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MOTIVATION 

I. In the lecture of 29 November 2011: 
• Start with a charged particle in a simple plane wave described in the 

Coulomb gauge. 
• Then gauge-transform to a fully-stated version of the length gauge 

(i.e., without recourse to the dipole approximation). 
• In the Coulomb gauge, the ponderomotive potential UP is an essential 

feature that determines such matters as the onset of magnetic field 
effects and of relativistic effects. The ponderomotive potential can be 
very large in realistic laser fields. 

• In the transformed gauge, there is no ponderomotive potential at all! 
• The physical nature of the problem has been altered by the gauge 

transformation. 
• All the requirements for a legitimate gauge transformation are 

satisfied; hence electric and magnetic fields are identical in the two 
gauges. 

HOW IS IT POSSIBLE TO HAVE A COMPLETE CHANGE OF MEANING? 
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II. A simple Gedanken Experiment will be introduced below in which a 
basic feature is energy conservation. 
 
• Energy conservation is a fundamental property of a system. 
• A gauge transformation is introduced that changes the problem such 

that energy conservation is violated. 
• The physical nature of the problem has been altered by the gauge 

transformation! 
• The gauge transformation satisfies all the requirements for a 

legitimate gauge transformation; hence electric and magnetic fields 
are identical in the two gauges. 

 
HOW IS IT POSSIBLE TO HAVE A COMPLETE CHANGE OF MEANING? 
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RESOLUTION OF BOTH PARADOXES 

It will be shown that both difficulties arise from the same cause: the 
unphysical way in which the field is asymptotically “turned off”. 
 
This unphysical asymptotic condition points to a further requirement for 
gauge invariance that is never mentioned in the literature. 
 
This “further requirement” for gauge invariance serves to preserve the 
ponderomotive potential in the plane wave case and preserve the 
conservation of energy in the constant-electric-field example. 
 
An essential clue to the solution of this problem comes from how 
asymptotic conditions are imposed in the S-matrix formulation of the 
transition amplitude. 
 
The end result is an electrodynamics with greater internal consistency 

than the standard formulation. 
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A GEDANKEN EXPERIMENT 

Consider an isolated system consisting of a pair of flat, parallel 
conducting plates, each having a uniform distribution of electric charge, 
of opposite sign and equal magnitude. The plates are large enough that 
edge effects need not be considered. 

There will be a constant electric field E0 

between the plates. 
 
A hypothetical “test charge” of mass m and 
charge q is to be released between the plates, 
and its equation of motion is to be 
determined.  

The reason for regarding the system as isolated is that  
CONSERVATION OF ENERGY is thereby guaranteed. 
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It is sufficient to treat this problem in one spatial dimension. 
 
A 3-dimensional treatment adds nothing essential. 
 
Take the coordinate x to be in the direction of E0 . 
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Lagrangian formulation: 

2
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T mx V q xE

L T V mx qxE

       

   

r E

 is the electromagnetic scalar potential. 
  
Find the Lagrangian equation of motion: 

0

0

;

0

L L
mx qE

x x

d L L
mx qE

dt x x

 
 

 

 
   

 

This is identical to Newton’s equation of motion: 

0; That is:   .
d

p qE
dt

 p F
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Hamiltonian formulation: 

   

2

0

, ,

1

2

H x p xp L x x

p qE x
m

 

 

Hamiltonian equations of motion: 

0

0

;
H p H

x p qE
p m x

mx p qE

 
    
 

  

The Newtonian equation is again achieved. This elementary equation of 
motion is easily solved. 
 
Trajectory: 

Kinetic and potential energies:  

   

  20

2

Initial conditions:  0 0; 0 0;

Trajectory:  
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x x
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1 1
, .

2 2
T qE t U qE t

m m
  



9 

ESSENTIAL POINT 

The reason for doing this problem is to show that energy 
conservation exists, but (as will be seen) this crucial property 
can be lost by doing a gauge transformation. 
 
Energy conservation is already obvious from the fact that the 
Lagrangian (or the Hamiltonian) is independent of time. 
Independence from any generalized coordinate means that 
the canonically conjugate generalized momentum is 
conserved.  
 
Here, the canonically conjugate pair are time and energy.  
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GAUGE TRANSFORMATION 

In a gauge transformation: 
1

,

c t

   

or, in one spatial dimension   A A
x

  


   


   


  



A A A 

In particular, there is a gauge transformation that acts inversely to the 
transformation from the velocity gauge to the length gauge: 

0

0

0

E ctx

A E ct



  



 

Initially, there was only a scalar potential and no vector potential; 
after transformation, there is only a vector potential and no scalar 
potential. 
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GAUGE-TRANSFORMED DYNAMICS 

New Hamiltonian and new Hamilton’s equations: 

 

 

2
2

0

0

1 1

2 2

1
0

q
H p A p qE t

m c m

H H
x p qE t p

p m x

 
    

 

 
     
 

 ,       

Combining these two equations gives exactly the same Newtonian 
equation and hence the same trajectory as before, as well as the same 
kinetic energy. There is apparently no potential energy: 

 

 

20
0

2

0

2

1
, 0.

2

qE
mx qE x t t

m

T qE t U
m

 

 

 ,     
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ENERGY CONSERVATION HAS BEEN LOST! 

In the transformed gauge, the scalar potential vanishes, and the new 
Hamiltonian is: 

 
2

2

0

1 1
.

2 2

q
H p A p qE t

m c m

 
    

 

The Hamiltonian now has explicit time dependence. 
Energy conservation no longer exists! 
This is non-physical! The Gedanken Experiment is explicitly 
designed to require energy conservation. 
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IMPLICATIONS 

• The gauge transformation makes the Gedanken 
Experiment unphysical. 

• Nevertheless, the gauge transformation is legitimate;  
      it satisfies the conditions 

2 2

2 2 2
0

0.

c t x

A
A

c t x











  
       

  

 
   

 
• The consequence is that we have two situations with 

identical electromagnetic fields (because connected by a 
gauge transformation); but one is physical and the other 
is nonphysical. 
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In the original Gedanken Experiment, because total energy is 
conserved, then the potential energy is also well-defined. 
This potential energy is measurable with a voltmeter. The 
gauge-transformed problem does not have a well-defined 
potential energy, and a voltmeter measurement is 
meaningless. 
 
1. One possible implication is that fields are not sufficient 

for uniqueness. Some further specification must be made 
before a physical problem can be uniquely described. 

2. Another possibility is that gauge transformations must 
satisfy conditions beyond the usually stated 
requirements for gauge invariance to be satisfied. 
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ANOTHER EXAMPLE: CHARGED PARTICLE IN A PLANE-WAVE FIELD  

This important example was presented in an earlier ETH lecture (29 
November 2011). 
 
A simple monochromatic plane wave in the Coulomb gauge is 

00, cosA

k x k x t



  

 

 

     

A

k r

There exists a gauge transformation to a gauge that is the extension 
beyond the dipole approximation of the usual length gauge. 
 
This full gauge transformation without resort to a dipole approximation 
was named the Relativistic Göppert-Mayer (RGM) gauge, since it is an 
extension of the ordinary length gauge introduced by Maria Göppert-
Mayer in 1931.   
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RELATIVISTIC GÖPPERT-MAYER (RGM) GAUGE 

There exists a solution when a vector potential is included, that is a 
direct extension of the GM gauge, that is completely gauge-equivalent 
to the Coulomb gauge, and that does not involve the dipole 
approximation. HRR, Phys. Rev. A 19,1140 (1979). 

   

   

     

;

,
/

Covariant version:  ' ; '

Coul Coul

RGM RGM

RGM Coul

x A x A k t

c

d
A k x A A A

d

 

 

 

   

  


  


        

     

   

x = k r

k
r E A r E

This gives electric and magnetic fields identical to those in the Coulomb 
gauge when Acoul has propagating-wave behavior. 

 0, .Coul Coul Coul  A A
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PONDEROMOTIVE ENERGY 

Ponderomotive energy Up is a fundamental and measurable property of 
a charged particle in a plane-wave field. 

pU A A



However, the ponderomotive energy is zero in the RGM: 

0.RGM

pU k k  

In the RGM gauge, with its proportionality to rE , the only criterion by 
which to judge the effect of such a field is the magnitude of the electric 
field | E |. 
 
In the Coulomb gauge, the onset of magnetic field effects and relativistic 
effects is determined by the value of the ponderomotive energy. 
 
This gives the contrasting qualitative behavior shown in the next 2 slides 
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PATH TO ZERO FREQUENCY 

The 2 preceding slides show that the length-gauge or RGM-gauge 
viewpoint seems to allow a simple reduction to a zero frequency limit. 
 
The Coulomb-gauge figure shows that this limit cannot be reached 
without going to a relativistic treatment. 
 
This was the cause of a serious problem, where much effort was 
expended in trying to approach this limit with nonrelativistic concepts. 
This included a major display in Nature. 
 
Another serious problem exists because of the criterion imposed by a 
significant number of (tunneling-minded) theorists that the limit of 
zero frequency must reproduce known static-electric-field results. 
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The last item is particularly toxic because it requires that the low-
frequency limit of laser-produced phenomena must reproduce static –
electric-field results when, in fact, this is a certain indicator of an 
incorrect theory. 
 
Many highly reputable theorists have adopted this (misguided) 
requirement: V. S. Popov, Kuchiev, Manakov, Starace, Ivanov, … 
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Another serious problem arises from attempting to “derive” the Strong 
Field Approximation (SFA) in the length gauge, using Volkov solutions. 
 
One of the best theoreticians in the field (M. Ivanov) has a 20-page 
paper that attempts to understand the SFA, while “deriving” it by a 
remarkably complicated and obscure method. The SFA can actually be 
derived in one line: 
 
 
One (of many) underlying problem is that there is no such thing as a 
Volkov solution in the length gauge. To adapt the Volkov solution to the 
length gauge, Keldysh had to use a nonlocal theory. Ivanov* blames the 
difficulties he finds on the SFA, rather than on the use of the length 
gauge. 
*Ivanov, Spanner, Smirnova, “Anatomy of strong-field ionization”, Journal of Modern 
Optics 52, 165-184 (2005). 

       1 , 1 ,
exact SFA Volkov

f I i f I ifi fi
S i dt H S i dt H           
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Few, if any, users of the length gauge have any idea 
that they are doing something that is risky. 
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CLEAR EVIDENCE THAT THE RGM GAUGE IS UNPHYSICAL 

The RGM gauge nominally represents a plane-wave field. 
 
A known (and measurable) feature of a plane-wave field is the 
ponderomotive energy, that can be written as 

2

2
,

4
pU




E

where E is the electric field vector. 
 
As   0, Up   . 
  
This illustrates why the zero-frequency limit (for fixed electric field) of a 
plane-wave field cannot be achieved. 
The fact that the  = 0 limit presents no problems in the RGM gauge is 
direct proof that the RGM gauge is unphysical, despite its known utility 
in the dipole-approximation version: the familiar length gauge. 
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IMMEDIATE IMPLICATIONS FOR LASER-BASED RESEARCH 

• A tunneling view of laser-induced processes can be taken 
ONLY if the field is represented by a scalar potential. 

• A laser field is a propagating field that requires a vector 
potential for its description. 

• When the dipole approximation is valid, there is a gauge 
equivalence between the length and velocity gauges. 

• This gauge equivalence fails at both short wavelengths 
and long wavelengths. 

• RGM gauge extends the length gauge to all wave lengths; it 
is nominally gauge-equivalent to Coulomb gauge. 

• Even though the electric and magnetic fields in the RGM 
gauge are identical to the Coulomb gauge, the RGM gauge 
does not possess ponderomotive energy.  

THE RGM GAUGE IS UNPHYSICAL. 



26 

RESOLUTION OF THE DILEMMAS 

There is an elegant solution to the above problems that is satisfying in 
many ways. 
 
Certain concepts must first be introduced. 
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ASYMPTOTIC CONDITIONS 

In the usual textbook treatments of field-induced transitions, it is 
assumed that there is an asymptotic cutoff of the field.  
 
This is generally assumed to be an exponential or squared exponential 
(Gaussian) decline of field strength outside the interaction region. 
 
Important!  Our method for finding transition amplitudes  is to employ 
two complete sets of states:  
 states that represent the atom free of “laser” interaction; and 
 states that describe the atom in full interaction with the laser field. 

 
This makes it unnecessary in the treatment of transition amplitudes to 
describe how the field turns off asymptotically. This same approach can 
be employed in the present problem. 
 

Avoidance of a cutoff is shown to be an essential property. 
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To demonstrate this assertion in a convincing manner, some 
other basic concepts must first be (briefly) reviewed: 
 
• Action 
• Lagrangian 
• Lagrangian density 
• Principle of Least Action. 
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ACTION 

3 4

  

 

S Ldt

S dtd x d x

S = action

L = Lagrangian; L T V

= Lagrangian density



 

 



 L L

L

(The action S should not be confused with the transition amplitude Sfi .) 
• The kinetic energy T is energy that is possessed by a particle (or 

system). 
• V is the potential energy that is available to the particle. 
• L = T - V is a measure of how much “external” energy is necessary to 

sustain a given motion. 
 
The Principle of Least Action states that this external energy should be 
minimal. 
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EQUATIONS OF MOTION 

Equations of motion follow from the Principle of Least Action: 

 1 2 30; : , , ; ;i
i

i i

dxd L L
x x x x L T V

dt x x dt

 
    

 
r

The Hamiltonian formulation might be more familiar: 

   , , , ,

,

i i i i i i

i i

i i

H x p t x p L x x t

H H
x p

p x

 

 
  
 

The summation convention is used: If an index appears twice in any 
term, then a sum over all values of that index is implied: 

3

1

i i i i

i

x p x p



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THE ELECTROMAGNETIC FIELD 

An electromagnetic field can be specified in terms of its 4-potential A : 

 : ,

 scalar potential;  3-vector potential

A 

  

A

A

It is always true that AA = Lorentz scalar. 
 
Hence no more than 3 components of the 4-vector potential are truly 
independent.  
 
The photon field has photons of zero mass. This is another constraint 
that allows plane-wave fields to be described by 2 independent 
components (usually selected to be 2 polarization states). 
 
Static or quasistatic electric fields require only one component for their 
description:    r E
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GAUGE INVARIANCE OF THE ELECTROMAGNETIC FIELD 

The electromagnetic field tensor can be represented by a 4  4 
antisymmetric tensor: 16 components less 4 zeroes on the diagonal, 
divided by 2 because of antisymmetry gives 6 independent components. 
 
These 6 components give the values of the 3-vectors E and B. 
The field tensor is defined by 

.vF A A     

This definition is obviously invariant under a gauge change of the type  

.A A A      

To satisfy Maxwell’s equations, the scalar function  must be such that 

0.

   

To uncouple the equations for the sources requires the Lorenz condition  

0.A

 
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EFFECT ON THE ACTION OF A CHANGE OF GAUGE 

Lagrangian density for a charged particle in an electromagnetic field: 

1 1

16
F F j A

c

 

 


  L

where j is the particle current density. (Gaussian units, as always.) 
The first term is for the free electromagnetic field; it is automatically 
gauge invariant. The second term is an interaction term. 

Change in the Lagrangian density is entirely from the interaction term. 

 
1 1

j A A j
c c

 

       L L

This leads to an apparent change in the action: 

 4 41
S S d x d xj

c



     L- L

This change is universally disregarded. The justification given for this 
omission will be examined. 
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IS THE ACTION REALLY GAUGE-DEPENDENT? 

The usual procedure is to employ the equivalence 

 
0

j j j

j

  

  





     

 

where the second line is an expression of charge conservation. 
The change in action is now 

 41
S S d x j

c



   
The integrand is a 4-divergence expression, so Gauss’s integral theorem 
in 4 dimensions makes it possible to convert this to an integral over the 
4-surface  enclosing the original 4-volume. 

1
S S d j

c






  

DOES THIS VANISH? 
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Usual assumption: the 4-surface area  increases as some 
power of a scale parameter, but  declines exponentially at 
large distances, so 
 
The action (and hence the physics) is thus taken to be gauge-
independent. 
 
The above assumption is not justified.  
It amounts to making observations completely outside the 
experimental domain, and thus devoid of physical meaning. 

S - S 0.
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There are two points of view that can be adopted to resolve the 
paradoxes that have been displayed: 
 
1. Impose a supplementary condition to assure that the required 

physical attributes are preserved: energy conservation in the 
Gedanken Experiment; existence of a ponderomotive potential in 
the plane-wave example; or 

2. Require invariance of the total action. 
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GEDANKEN EXPERIMENT: SUPPLEMENTARY CONDITION 

The obvious “extra condition” is that the gauge transformation must not 
alter the property of energy conservation. 
This means that the gauge transformation cannot introduce time 
dependence into the problem: (x,t)  (x) only. Then: 

2 2 2

2 2 2 2
0

c t x x

C Cx
x





   
          

   


    



Since  is not a function of time, the new scalar potential is unchanged 
from the original: 

1
.

c t
  


  


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The original gauge is a Lorenz gauge:  A
 = 0 . The Lorenz condition in 

the new gauge is 

0 0.A Cx C
ct x ct x



  
   

      
   

A =

The result is that 

, 0,  A

So the new gauge is identical to the original gauge. 
 

In this simple problem, the requirement that a gauge 
transformation should preserve the conservation of energy 
means that there is only one gauge that has this property. 

 
The gauge is excluded that has   00, ,E ct   A as are all others. 
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SECOND POSSIBILITY: REQUIRE INVARIANCE OF THE ACTION 

1
0S S d j

c






   

For this Gedanken Experiment, the closed surface area should clearly be 
the bounding surface of the volume containing the parallel capacitor 
plates. The trajectory solution is  

     20

2
,    for 0 0  and  0 0.

2

qE
x t t x x

m
  

If L is the distance between the parallel plates, the test charge starting at 
x = 0 at t = 0 will reach the right-hand plate at a time  determined by 

20

2

0

2
.

2

qE L
L m

m qE
   

The surface   consists of flat surfaces at x = 0, L; and at t = 0,  . 
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d d 
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The current j is given by the passage of the test charge between the two 
plates, and the product of the current density and the associated 
increment of surface area at the right hand plate is exactly q , the 
magnitude of the test charge. Since  = - E0ctx, the surfaces at t = 0 and 
at x = 0 contribute nothing. Hence 

0 0,

.

d j qE c L

S S



 

  





The action has been altered by the gauge transformation. 
The usual assumption is that this is not the case. 

 
Two things have been revealed here: 
1. Gauge invariance is NOT conserved in the proposed gauge 

transformation. 
2. The action criterion for gauge invariance is normally not 

considered.  
3. This spurious result comes from the adiabatic cutoff point of view. 
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PLANE WAVE EXAMPLE 

As in the Gedanken Experiment with the parallel plate capacitor, there 
are completely different physical situations described by exactly the 
same configuration of electric and magnetic fields. 
 
As before, there are 2 possibilities for resolving this ambiguity: 
1. Impose an additional physical requirement to ensure that the 

intended physical system is being described. 
2. Examine the change in action that follows from the gauge 

transformation. If the action has changed, this can be regarded as a 
violation of gauge invariance, and it can be concluded that there is 
no gauge equivalence after all. 

REMINDER: By all the standard tests for gauge equivalence ( satisfies the 
homogeneous wave equation; both the original and the gauge-transformed potentials 
satisfy the Lorenz condition) the RGM gauge is completely equivalent to the Coulomb 
gauge. 
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FIRST POSSIBILITY: EXTRA CONDITION 

The fundamental physical defect of the RGM gauge is the disappearance 
of the ponderomotive energy UP.  
• UP  is a quantity that can be very large in everyday laser experiments. 
• UP is a quantity that can be measured directly. 
• The absence of UP makes the RGM gauge unphysical. 

 
The obvious extra condition to be demanded is the presence of the 
ponderomotive potential. 



44 

PRESERVATION OF THE PONDEROMOTIVE POTENTIAL 

Suppose that gauge transformations of a plane-wave field are limited to 
those transformations where dependence on x can only occur in the 
covariant form kx (the phase of the wave). That is, any gauge 
transformation must maintain the periodicity of the field: 
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SECOND POSSIBILITY: REQUIRE INVARIANCE OF THE ACTION 

1
0S S d j

c






   

This seems to be much more difficult than for the Gedanken 
Experiment, where the surface  was the surface of a rectangular box in 
x,t space. 
 

A very important lesson from the Gedanken Experiment is 
that the “adiabatic cutoff” requirement as time     loses 
all physical usefulness. The cutoff is completely outside the 
laboratory domain and carries no physical information.  
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It is proposed instead to regard   as the same surface 
employed in the derivation of the S-matrix transition 
amplitude:  
• Initial conditions refer to times prior to interaction of the 

laser beam and the target atom. 
• Final conditions refer to scattered/absorbed laser light 

and modified states of the atomic electron as they enter 
detectors. 
 

This means that initial and final conditions include the 
presence of the laser beam rather than demanding that it 
vanish exponentially. 
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It is not expected to obtain explicit information about the change in 
action from the integration over the bounding surface . 
 
All that is needed is qualitative information: 
• As a first approximation, suppose that the forward direction is the 

dominant direction. 
• The initial entry of the laser beam and its final exit through  will be 

approximately balanced, as in the Gedanken experiment. 
• Putting the origin of coordinates at the center of the interaction 

region gives opposite signs to the integrated electron current at . 
(See the next slide.) 

• The estimate of the change in the action then proceeds exactly as in 
the Gedanken experiment, and with the same outcome: 

• The action will change importantly when comparing the two 
gauges. 

• Therefore the Coulomb gauge and the RGM gauge are NOT 
equivalent. 
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 
xj 

d 

j 

d 

xj 

The action-change surface integral contains the gauge-
transformation function , and that gives an opposite direction 
to the contributions at each end of the surface. The projections 
onto the surface element d  add, rather than subtract. All 
action changes have the same sign, and do not cancel. 
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FURTHER INFERENCES 

The qualitative idea behind gauge invariance is that the electromagnetic 
environment is completely determined by the electric and magnetic 
fields. Potentials are therefore only auxiliary quantities in this view. 
 
The equations of quantum mechanics are expressed in terms of 
potentials, so a natural task to undertake is to express them directly in 
terms of the fields. Many attempts were made, all of them leading to 
nonlocal results. 
 

The reason for this failure is clear: the fields themselves do not 
completely describe the physical scenario; the potentials contain 
additional information. 
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GENERAL CONCLUSIONS 

Even though gauge invariance is true in the sense that a gauge 
transformation preserves the values of electric  and magnetic fields, the 
fields do not define a completely unique environment.  
 
EITHER some additional condition must be specified. For example:  
• Total energy conservation 
• Preservation of the ponderomotive potential 

 
OR the change of action in the gauge transformation must be estimated 
to see if it is altered by the gauge transformation: 
• The action must be evaluated at the edges of the physical 

interaction region, not at an unphysical asymptotically distant 
location. 

• Gauge equivalence requires preservation of the action as an 
additional condition to the usually accepted requirements. 


