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Electromagnetic Fields: 

The Importance of Gauge Choice 



It will be shown here, using simple, meaningful examples, 
that a change of gauge can completely alter the apparent 
nature of a physical problem even though the electric and 

magnetic fields are identical in both gauges. 
 

This constitutes a proof that potentials play a fundamental 
role in defining a physical problem. The fields alone are not 
sufficient. This is an important limitation on the universality 

of the principle of gauge invariance. 
 

The two examples are: 
• A static electric field; that is, a longitudinal field. 
• A simple plane wave; that is, a transverse field. 

2 



 

This is a longitudinal field.    
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STATIC ELECTRIC  FIELD 

It is sufficient to use only a single coordinate x. Formulating the problem 
in three spatial dimensions adds no additional information. 
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The field is written with subscript  0 to emphasize that it is constant.  



EQUATION OF MOTION 

For a particle with electric charge q, the Hamiltonian is 
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Hamilton’s equations are 
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The two equations can be combined to give 
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This is exactly the Newtonian equation: mass  acceleration = force. 
With the simple initial conditions: 
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KINETIC AND POTENTIAL ENERGIES 

Since the momentum is 
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then the kinetic energy T and potential energy U are: 
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Total energy is conserved.  
This is clear from the outset, since the Hamiltonian is independent of 
time. Time and energy are canonically conjugate quantities , so 
independence of H from time implies energy conservation. 
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GAUGE TRANSFORMATION 

In a gauge transformation: 
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In particular, there is a gauge transformation that acts inversely to the 
GM transformation: 
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Initially, there was only a scalar potential and no vector potential; now 
there is only a vector potential and no scalar potential. 
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GAUGE-TRANSFORMED DYNAMIC S 

New Hamiltonian and new Hamilton’s equations: 
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Combining these two equations gives exactly the same Newtonian 
equation and hence the same trajectory as before, as well as the same 
kinetic energy: 
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T is the same in both gauges, but now U = 0: 
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The gauge transformation has changed the problem. 

Energy is NOT conserved in the  new gauge. 
Voltmeter readings are MEANINGLESS in the new gauge. 
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• In the original gauge, an increase in kinetic energy was 
exactly offset by a decrease in potential energy. After the 
gauge transformation, kinetic energy is available free of 
cost. 

• In the original gauge, a voltmeter could measure the 
amount of potential energy available to the particle. 
After the gauge transformation, the voltmeter gives false 
information. 

The correct choice of potentials is essential to a 
proper formulation of the problem. 

 
“Choice of potentials” means choice of gauge. 
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PLANE WAVE 

The plane wave can be examined in very general terms because of the 
central importance of the ponderomotive potential Up in a plane-wave 
environment. The ponderomotive potential is a basic measure of the 
interaction energy of a charged particle with a plane-wave field. 
 
In the Coulomb gauge (radiation gauge), the 4-vector potential of a 
charged particle in the field is given by 
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and the interaction energy of a particle of charge q with that field is 
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Where the angle brackets denote the cycle-average value of the 
quantity within the brackets. 
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INTENSITY CRITERIA IN TERMS OF Up  

When q = e, the magnitude of the electron charge, then if 
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this is clear evidence of the presence of relativistic effects.  
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( is the fine-structure constant) this is an indication that magnetic field 
effects are too important to neglect, and so the dipole approximation is 
not valid. 
  

See: HRR, Phys Rev A 42, 1476 (1990)  
HRR, JOSA B 7, 574 (1990) 
HRR, Prog. Quant. Electr. 16, 1 (1992) 
HRR, Phys Rev Lett 101, 043002 (2008) 
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GAUGE TRANSFORMATION OF A PLANE WAVE 

Generalization of the GM gauge:  
The GM gauge transformation was applied to a dipole-approximation 
expression of the Coulomb gauge. Though useful, the GM gauge has 
serious failings and traps for the unwary. 
 
There is a simple generalization of the GM gauge transformation that 
can be applied to a complete statement of a plane wave in the Coulomb 
gauge without recourse to the dipole approximation. 
 
See HRR, Phys Rev A 19, 1140 (1979). 
 

The GM transformation is generated by the transformation function 
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RELATIVISTIC GÖPPERT-MAYER GAUGE 

This transformation gives the 4-potential 
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It is easily verified that this RGM (Relativistic Göppert-Mayer) gauge 
gives the complete expression of a plane wave with no dipole 
approximation required. 
 
Note that this 4-vector potential is lightlike, whereas the Coulomb gauge 
4-potential is spacelike. 
 
Note also that 
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There is no ponderomotive potential. The electric field still 
plays the dominant role, as it does with the dipole approx. 
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The gauge transformation has changed the problem. 
 
The fields are exactly the same as before the gauge 
transformation, but the problem looks different. 
 
The path   0 shown in both slides is impossible without 
entering the extreme relativistic domain in the Coulomb 
gauge, but there seems to be no such obstacle in RGM gauge. 
 
This has already caused major errors in the strong-field laser 
community. 
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We now know that the electric and magnetic fields do not 
completely determine the problem. Information from the 
potentials must also be introduced. 
 
How is that information to be used? 

• In the case with the constant electric field, a voltmeter 
reading was possible in the initial (Coulomb) gauge, but 
not after the gauge transformation. 

• In the plane-wave case, ponderomotive potential can be 
measured in the radiation (Coulomb) gauge, but not after 
the gauge transformation. 

THE COULOMB GAUGE APPEARS TO BE  
THE “PHYSICAL GAUGE”. 
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ARE THESE 2 CASES PATHOLOGICAL? 

Are these 2 cases unique, or is the problem universal? 
 
There exists a hint of what might be happening: In the dipole-approximation treatment 
of plane waves, a Volkov solution exists that is explicitly a plane-wave solution. It has 
been gauge-transformed to the “length gauge” and used with considerable success. 
This is strange because there is no Volkov solution with a scalar potential. The gauge-
transformed Volkov solution that is so successful in the length gauge is actually 
expressed in terms of the vector potential of a different gauge. The only way to 
understand this is to express the vector potential as an integral over all earlier times of 
the (gauge-invariant) electric field. 
 

This means that employment of the Volkov solution in the length gauge 
makes the theory nonlocal. 
 
Could a similar thing be happening here?  
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REFORMULATE THE PROBLEMS 

Static electric field in 3-dimensions: 
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NEW POTENTIALS IN TERMS OF ORIGINAL POTENTIALS 

Static electric field:  'A ct

Plane wave:  ' ( )A k r d A

In both cases, the gauge-transformed potentials are expressed in terms 
of the original potentials – that don’t exist in the new gauge; but the 
relations involve differentials, suggesting fields rather than potentials. 
 
The nonlocality encountered with the Volkov solution seems to be 
specific rather than general. 
 
Note the strange property in the plane-wave case that an originally 
spacelike 4-vector potential has become lightlike after the gauge 
transformation.  The Lorenz condition is satisfied in both the original 
and transformed gauges, but only because the potential is lightlike (and 
hence self-orthogonal) in the transformed gauge. 
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Both gauge transformations introduce extreme changes  
in the physical problem despite identical fields  

before and after transformation. 
 

The physical environments examined 
(longitudinal and transverse fields) are absolutely 

fundamental in a practical sense. 
 

The property in common of the two cases considered is the 
major importance of the potential energy. Potential energy is 

gauge-dependent, but it is measurable in the laboratory in 
both cases. This identifies one gauge as a physical gauge, but 

other gauges don’t correspond to laboratory reality. 

CONCLUSIONS 


