
Increasing the perturbative field we go directly 

from perturbation to control  

Perturbing the tunneling barrier and the 

trajectory length  

Perturbing the recollision probability  

Increasing the perturbative field 

Å Switch off the recollision 

Å Control the angle of ionization 

Å Control the angle of recollision 

ÅñShapeò the mapping between time and 

energy  

Å Control the chirp rate,  

Å Control the cut-off frequency 

Å Control over tunneling probability  



Decouple ionization and recollision 

Probe systems that cannot be aligned in the lab frame 

Control the contribution of multiple orbitals 

What is the motivation for control? 

ñShapeò the harmonic spectrum:  

Å Parallel configuration: Control the spectral intensity and phase 

Å Perpendicular configuration: Control the spectral polarization 

The HHG as a source 

HHG spectroscopy 



Shaping attosecond pulses 

grating grating 

()outE l()inE l Masks 

Shaping femtosecond pulses 

Pulse shaping enables us to directly manipulate the spectral amplitude, phase and polarization 

Shaping the IR field does not lead to direct shaping of the HHG spectrum   

Å there are numerous quantum paths that contribute to the process 

Å all photons are involved 

We can control: 

Å Cut of frequency 

Å Chirp rate 

Can we control? 

Å Can we control narrow features? 

Å Can we compress the energy to a single 

frequency component? 

 



Spectral Caustics in Attosecond Science 

O. Raz, O. Pedazur B. D. Bruner and N. Dudovich, Nature Photonics 6 170 (2012) 



M. Lewenstein et al., Phys Rev A 49, 2117 1994. 

What can we learn from the mapping between 

time and energy? 
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Stationary phase approximation provides a simple link between the ionization 

time to the emitted energy  



There are singularities in stationary Phase 

approximation 

However, at some unique points  =0 , the mapping is singular  

ï the spectral density  diverges 

 

  

 

 

How do we deal with singularities?  
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The spectral density: 

Stationary Phase approximation: 
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This is a universal phenomena 

Such singularities are common in nature 

 

In Optics they are occur when the ray model fail to describe the 

coalescences of several rays ï for example at the focus of a lens 

Caustic: Focusing of light due to refraction from curved surfaces. 

 

 

 

 

Berry, M. & Upstill, C. Catastrophe Optics: Morphologies of Caustics 

and their  Diffraction Patterns (Elsevier, 1980). 



Mapping objects can lead to singularities: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Think of how  the density of 
ǘƘŜ ŦƻƭŘŜŘ άƛŘŜŀƭέ ǇŀǇŜǊ ƛǎ 
mapped to the plane! 

Singularities 



ÅSingularities are classified according to Catastrophe theory 

ÅThis classification tells us about the shape, intensity, width 

and diffraction pattern  of the caustic. 

ÅClassification of the caustic according to number of control 

and state variables. 

 

 

 

 

 

 

 

 

 

 

 

Catastrophe Theory 

State Control 

Mapping 

t0 w 

Reflection angle Surface of the coffee 
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Catastrophe Theory 

Berry, M. V. Focusing and twinkling: critical exponents from catastrophes in on-Gaussian random short waves. J. Phys. A 10, 2061ï2081 (1977). 



Fold 
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Examples: Fold  



Examples: Cusp  



Examples: Swallowtail  



Catastrophes in HHG 

t0 

w 

At the cut-off the mapping is singular! Two trajectories coalesces 

 

We have 1 state variable: t0  and 1 control variable: w 

 

                                   It is a fold Catastrophe 



Catastrophes in HHG 

Can we focus all trajectories in HHG? 

ÅCatastrophe theory:  
ïnumber of experimental degrees of freedom Ą number of 

coalescing trajectories. 

ïNumber of coalescing  trajectories  Ą  enhancement. 

ïClassification of caustics dictate: geometry, width, 

intensity,é 
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The perfect HHG lens 



ÅHigh order caustics give larger enhancement.. 

 

Å Increase the dimensionality in HHG experiments! 

Ὁ ὸ Ὁ ÓÉÎ‫ὸ+Ὁ ÓÉÎς‫ὸ •  

 

ÅControl  variables: ἠ  ȟⱴ ȟⱷ Ὁ Ὅǩ  

 

ÅExpect ñswallowtailò 

 

Catastrophes in HHG ï two colors 



Long-short merge 
inflection point is 
a cusp: it is the 
merging of 2 folds 

The swallowtail point: 
derivatives up to 3rd 
order vanish 

3 separate folds in  
different energies 

The mapping between time and energry in the 

swallowtails caustics 



ÅHigh order caustics give larger enhancement.. 

 

Å Increase the dimensionality in HHG experiments! 

Ὁ ὸ Ὁ ÓÉÎ‫ὸ+Ὁ ÓÉÎς‫ὸ •  

 

ÅControl  variables: ἠ  ȟⱴ ȟⱷ Ὁ Ὅǩ  

 

ÅExpect ñswallowtailò 

 

Catastrophes in HHG ï two colors 
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èCurvature 
changing 

èNarrow 
enhancement 

èTunability 

Notice: ╡ͯ Ȣ 
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Catastrophes in HHG ï two colors 

O. Raz, O. Pedazur B. D. Bruner and N. Dudovich, Nature Photonics 6 170 (2012) 



We can observe higher order caustics 

hyperbolic umbilic  

3 control parameters: ⱷ Ὁ Ὅǩ , k vector (Kx and Ky) and  

2 state variables : ionization time tion and the spatial coordinate of the IR beam). 

The causticôs Arnold index (ŭ in Eq. 3) is 1/3 



 

ÅCaustics offer a simple complementary picture for the 

semiclassical model that describes HHG.  

ÅOther caustics are expected to occur when additional control 

parameters are introduced, extending the controllability over 

the spectrum.  

ÅCaustics are at the heart of a broad range of strong field 

interactions that have analogous semiclassical models. 

ÅThey can serve as spectroscopic labels. 

Catastrophes in HHG  



Decouple ionization and recollision 

Probe systems that cannot be aligned in the lab frame 

Control the contribution of multiple orbitals 

What is the motivation for control? 

ñShapeò the harmonic spectrum:  

Å Parallel configuration: Control the spectral intensity and phase 

Å Perpendicular configuration: Control the spectral polarization 

The HHG as a source 

HHG spectroscopy 



The attosecond pulses contains the spatial information of the 

ground and the free electron wavefunctions. 

J. Itatani, et al., Nature 432, 867 (2004).  

lc ~1-10A 

The recolliding electron probes the spatial 

properties of the ground state 

T. Kanai,et al., Nature (2005). 

C. Vozzi et al., Phys. Rev. Lett. (2005).  
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M. Lein, J. Phys. B 40 R135 (2007).  
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Fundamental challenges 

ÅCan we probe the structure of complex molecular 

structures? 

ÅCan we resolve several orbitals? 

ÅCan we follow an electronic wavefunction as it is 

modified in time? 

ÅCan we resolve coupling between different channels? 

 

In principle we can combine Angstrom resolution with 

attosecond accuracy 



Basic requirements  

() cg xtd yy´

We can model the probe 

The probing mechanism is given by the following dipole moment:  

A direct application of the dipole moment as a spatial probe is based on the 

following assumptions : 

We can fix the ground state in the lab frame 

We can manipulate the ground state in the lab frame 

The ground state is static 

We contribution of excited states is negligible 

The probe is decoupled from the ground state 



In practice these basic assumptions are 

commonly invalid 

() cg xtd yy´

The continuum state 

depends on the Coulomb 

potential 

There are many systems that cannot be easily 

aligned in the lab frame 

Coupling between states 

Strong contribution of excited states 

Both the structure as well as the amplitude of the 

probe depends on the ground state 

Resonances in the 

continuum 

Controlling the probe increases the dimensionality of the measurement and 

enable us to decouple degrees of freedom  



Controlling the 2D free electronôs wavefunction ï 

lateral ñkickò xĔ

yĔ



xĔ

yĔ
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In the perturbative regime: I 2w /Iw~0.01 
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The recollision process is significantly suppressed 

Controlling the 2D free electronôs wavefunction ï 

lateral ñkickò 



Controlling the 2D free electronôs wavefunction ï 

recollision and ionization angle 
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In the perturbative regime: I 2w /Iw~0.01 
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Increasing I 2w by an order of magnitude: 
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Increasing I 2w by a factor of 30 - 50 

requires a non perturbative calculation 
30% conversion He 

Controlling the 2D free electronôs wavefunction ï 

recollision and ionization angle 


