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ABSTRACT: In the early days of computation, slow
processor speeds limited the amount of data that could be
generated and used for scientific purposes. In the age of big
data, the limiting factor usually is the method with which large
amounts of data are analyzed and useful information is
extracted. A typical example from chemistry are high-level ab
initio calculations for small systems, which have nowadays
become feasible even if energies at many different geometries
are required. Molecular dynamics simulations often require
several thousand distinct trajectories to be run. Under such
circumstances suitable analytical representations of potential
energy surfaces (PESs) based on ab initio calculations are
required to propagate the dynamics at an acceptable cost. In this work we introduce a toolkit which allows the automatic
construction of multidimensional PESs from gridded ab initio data based on reproducing kernel Hilbert space (RKHS) theory.
The resulting representations require no tuning of parameters and allow energy and force evaluations at ab initio quality at the
same cost as empirical force fields. Although the toolkit is primarily intended for constructing multidimensional potential energy
surfaces for molecular systems, it can also be used for general machine learning purposes. The software is published under the
MIT license and can be downloaded, modified, and used in other projects for free.

1. INTRODUCTION
High-level electronic structure calculations have not only
become more accurate but also more efficient in recent
years.1−3 Along with the ever-increasing computational power,
these advances allow the calculation of thousands of energies at
various geometries for small polyatomic systems within
chemical accuracy (0.5 kcal/mol).4 Nevertheless, analytical
representations of potential energy surfaces (PESs) are still
required when statistically significant numbers (typically 105 or
more) of molecular dynamics (MD) simulations need to be
performed.
The most direct way to obtain an analytical representation of

a PES is to use a parametrized, predetermined functional form
for the energy5 and fit the parameters to a set of ab initio data
using linear or nonlinear least-squares procedures.6 Although
such fits have demonstrated to achieve root mean squared
errors (RMSEs) within chemical accuracy,7 the fitting process
and choosing a functional form require human intuition and
can be tedious and time-intensive. It would be considerably
more convenient to supply only a set of ab initio data to a
toolkit that generates the interpolation (and meaningful
extrapolation) of the PES along with all required parameters
automatically. Such methods are usually termed machine
learning methods.
Machine learning methods allow the estimation of an

unknown function value using a model that was “trained”

with a set of known data.8 For intermolecular interactions,
Rabitz and co-workers9−11 have popularized the use of
reproducing kernel Hilbert space (RKHS) theory,12 that allows
the construction of a PES from a training set based on ab initio
data. In the machine learning community, this method is well-
known as kernel ridge regression (KRR).8,13 The RKHS
method has been successfully applied, e.g., for constructing
PESs for NO + O,14 N2

+ + Ar,15 or H2O.
16 KRR has also been

applied to predict atomization energies17 and to find density
functionals.18

Over the past years alternative interpolation techniques
including the modified Shepard algorithm,19−21 the moving
least-squares method,22−24 permutation invariant polyno-
mials,25−27 or neural network approaches28−30 have been
used to construct multidimensional PESs.31−37 However, they
all have in common that they primarily minimize the RMSE to
the given training data. While this may be acceptable in many
cases, the fundamental difference is that the RKHS method
reproduces all training data exactly by construction (apart from
numerical round-off errors). This can be of importance for
example when spectroscopic properties need to be computed
with high accuracy.38 In general, whenever exact training data is
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available, it can be advantageous to use the RKHS method since
the interpolation itself will introduce no fitting errors.
Unfortunately, the RKHS method can be quite difficult to

implement efficiently in code, which might explain why its use
is less widespread given the undeniable advantages. In this
work, we introduce a toolkit for constructing multidimensional
PESs with the RKHS method given a grid of training data from
ab initio calculations or empirical expressions. It is published
under the MIT license and can be downloaded from github.39

The toolkit has no dependencies, does not require a complex
build system, and can be freely modified and included in other
projects. A multidimensional PES and its first and second
derivatives of any number of dimensions can be constructed
with only a few function calls and evaluated at arbitrary
configurations. Surfaces that were constructed with the toolkit
can be saved and loaded from a file, such that the PES can be
directly evaluated without repetition of setup steps.
This manuscript introduces a new, fast method to calculate

the RKHS coefficients which makes the method applicable to
extremely large data sets (>106). In addition, an evaluation
algorithm that works for an arbitrary number of dimensions is
introduced that does not build on prior knowledge of
dimensionality and explicit unrolling of loops contrary to
what was required in previous work.10 This makes it possible to
write a general purpose, flexible toolkit which does not require
application-dependent modifications. For example, RKHS is
to our knowledgeapplied for the first time to a 6-dimensional
PES. Further we correct known inconsistencies in previous
publications.57,58 Although the toolkit is primarily intended for
constructing PESs for applications in classical and quantum
molecular simulations, it can also be applied to other, more
general machine learning problems as will be discussed further
below. Finally, for illustrative purposes, one explicit step-by-step
example for constructing a PES with the toolkit for H3 is given
in the Supporting Information.
In the following, a brief overview of the RKHS method is

given. Sections 2.1 and 2.2 give details on efficient algorithms
for setting up and evaluating the RKHS model function based
on data on a regular grid. Since available data does not
necessarily have this structure, section 3 describes how these
methods can still be applied to arbitrary data sets. Section 4
gives an overview of important kernel functions, and section 5
exemplifies the application of the RKHS method to a high-
dimensional problem with large data sets. All relevant
algorithms are given in pseudocode in the Supporting
Information. For a more general introduction to machine
learning methods,40 or specifically kernel-based methods,41,42

the reader is referred to the literature.

2. OVERVIEW OF THE RKHS METHOD

A Hilbert space is called a “reproducing kernel Hilbert space”
(RKHS) if all its evaluation functionals are continuous.43 An
RKHS has many useful properties which make it particularly
suited for data interpolation and machine learning applica-
tions.11 In particular, if the values f i of a function f(x) are
known for a set of N training examples xi, the representer
theorem44 states that f(x) can always be approximated as a
linear combination of kernel products

∑̃ =
=

f c Kx x x( ) ( , )
i

N

i i
1 (1)

where ci are coefficients and K(x, x′) is the reproducing kernel
of the RKHS. A function K(x, x′) is said to be a reproducing
kernel of a Hilbert space if the evaluation functional can be
represented as an inner product of f(x) with K(x, x′).45 The
coefficients ci satisfy the linear relation

∑=
=

f c Kj
i

N

i ij
1 (2)

with Kij = K(xi, xj) and can therefore be calculated from the
known values f i in the training set through solution of the
system of linear equations given by eq 3.
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Since the kernel matrix K = [Kij] is symmetric and positive-
definite by construction, the efficient Cholesky decomposi-
tion46 can be used to solve eq 3. Once the coefficients ci have
been determined, the function value at an arbitrary position x
can be calculated using eq 1. The interpolatory power of the
RKHS method is demonstrated in Figure 1.

Note that derivatives of f(̃x) of any order can be calculated
analytically by replacing the kernel function K(x, x′) in eq 1
with its corresponding derivative. As long as f(̃x) approximates
f(x) reasonably well, derivatives of f(̃x) can be expected to be
good approximations of derivatives of f(x).
The explicit form of the multidimensional kernel function

K(x, x′) is chosen depending on the problem to be solved. In
general, it is possible to construct D-dimensional kernels as
products of one-dimensional kernels k(x, x′)

∏′ = ′
=

K k x xx x( , ) ( , )
d

D
d d d

1

( ) ( ) ( )

(4)

F igu re 1 . RKHS method app l i ed to the f unc t i on

= − +( )V r r( ) (cos (7 ) 1)
r r
1 1 2
9 6 . The model function f(̃x) (red

dashed line) constructed from the training samples (black dots) is
virtually identical to the analytical expression (gray line). Note that the
RKHS method does not rely on a given functional form and is thus
able to reproduce the complicated oscillatory features of V(r),
provided that the training data captures all features that should be
reproduced.
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where k(d) is the one-dimensional kernel of dimension d and
x(d) and x′(d) are the dth components of the D-vectors x = {x(d)}
and x′ = {x′(d)}, respectively. Throughout the remainder of this
work superscripts in parentheses denote dimensions unless
specified otherwise. Some of the most useful one-dimensional
kernels for constructing multidimensional PESs and for
machine learning applications are given in section 4.
In principle eqs 1−3 are already sufficient for a simple

implementation of the RKHS method. In practice, however, the
solution of eq 3 is only possible if the kernel matrix K is well-
conditioned. If K becomes ill-conditioned, a regularized
solution can be obtained for example by Tikhonov regulariza-
tion.47 This amounts to adding a small positive constant λ to
the diagonal of K, such that

∑ λδ= +
=

f c K( )j
i

N

i ij ij
1 (5)

is solved instead of eq 2 when determining the coefficients ci
(here, δij is the Kronecker delta). Note that the same method is
used in KRR to prevent overfitting.8

If no regularization procedure is used for calculating the
coefficients ci, the model function f(̃x) reproduces all samples f j
in the training set exactly by construction (see eq 2). On the
other hand, if λ is too large, f(̃x) evaluates to the average of the
training set.
An appealing feature of the RKHS method is that the quality

of the model function f(̃x) can be systematically improved by
adding new data to the training set.
Unfortunately, the simple implementation described above

has two major drawbacks when the training set size N becomes
large:

(1) Since the Cholesky decomposition used to solve eq 3

scales with N( )3 , the calculation of the ci can become
prohibitive for large training sets. However, because the
coefficients need to be only calculated once, this is only
problematic for extremely large N (N ≫105).

(2) A more severe drawback is that the evaluation of the
model function f(̃x) requires a sum over all training
samples and thus scales as N( ). If only few evaluations
of eq 1 are required, linear scaling is acceptable.
However, for RKHS representation of a PES used in
MD simulations, many thousands of evaluations are
typically needed during the course of the dynamics and
the linear scaling directly translates to a linear increase in
simulation time.

Fortunately both drawbacks can be resolved: A new, fast
method for calculating the coefficients is described in section
2.1, and a rapid method for evaluating the model function f(̃x)
developed by Hollebeek et al.10 is described in section 2.2. Both
methods take advantage of a multidimensional grid structure of
the training set, which is readily available from ab initio
calculations of PESs. For general machine learning applications,
however, a purposeful construction of the training set as a
multidimensional grid can prove difficult. Section 3 details how
both fast methods can be applied to incomplete grids, such that,
even in the extreme case of randomly scattered data, at least the
fast evaluation method becomes applicable. Alternatives to the
methods mentioned in this work are reduced set methods,
which also allow for a more efficient computation of the kernel
expansion.48

2.1. Fast Calculation of Coefficients ci. If the training set
is constructed by scanning through combinations of sets of N(d)

points in each dimension, the resulting training set possesses a
multidimensional grid structure. Note that N(d) can have a
different values for each dimension d. The total size N of the
training set in this case is simply

∏=
=

N N
d

D
d

1

( )

(6)

Further, if the multidimensional kernel K(x, x′) can be
written as a product of one-dimensional kernels (eq 4) the
kernel matrix K can be expressed as a tensor product of
N(d) × N(d) matrices k(d)

= ⊗ ⊗ ⊗K k k k... D(1) (2) ( ) (7)

where k(d) = [kij
(d)] and kij

(d) = k(d)(xi
(d), xj

(d)). Due to the
properties of tensor products it is then possible to calculate the
coefficients ci from the Cholesky decompositions of the D one-
dimensional N(d) × N(d) matrices k(d).49 Since typically,
N(d) ≪ N, the cost of these decompositions is negligible and
the coefficients ci can be computed at essentially the cost of a
matrix vector multiplication.49

Note that machine learning efforts other than PES
construction, for example the prediction of electronic proper-
ties of molecules50,51 generally use scattered training data.52,53

However, it would in principle be possible to systematically
construct training data with a multidimensional grid structure
by performing reference calculations at fractional particle
numbers with molecular grand-canonical ensemble density
functional theory.54

The full algorithm for the fast calculation of coefficients is
given in the Supporting Information (Algorithm S1).

2.2. Fast Evaluation of Model Function f(̃x). The
methods described in this section were originally developed and
derived by Hollebeek et al.10 and are given in a condensed form
for completeness. For further details on their derivation, the
reader is referred to the literature.10

As was mentioned earlier, in general it is necessary to sum
over all N training samples for a single evaluation of the model
function f(̃x) (eq 1). For particular classes of one-dimensional
kernel functions, however, it is possible to decompose the
function k(x,x′) into different contributions of x and x′

∑ ∑′ = ′ +
=

̃

=

̃

< >k x x p f x f x p f x f x( , ) ( ) ( ) ( ) ( )
k

M

k k k
k

M

k k k
1

1 1 1
1

2 2 3

1 2

(8)

where x> and x< are the larger and smaller of x and x′,
respectively. It should be noted that such decompositions are
not unique. Further, M̃1 and M̃2 are independent of N and only
depend on the chosen kernel function. For simplicity, eq 8 can
equivalently be written as

∑′ =
=

< >k x x p f x f x( , ) ( ) ( )
k

M

k k k
1

2 2 3

2

(9)

if all p1k f1k(x)f1k(x′) terms are rewritten as p2k f 2k(x<)f 3k(x>)
with f1k = f 2k = f 3k and p1k = p2k. Note thatM2 in eq 9 is equal to
M̃1 + M̃2 and is typically between 2 and 5 (see the Supporting
Information). For one dimension, inserting eq 9 into eq 1 and
reversing the order of summation leads to

Journal of Chemical Information and Modeling Article

DOI: 10.1021/acs.jcim.7b00090
J. Chem. Inf. Model. 2017, 57, 1923−1931

1925

http://pubs.acs.org/doi/suppl/10.1021/acs.jcim.7b00090/suppl_file/ci7b00090_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jcim.7b00090/suppl_file/ci7b00090_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jcim.7b00090/suppl_file/ci7b00090_si_001.pdf
http://dx.doi.org/10.1021/acs.jcim.7b00090


∑

∑

∑

σ σ

σ

σ

̃ = +

=

=

=

≤

>

f x f x z f x z

z p c f x

z p c f x

( ) [ ( ) ( ) ( ) ( )]

( ) ( )

( ) ( )

k

M

k k k k

k k
i z

i k i

k k
i z

i k i

1
3 2 2 3

2 2 2

3 2 3

2

(10)

where z is an index such that xz ≤ x < xz+1 for all xi in the
training set. In this form, it is only necessary to sum over the
M2 terms of the kernel decomposition (eq 9) instead of all N
training samples for an evaluation of f(̃x). Since usually,
M2 ≪ N, this can result in a substantial speedup (see Figure 2).

The values of σmk are independent of x and can be
precomputed and stored in a lookup table for all possible
indices z. The correct index z corresponding to σmk(z) for an
arbitrary value of x can be efficiently found by binary search55

or other search algorithms.

In practice, the slow evaluation of the model function f(̃x)
using eq 1 will be faster up to a specific value of N (see Figure
2) due to the overhead associated with the search algorithm
that is needed to find the appropriate z.
For multiple dimensions, equations similar to eq 10 can be

found by applying the same reasoning recursively to each
dimension, which leads to the following equations for the
general, multidimensional case57
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Here z = {z(d)} and the indices z(d) are chosen such that
xz(d)
(d) ≤ x(d) < xz(d)+1

(d) for all xi
(d) in the training set; fmk

(d) and p2k
(d)

refer to the functions and constants in the decomposition of the
one-dimensional kernel functions k(d)(x(d), x′(d)) (eq 9). The
multi-index i(1)i(2)...i(D) selects the coefficient ci that corresponds
to the point x = {xi(d)} in the training set. The model function
f(̃x) can then be evaluated by iteratively updating the values for
γ, starting from σm(1)

k
(1)
...m

(D)
k
(D)(z), which is taken from the

precomputed lookup table (see the one-dimensional case).
Note that eq 11 is only applicable if the multidimensional

kernel K(x, x′) can be written in the form given by eq 4. A
complete algorithm for the fast evaluation of a multidimen-
sional model function f(̃x) according to eq 11 is given in the
Supporting Information (Algorithm S2).
At first glance it appears that the precomputation of

σm(1)
k
(1)
...m

q
(D)k

(D) for all possible index vectors z scales as
N( )2 . But in fact, it is possible to calculate all required values

in just N( ) time, which is the same complexity as a single
evaluation of f(̃x) using eq 1. This is possible because the sums
for different z correspond to sums over different quadrants of a
subspace of the full D-dimensional space. Since the quadrants

Figure 2. Average time per evaluation of the model function f(̃x) in
nanoseconds versus grid size N. Timings were averaged over 100 sets
of 100 000 evaluations per data point (error bars show one standard
deviation). As is expected, the fast evaluation method (red) scales with

N(log ) (complexity of binary search), whereas the slow evaluation
method (black) scales with N( ) (the continuous lines are a linear
(black) and a logarithmic (red) fit to the data). Note that due to the
overhead of the binary search algorithm, the slow evaluation method is
actually faster up until N ≈ 200. It is therefore recommended to
benchmark the two methods in time-critical applications. The
benchmark here was performed on a desktop computer equipped
with an Intel Xeon Processor E3-1275 at 3.40 GHz. Note that, in
principle, it is possible to further reduce the complexity of the fast
evaluation method to (1) if σmk is stored in a hash table.56

Figure 3. Graphical representation of the evaluation of eq 12 for a two-dimensional example. Here, the entry for z(1) = 4 and z(2) = 3 is calculated for
σ2k2k. Note that the subspace shaded in magenta is counted twice and must therefore be subtracted. It is assumed that the values for σ2k2k([3, 3]),
σ2k2k([4, 2]), and σ2k2k([3, 2]) have already been calculated.
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overlap, the value of a specific σm(1)
k
(1)
...m

(D)
k
(D)(z) can be

computed from a single evaluation at x = {xz(d)} and other
previously computed σm(1)

k
(1)
...m

(D)
k
(D)(z′). The recurrence relation

used to calculate the different σm(1)
k
(1)
...m

(D)
k
(D)(z) is58
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Here, sd is the set of unique vectors i containing D − d zeros
and d entries with either 1 or −1, depending on the m(d) for the
σm(1)

k
(1)
...m

(D)
k
(D) that is currently computed. More precisely, if m(d)

= 2 then i(d) = −1 and if m(d) = 3 then i(d) = 1. The term t(z) is

∏=
=

t c p f xz( ) ( )z z z
d

D

m k m k
d

z
d

...
1

( ) ( )
D d d d d d(1) (2) ( ) ( ) ( ) ( ) ( ) ( )

(13)

Figure 3 shows a graphical representation of the recurrence
relation for a two-dimensional example.
A complete algorithm for the fast precalculation of the

lookup table according to eq 12 is given in the Supporting
Information (Algorithm S3). In simple terms, the fast
evaluation method given by eq 11 trades the computational
overhead of summing over all training samples (eq 1) against
the storage overhead that is required to store the lookup table
of σm(1)

k
(1)
...m

(D)
k
(D) values. The memory requirement in bytes for

storing the lookup table is

∏= +
=

M Nmemory 2 size ( 1)D

d

D
d d

1
2
( ) ( )

(14)

where size is the amount of bytes required to store a single
value of σm(1)

k
(1)
...m

(D)
k
(D). Typically, size is either 4 or 8, for single

or double precision floating point variables, respectively.
Assuming double precision and typical kernel functions
(M2 = 2, see the Supporting Information) for a 3-dimensional
example with an unusually large grid of N(d) = 100 in each
dimension, the storage requirement is below 500 MB of RAM.
This shows that even for extremely large training sets
(N = 1 000 000 in this example), the storage overhead is
manageable for modern computers.

3. HANDLING INCOMPLETE GRIDS
Although the previous sections showed the advantage of a
multidimensional grid structure, in practice this strict format of
the training set can be either difficult to obtain or be
suboptimal. For example, consider the case of a reactive PES
for the triatomic system ABC. The training data (ab initio
energies) for such a PES must contain points that correspond
to the diatom−atom configurations AB−C and AC−B as well
as BC−A. Then, unless a special coordinate system is used (e.g.,
hyperspherical coordinates59−61), the grid will automatically
contain points that correspond to geometries where all three
atoms are either unphysically close (“fusion”) or very distant
(full atomization). Depending on the problem to be studied,
such geometries lie in energetically inaccessible regions of the
PES and the time spent performing ab initio calculations for
such geometries should rather be spent to compute more
points in relevant regions.
Even when this problem is avoided, some points in the grid

might be difficult to converge with the chosen ab initio method,

or in a more general machine learning context, data might
simply not be available for some points.
Luckily, such “holes” have no consequence for the use of the

RKHS method when eq 1 is used to evaluate the model
function and eq 3 is solved to obtain the coefficients ci. Both
methods require no underlying structure of the training set and
work equally well with scattered data. But from eq 1 it is
evident that adding additional points to the training set will not
influence the result, provided that the coefficients of such
points are zero. Thus, it is always possible to construct
complete grids by filling all holes in the training set with
additional points and setting their coefficients to zero. As such,
the fast evaluation method discussed in section 2.2 becomes
applicable even for scattered data, provided that the data set is
padded such that it forms a multidimensional grid.
As was discussed in section 2, solving eq 3 with Cholesky

decomposition becomes time intensive for large data sets
because of the N( )3 scaling. In that case it can be
advantageous to complete the grid by assuming arbitrary
function values for the missing points and use the fast method
outlined in section 2.1 to calculate the coefficients instead.
Although the coefficients cî obtained in this way are strictly
wrong, the correct coefficients ci can be calculated from

∑ δ= ̂ −
∈

−c c K[ ]i i
j h

j ij
1

(15)

where h is the set of all indices that correspond to the holes in
the grid, δj are correction coefficients and [K]ij

−1 is the entry at
position (i, j) of the inverse of the kernel matrix K (see eq 7).
For a derivation of eq 15, the reader is referred to the
literature.11 Note that it is not necessary to calculate the full
inverse matrix [K]−1 but only the slices that contain holes in
the grid. This is efficiently accomplished using Algorithm S1
(see the Supporting Information). The correction coefficients δj
are obtained from solving the matrix equation
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(16)

where H is the number of holes in the grid and the matrix
Q = {Qij} is the submatrix of the full inverse matrix [K]

−1 that
corresponds to the holes in the grid. The validity of eq 16 can
easily be seen from the requirement that all correct coefficients
ci that correspond to holes must be zero (see eq 15).
As such, the calculation of the coefficients for incomplete

grids scales with H( )3 instead of N( )3 , where usually
H ≪ N. If the matrix Q has the tensor product form itself,
which can be the case if a structured subset of the
multidimensional grid is excluded from the training set, the
solution of eq 16 can also be performed using Algorithm S1
(see the Supporting Information) to avoid the H( )3 scaling.

4. ONE-DIMENSIONAL KERNEL FUNCTIONS
In this section, several one-dimensional kernel functions for
different purposes are introduced. The main focus is given to
kernels which are useful for constructing multidimensional
PESs, but some kernels for general machine learning
application are also given. All kernel functions introduced
here can be decomposed into the form given by eq 9, and thus,
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the fast evaluation method described in section 2.2 is applicable
if they are used to construct a multidimensional kernel K(x, x′)
(eq 4).
The kernel functions used here differ from the permutation-

ally invariant polynomials25,29 as they allow to encode physical
knowledge (i.e., radial decay behavior) into the functional form
of the PES in a general manner. Permutational invariance is
automatically guaranteed for RKHS interpolations, because any
symmetry in the data is preserved by the symmetric kernels
(see eq 1).
4.1. Kernels for Nuclear Distances. For the description of

nuclear distances in a PES, Hollebeek et al.11 derived two
kernel functions that are both defined in the interval [0,∞) but
possess a different asymptotic decay behavior. Namely, the
reciprocal power decay kernel should be chosen whenever a
certain interaction in the PES follows a known r−n law, whereas
the exponential decay kernel should be chosen for short-range
contributions to the intermolecular interaction that often decay
exponentially to zero for large distances. A general formula for
both kernels is given below. For the derivation, the reader is
referred to the literature.11

The reciprocal power decay kernel is given by

′ = +

− + + + +

>
− +

<

>

⎛
⎝⎜

⎞
⎠⎟

k x x n x B m n F

n m n m
x
x

( , ) ( 1, )

1, 1; 1;

n m
m

,
2 ( 1)

2 1

(17)

where x> and x< are the larger and smaller of x and x′, B(a, b) is
the beta function, and 2F1(a, b; c; d) is the Gauss’
hypergeometric function. The integers n and m determine the
smoothness of the kernel function and its asymptotic behavior.
To be precise, kn,m(x, x′) has n − 1 smooth derivatives and
decays asymptotically with x−(m+1). Explicit formulas for the
reciprocal power decay kernel and its decomposition (eq 9) for
n = 2, 3 and m = 0, ..., 6 are given in the Supporting
Information.
The exponential decay kernel is given by

∑
β
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− − ! !
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where x> and x< are the larger and smaller of x and x′ and the
integer n determines the smoothness. Like the reciprocal power
decay kernel, the kernel function kn(x,x′) has n − 1 smooth
derivatives. The positive parameter β determines the
asymptotic decay behavior e−βx and can be chosen to be
consistent with physical observations. Explicit formulas for the
exponential decay kernel and its decomposition (eq 9) for
n = 2, 3 are given in the Supporting Information.
It should be noted though that choice of a nonoptimal kernel

function (e.g., with the wrong asymptotic decay behavior) is
almost inconsequential, provided that the training set contains
enough samples in the asymptotic regions (large r). However, a
correctly chosen kernel function allows the use of much smaller
training sets, which directly translates to less CPU time spent
for performing the ab initio calculations needed to obtain the
training data. Figure 4 demonstrates the ability of a properly
chosen kernel function to reproduce the correct asymptotic
behavior, even when no training examples are present in the
asymptotic regions.
4.2. Kernels for Angular Coordinates and Arbitrary

Functions. The Taylor spline kernel derived by Hollebeek et

al.11 is defined on the interval [0, 1] and can be used to model
any finite interval, provided that coordinates are transformed
through appropriate scaling functions first. For example, for
handling an angular coordinate α that is given in the interval
[0, π], the new coordinate y ∈ [0, 1]

α α= −
y( )

1 cos( )
2 (19)

could be introduced. Similar transformations can be found for
any other finite interval, such that the Taylor spline kernel is
applicable also for general machine learning applications. It is
given by
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Similar to the previously introduced kernel functions, the
Taylor spline kernel has n − 1 smooth derivatives.
Explicit formula for the Taylor spline kernel and its

decomposition (eq 9) for n = 2, 3 are given in the Supporting
Information.

4.3. Kernels for Periodic Functions. The periodic spline
kernel62 is defined on the interval [0, 1) and can be used to
model periodic functions, where it is assumed that a single
period of the function occurs between 0 and 1. Similar to the
Taylor spline kernel described earlier, this kernel is applicable
to any period length, provided that the coordinates are
transformed through appropriate rescaling. The periodic spline
kernel is

′ = −
−
!

− > <k x x
x x

n
( , ) ( 1)

B ( )
(2 )n

n n1 2

(21)

where x> and x< are the larger and smaller of x and x′ and B2n is
the 2n-th Bernoulli polynomial. Similar to the previously
introduced kernel functions, the periodic spline kernel has
n − 1 smooth derivatives.

Figure 4. RKHS method applied to a charge interacting with a point
dipole and a repulsive term. The potential energy is given by

θ = − θV r( , )
r r
1 cos( )
9 2 . Contour lines are drawn in 0.075 increments

starting from V(r, θ) = −0.475. The true potential energy is given by
the gray contours, whereas the RKHS model is given by the red
dashed contours. The training data used to construct the RKHS model
is indicated by black dots. Note that the RKHS model is virtually
identical to the true potential energy even in the asymptotic region (r
> 2) where no training data are present, because the coordinate r is
modeled using a reciprocal power decay kernel with m = 1.
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4.4. Radial Basis Function Kernels. Radial basis function
(RBF) kernels are a popular default choice for machine learning
applications.8 They take multidimensional input vectors x and
x′ and map them to an infinite-dimensional feature space.63

Examples are the Gaussian kernel given by

σ
′ = − ∥ − ′∥⎛

⎝⎜
⎞
⎠⎟K x x

x x
( , ) exp

2

2

2
(22)

and the Laplacian kernel given by

σ
′ = − ∥ − ′∥⎜ ⎟⎛

⎝
⎞
⎠K x x

x x
( , ) exp

(23)

where σ is a positive parameter which determines the length
scale on which the kernels operate.
For the fast evaluation method (section 2.2) to become

applicable, it is not only necessary to express K(x, x′) as a
product over one-dimensional kernels (eq 4), but these one-
dimensional kernels need to be decomposable into the form
given by eq 9 as well. Unfortunately, this is generally not
possible for RBF kernels.
The Laplacian kernel is an exception to this if certain

restrictions on x and x′ are imposed. It can equivalently be
written in the form of eq 4 with the one-dimensional kernel
function

σ
′ = − ∥ − ′∥⎜ ⎟⎛

⎝
⎞
⎠k x x

x x
( , ) exp

(24)

where x and x′ are one of the D components of the
D‑dimensional feature vectors x and x′. Restricting x and x′
to the interval [0, ∞), eq 24 can be rewritten as

σ σ
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x x
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where x> and x< are the larger and smaller of x and x′,
respectively. This is the form (eq 9) required for the fast
evaluation method (section 2.2). In practice, the restriction of x
and x′ to positive values should not limit the applicability of the
Laplacian kernel, as such a restriction corresponds to a simple
coordinate transformation (i.e., the introduction of a new
coordinate y = x + C where C is a sufficiently large positive
constant).

5. EXAMPLE
To demonstrate the general applicability of the present toolkit
for using the RKHS method to high-dimensional problems and
large data sets, an oscillatory six-dimensional test function

∑ π= −
=

− ⎜ ⎟⎛
⎝

⎞
⎠f x x xx( ) exp( )cos

0.37d

d d d

2

6
( ) ( 1) ( )

(26)

with x(d) ∈ [0, 1] was considered and training sets of different
size were generated. The grid size N(d) of each dimension is
chosen to be equal and training points are equally spaced
between x(d) = 0 and x(d) = 1 in each dimension. A Taylor
spline kernel with n = 2 was chosen as the kernel function for
each dimension. Note that both, equal grid size and equally
spaced training points are not required by the RKHS method
and merely chosen for simplicity.
The toolkit was applied to data sets from N(d) = 3 to 14

(which corresponds to a total training set size of N = 729 to
7 529 536, see eq 6). Figure 5 shows the systematic
improvement of the mean squared error (MSE) of the RKHS
model with increasing N and the correlation of the RKHS
model with the analytical expression.
It is worthwhile to point out that the direct solution of eq 3

for the calculation of the coefficients ci with Cholesky
decomposition is impossible for the largest data set (N =
7 529 536) with modern computers. Generously assuming that
the Cholesky decomposition of a 10 000 × 10 000 matrix takes
approximately 2 min, the decomposition of a 7 529 536 ×
7 529 536 matrix would take well over 1000 years. With the fast
algorithm (section 2.1), the calculation of the coefficients is
faster than the time it takes to read in the data set from a file
and only takes a couple of minutes.
The interpolation capabilities of the RKHS method were also

tested for high-dimensional model PESs and similar results
were obtained. For example, a RKHS model for the
multidimensional Morse potential given by

∑= − − − −
=

f D a x xx( ) (1 exp( ( )) 1)
d

e
d d d

e
d

1

6
( ) ( ) ( ) ( ) 2

(27)

with De
(d) = a(d) = xe

(d) = 1 was constructed from a regular grid of
10 points in each dimension (N = 1 000 000) between

Figure 5. (left) Mean squared error (MSE) of the RKHS model function compared to the true function (eq 26) versus training set size N. Data
points were generated by averaging the squared error of 1000 randomly chosen points (error bars show one standard deviation, note that they appear
distorted due to the logarithmic scale). The gray line shows a fit to the data points. (right) Correlation of the RKHS model (N = 7 529 536) with the
analytical expression (eq 26) for 1000 randomly chosen points. The red line depicts a perfect correlation, and the MSE is 6.7 × 10−4.
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x(d) = 0.1 and x(d) = 3. The exponential decay kernel was
chosen as kernel function for each dimension, and the MSE of
the RKHS model for 1000 randomly chosen points was 2.9 ×
10−3.
The Supporting Information contains a comprehensive step-

by-step guide for the construction of a PES, which highlights all
necessary steps from the generation of the data set to how the
constructed PES can be used in, e.g., molecular dynamics
software.

6. CONCLUSION
In this work, a convenient and “all-purpose” toolkit for concrete
applications of the RKHS method to problems arising in
computational chemistry was introduced. Special focus was
given to the construction of PESs but the range of applications
is considerably larger. Our toolkit implements efficient
algorithms and automatically handles incomplete grids. Further,
a wide range of kernel functions are implemented, such that it is
possible to construct a PES with the desired kernel function
with just a few function calls. If other kernel functions are
required, the code can be easily extended. New PESs for
arbitrary systems can be readily constructed and do not require
manual fitting of parameters or other human input, provided
that the training data is available.
The toolkit supports any number of dimensions and can also

be used for general machine learning applications, e.g. for the
interpolation of D-dimensional functions. It allows analytical
calculation of all first and second order partial derivatives
(higher order derivatives can be easily implemented in case
they are needed).
The full source code along with usage examples and a

documentation can be downloaded from github.39
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