale
parametrization effort(s) of molecular building blocks for
high-accuracy and efficient condensed-phase atomistic sim-
ulations. Finally, it is important to stress that the fitting proce-
dure is able to not only generate MDCMs but also parameters
for MTPs and atom-centered PC models. The procedure was
implemented in a Fortran90 program, which is available from
the authors upon request.

SUPPLEMENTARY MATERIAL

See supplementary material for the numeric values for
the electrostatic interaction energies for the water dimers (see
Fig. 8), error maps, and convergence graphs for protonated
imidazole (see Sec. II C) and the Cartesian coordinates and
magnitudes of the point charges for all MDCMs listed in
Sec. II C.
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