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SOME OF THE SLIDES IN THIS PRESENTATION ARE 
MARKED “OUT”. 

 
THESE SLIDES ARE NOT STRICTLY NECESSARY, 

AND THE PRESENTATION WOULD BE TOO LONG  
WERE THEY INCLUDED. 

 
THEY HAVE BEEN RETAINED IN THEIR 

APPROPRIATE PLACES FOR THOSE WHO WANT 
FURTHER EXPLANATION. 



PREAMBLE 

Strong-field laser physics depends critically on a knowledge of 
both basic electrodynamics and nonperturbative quantum 
mechanics. 
 
Much confusion about fundamental matters still exists 
despite the now-lengthy experience in the field. 
Theory: starting 1962. 
Experiment: starting 1979. 
 
To motivate the remainder of this lecture, the next slide 
shows a result that seems to have been a complete surprise 
to most of the listeners at a recent Laser Physics Conference. 
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MAXWELL EQUATIONS 

Free space (i.e. vacuum), Gaussian units 
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What does this show? 
 
In the length gauge: 

   , , 0LG

I LG LGH q t t      r E r E A

Three of the four Maxwell equations don’t even exist, and the fourth 
can exist only in the presence of an external current density J that 
makes inputs into the system. 
 
In the velocity gauge: 

 
2

2

2
, 0,VG

I VG VG VG

q q
H t

c c
     A p A A A

The dipole approximation is employed, so that here also B = 0 and  
E = E(t), but this is a local approximation only, and there are no sources 
to put external energy into the system. 



The point is that the length gauge (i.e., interaction Hamiltonian = -q rE ) 
does not satisfy the appropriate Maxwell equations for laser fields. The 
need for an external source has consequences, as will be shown. 
 
This undermines: 
 

• The claim that gauge invariance proves that the length gauge is fully 
equivalent to the Coulomb gauge, so that any calculation done in the 
length gauge is as valid as a corresponding calculation in the 
Coulomb gauge. 

• Those supporters (still numerous in the AMO community) of the 
notion that the length gauge is “the fundamental gauge”. 

• The idea that tunneling is the mechanism by which laser-induced 
ionization occurs. 

• Many of the inferences from tunneling (such as that the 
photoelectron “appears at the exit of the tunnel with zero initial 
velocity”, etc.). 
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INTRODUCTION 

This lecture will present several still-unpublished results: 
• The demonstration that the “length gauge” (HI = -q rE) , or 

Göppert-Mayer (GM) gauge does not satisfy the correct Maxwell 
equations for a laser field has major consequences. 

• There exists a relativistic extension of the “length gauge” or GM 
gauge that reproduces correctly the electric and magnetic fields of a 
traveling plane wave. 

• This “relativistic Göppert-Mayer” (RGM) gauge gives misleading 
qualitative information, including the complete disappearance of the 
ponderomotive potential Up that is fundamental for strong fields. 

• The inference that electric and magnetic fields might be insufficient 
to completely define an electromagnetic environment is a general 
result; information beyond the fields can be required for uniqueness. 

• This resolves a long-standing problem with quantum mechanics. 
• The standard expression for Up is Lorentz-invariant but not gauge-

invariant. There is a simple solution to this well-known problem. 
7 
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WRONG MAXWELL EQUATIONS IN THE LENGTH GAUGE 

A central property of plane waves is that they propagate with 
no sources. Use of the length gauge infers the need for a 
source current: 

4 .
t




 


E
J

What are the consequences? 
 

The well-known Corkum paper: PRL 71, 1994 (1993) uses the 
solution of this equation to predict the motion of a 
photoelectron, with the initial condition (that must be 
modified to explain the HHG cutoff) that the electron starts 
with zero kinetic energy when it leaves the atom. 
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However… 
For low intensities, the Coulomb-gauge figure-8 trajectory reduces to 
the exact same trajectory as the “driven” trajectory of Corkum. 
 
As intensity increases, everyone is aware that the magnetic field will 
have some effect, and that the electron will not return to the ion. 
 
Hence, for a combination of quantitative reasons (the same low-
intensity trajectory) and qualitative reasons (figure-8 in the Coulomb-
gauge case; “hand-waving” in the length-gauge case), no problems have 
become apparent. 

Linear polarization: The “driven” electron returns to the ion and gives 
rise to higher-harmonic generation upon recombination with the ion. 
 

A Coulomb gauge point of view has the electron follow the well-known 
figure-8, but not in the frame of reference where it resembles the “8”. 
Also, the electron does not, in general, start with zero kinetic energy. 
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Circular polarization:  Major gauge differences arise. 
 

Velocity gauge or Coulomb gauge: 
 
Photoelectron probability density expands with cylindrical 
symmetry from the ion; the photoelectron occupies a (fuzzy) 
orbit around the ion at a radius corresponding to the angular 
momentum of the number of photons absorbed in the 
ionization process. Angular momentum is strictly conserved. 
 
This behavior has been seen experimentally. 
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Circular polarization in the length gauge: 
 
Because of the initial condition that the photoelectron starts 
at zero kinetic energy at the “exit from the tunnel” (sic), the 
trajectory thereafter is such that the photoelectron “walks 
away” from the ion towards infinity. 
 
Using the equations of Corkum (and his qualitative 
description), the following trajectory and angular-momentum 
history is found. 
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The tunneling theory of ionization predicts increasingly large and oscillating values of 
angular momentum possessed by the photoelectron, with no indication of the source 
of the huge amounts of angular momentum involved.  

Also, a circularly polarized field possesses only one sense of rotation; sign change of 
angular momentum is not possible. 
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Violation of physical plausibility is most severe when 
considering that the angular momentum changes sign at 
every oscillation. 
 
This is impossible! Circularly polarized light can transfer only 
one direction of angular momentum. 
 
Rhetorical question: Where does all this unlimited supply of 
angular momentum and energy come from? 
 
Answer: It comes from the (nonexistent) external current 
density necessary to arrive at the Corkum equations of 
motion. 
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Next, some fundamentals of electrodynamics will be 
summarized. 
 
Then there will be a return to other “still unpublished 
results” listed in the Introduction. 



BASICS 

17 

Only a brief review of basic information is given here. For 
many topics, more details can be found in the notes of the 
course given in Spring 2010, available on the web. 
 
A laser field (and plane-wave fields in general) propagates at 
the speed of light in vacuum. Hence … 
 
Relativistic terminology and techniques are the safest way to 
proceed when dealing with environments where the laser 
field is strong enough to be the dominant influence in a 
problem. (However, nonrelativistic formulations remain the 
norm in the literature for strong-field laser problems.) 
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RELATIVISTIC TERMINOLOGY AND CONVENTIONS 

The basic 4-vector of special relativity is the space-time vector: 

 : , ( ); 0,1,2,3x ct time component, space components  r

The length of a 4-vector requires specification of the metric tensor g. 
The matrix representation is: 

             
2 2 22 2 2 2 1 2 3

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

g g

ds g dx dx cdt d cdt dx dx dx





 



 
 

  
 
 

 

      r

The summation convention is used:  
Any repeated index is to be summed over all 4 values of the index. 
The same index can never appear more than twice in any term. 
A summed index must have one contravariant and one covariant 
element. 

OUT 
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The metric tensor can also serve to raise or lower an index: 

 
2

;x g x x g x

ds g dx dx dx dx dx dx

  

  

   

  

 

  

By convention, the contravariant (upper index) vector represents the 
physical quantity: 

 

 

: ,

: ,

x ct

x g x x ct





    

r

r

A Lorentz transformation is a transformation from one inertial system to 
another moving at constant velocity with respect to the first. A Lorentz 
transformation is accomplished by a second-rank tensor: 

'x L x  



Any set of 4 quantities that transforms like x is a Lorentz vector. 
If all indices are summed over (as in xx ) the quantity is a Lorentz 
scalar or Lorentz invariant; it has the same value in every Lorentz frame 
of reference. 

OUT 
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A derivative with respect to a contravariant coordinate constitutes a 
covariant operator. 

 

:

/

Let a  (or a ) be a constant 4 - vector. Form a scalar product with x

a x  Lorentz invariant

a x a
x

Hence the derivative with respect to the contravariant coordinate : x

yields a covariant result

 









 










 

,

, and vice versa :

x x







 
   

 

The word “covariant” has another meaning as well. If an expression 
depends only on specific Lorentz quantities: scalar, vector, tensor of any 
rank, it will have exactly the same appearance in any other Lorentz 
frame of reference. Such an expression is said to be “covariant”. 

OUT 
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DERIVATION OF FIELDS FROM POTENTIALS 

The electric field E and magnetic field B can  be derived from a scalar 
potential  and a vector potential  A: 

 , , : 0,A
c t




    


A
E B A A

These expressions are contained in the second-rank field tensor: 

0

0

0

0

x y z

x z y

y z x

z y x

E E E

E B B
F A A

E B B

E B B

    

   
 

     
 
   

Gaussian units are used.  F is antisymmetric. Of the 16 components of 
F, the 4 on the diagonal must be zero; of the remaining 12, 6 are the 
negative of the other 6. These 6 independent components are enough 
to define two 3-vectors E, B. 
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DUAL TENSOR 

Introduce the totally antisymmetric 4th rank tensor: 

1for 0, 1, 2, 3 and any even permutation of indices

1 for any odd permutation of indices

0 if any two indices are equal.



   



    


 



Define the dual tensor to F : 

0

01

02

0

x y z

x z y

y z x

z y x

B B B

B E E
F

B E E

B E E

 



   
 

  
 
   

F

(Note that antisymmetric tensors of odd order obey the “cyclic rule”; 
This is not true for antisymmetric tensors of even order.) 
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SCALAR INVARIANTS 

Two Lorentz invariants can be formed: 

 2 22

4

F F

F









 

  F

B E

B E

These are often written as E2 – B2 and  E B. They characterize the fields. 
There are 3 limiting cases of electromagnetic fields. 

By these basic criteria, the length gauge 
categorizes a laser field as a static electric 

field, not as a plane wave.  
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GAUGE INVARIANCE 

The alteration 
' ,A A A      

where f is a scalar function, leads to  

   

' ' 'F A A

A A

A A

A A F

    

     

       

    

 

 

  

      

       

   

Hence the electric and magnetic fields are invariant under this 
transformation of the potentials. 

 

This is the standard proof of gauge invariance. 

This appears to be an absolute proof – but it is 
not sufficient, as we shall see.’ 
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MAXWELL EQUATIONS 

Two of the Maxwell equations contain source terms:  
 = charge density 
J = current density 
They can be incorporated into a 4-current  J : ( , J) 
The two Maxwell equations with sources can be combined into one 
covariant equation: 

4
4

,1 4 F J
c

c t c

 








  

   

    

E

E
B J

and the two Maxwell equations that are source-free can be combined 
into another covariant equation: 

0

0.1
0

c t





  

   

    

F
B

B
E

OUT 
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LORENZ CONDITION 

When the fields in the Maxwell equations are replaced by the 
potentials, the result is two equations for the potentials  and A that are 
coupled; that is, both  and A occur in both equations. 
 
They can be uncoupled if the potentials are connected by the Lorenz 
condition 

1
0,  or

0,

c t

A




 



 

A

Where the second form is the Lorentz-covariant form of the Lorenz 
condition. (Ludvig Lorenz, Denmark, 1829-1891; Hendrik Lorentz, Netherlands, 1853-1928.) 

The Lorenz condition is not necessary in principle, but almost all 
practical gauge choices satisfy that condition. 
 
The length gauge (GM gauge) is an exception.  

OUT 
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WAVE EQUATIONS 

When the Lorenz condition is satisfied, the potentials satisfy the 
inhomogeneous wave equation: 

0

4
.

A

A J
c





  





  

  

The 4-current density J satisfies the continuity equation 

0.J 

 

Most (not all) of what has been shown so far is standard 
electrodynamics. 

 
Now we address new results. 

OUT 
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GÖPPERT-MAYER (“LENGTH”) GAUGE 

In the GM gauge, a plane-wave field treated in the dipole approximation 
is described entirely by a scalar potential. 
M. Göppert-Mayer, Ann. Phys. (Leipzig) 9, 273 (1931). 

  , 0.GM GMt    r E A

This is gauge-equivalent to the Coulomb gauge in the dipole 
approximation, often call the “velocity gauge”: 

 0, .VG VG VG t  A A

It is sometimes said that the Coulomb gauge in the dipole 
approximation is gauge-equivalent to the “length gauge in the dipole 
approximation”, with the implication that there is a length-gauge 
expression with a scalar potential that represents a traveling wave. 
 

That is impossible. There can be no traveling wave solution of the 
Maxwell equations with a scalar potential alone. 
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RELATIVISTIC GÖPPERT-MAYER (RGM) GAUGE 

There does exist a traveling-wave solution when a vector potential is 
included, that is a direct extension of the GM gauge, that is completely 
gauge-equivalent to the Coulomb gauge, and that does not involve the 
dipole approximation. HRR, Phys. Rev. A 19,1140 (1979). 

   

 

,
/

/

RGM RGM

RGM

c

k t

k
A

c








  


 




     

  

  

k
r E A r E

x = k r

r E

This gives electric and magnetic fields identical to those in the Coulomb 
gauge when Acoul has trigonometric behavior. 

 0, .Coul Coul Coul  A A
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A curious fact: 

 is a spacelike 4-vector, 0,  outside the light cone

 is a timelike 4-vector, 0,  inside the light cone

 is a lightlike 4-vector, 0,  on the light cone

Coul

GM

RGM

A A A

A A A

A A A

 



 



 









A related curious fact is the behavior of the 
ponderomotive potential, an essential physical 

quantity in strong fields. 
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PONDEROMOTIVE POTENTIAL 

(See also the preceding lecture on quantum mechanics.) 

The ponderomotive energy or, more specifically, ponderomotive 
potential, of a particle of charge q and mass m in a plane-wave field is: 

2 2
2

2 2
p CG

q q
U A A

m m



  A

Where the angle brackets indicate the cycle average of the squared 
vector potential. 
 
A relativistic treatment of a charged particle in a plane-wave field gives 
Up as determining the zero-point energy. It is the potential energy of a 
charged particle in the field.  
 
For example, even nonrelativistically, if an atom is ionized by a strong 
laser field, the threshold energy for ionization is not just the binding 
energy EB , but it is the sum of EB and Up . 
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TRADITIONAL VIEW OF UP 

It was recognized in the 19th century (1885) that, in a non-
uniform electromagnetic field, a charged particle is subjected 
to a ponderomotive force that acts to move the particle from 
regions of high field intensity to regions of lower intensity. 
 
In a focused laser beam, ponderomotive forces can be very 
large. They act to expel a charged particle from the beam. 
 
This led to a basic experiment that showed an external 
electron  beam being scattered from a focused laser beam. 
[Bucksbaum et al., PRL 58, 349 (1987)] 
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MODERN VIEW OF PONDEROMOTIVE POTENTIAL 

Relativistic calculations for the properties of an electron in a 
non-perturbatively strong field shows that the mass shell for 
the electron is altered by Up : 

pmUm

mmnkpnkpmpp

2

))((

2

222



 





in units with ħ=1, c=1; k = propagation 4-vector; n = integer. 
 
HRR, J Math Phys 3, 57 (1962); 3, 387 (1962). 
Nikishov and Ritus, Sov Phys – JETP 19, 529 (1964). 
Brown and Kibble, Phys Rev 133, A705 (1964). 
HRR and Eberly, Phys Rev 151, 1058 (1966). 

OUT 
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Up IS A TRUE POTENTIAL ENERGY 

If an electron is ionized at threshold:  
• Input of energy 𝐸𝐵 + 𝑈𝑝 is required 

• The photoelectron has zero kinetic energy at threshold 
• If the pulse lasts long enough for the electron to reach the 

edge of the laser beam, it will have been accelerated to 
kinetic energy 𝑈𝑝. 

• This is directly a conversion of potential to kinetic energy. 
• Confusion comes from the common description of 𝑈𝑝 as a 

“quiver energy”, implying classical motion with energy 𝑈𝑝 

at threshold. 
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Up DOES NOT EXIST IN THE LENGTH GAUGE 

Because the potential in the length gauge is of the form -r·E, 
everything appears to depend solely on the electric field. 

In the transformation from the velocity gauge to the length 
gauge, A2 disappears altogether. Since 𝑈𝑝~ 𝐴2 , this means 

that there is no ponderomotive potential term that can be 
identified in the length gauge. 
 
It is the ponderomotive potential that makes possible 
judgments about magnetic field effects and relativistic effects. 
Those judgments cannot be made in the length gauge. 
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Up AS A MEASURE OF PLANE-WAVE PHENOMENA 

Onset of relativistic effects: 
When Up = (mc2), then relativistic behavior must occur.  

Failure of the dipole approximation: 
• Upper limit on frequency (lower limit on wavelength): 

Dipole approximation requires  >> size of bound system. 
• Lower limit on frequency (upper limit on wavelength): 

Dipole approximation limited by magnetically-caused 
displacement of the electron path from a simple oscillation 
of electric-field effects, or 0 <1,   I < 8c3 a.u. This 
comes from the figure-8 nature of electron motion in a 
plane-wave field. 
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Strong fields and/or low frequencies invalidate the dipole approximation. 
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It is conventional to regard the electric field as the dominant influence 
on a charged particle even when (as in a plane-wave field) the magnetic 
field is of comparable magnitude. The reason is that only electric fields 
can transfer energy to a charged particle. 

  











C

Lorentz

Lorentz

dqdWork

c
q

sEsF

B
v

EF

Only the electric field can do work on a charged particle (i.e. transfer 
energy) because the force exerted by the magnetic field is always 
perpendicular to the direction of motion: 𝒗 = 𝑑𝒔/𝑑𝑡  (𝒗𝑩)  ds . 

OUT 
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IMPORTANT:  (Reminder: there is no dipole approx. here.) 
• These two figures describe completely different physical 

environments. 
• The electric and magnetic fields are identical. 
• Therefore something else is required in addition to the 

fields to uniquely determine a physical environment. 
• One possibility is the potentials themselves. 
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PRESERVATION OF THE PONDEROMOTIVE POTENTIAL 

Suppose that gauge transformations of a plane-wave field are limited to 
those transformations where dependence on x can only occur in the 
covariant form kx. Then available gauges are limited to those with the 
following properties: 

 

    
2

,

'

' ' ' ' ' ,

0 from transversality of a plane-wave field

0 since a lightlike 4-vector is self-

A A k x t

d
A A A k

x d

A A A k A k A A A k A k k k

A k A k A k

k k k k

  

   



      

      

 

 





   

 




    

       


   



      

   

  

k r

orthogonal

Hence  and the ponderomotive potential is preserved.A A A A 

 
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For the RGM problem considered above, the generator of the gauge 
transformation is: 

 

 
 

 

 

;

'

'; : 0, ; ' ' '

Hence: 
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           
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       

  

A r A r A

E A A' A'

r E

GENERATION OF THE GAUGE TRANSFORMATION 

Although A  is a function of kx only,  = - A x is not, and so the 
condition for preservation of Up is not satisfied. 


