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 George Stokes ~1860    Emil Wolf ~1970

G.G. Stokes, Trans. Cambridge Phil. Soc. 9, 339 (1852)
E. Wolf, Nuovo Cimento 13, 1165 (1959)

Famous Scientists of Polarization
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For a beam-like field that is propagating in the z direction

  

! 

! 
E (r,t) = ˆ x E x (r,t) + ˆ y E y (r,t)

z
),( trEx

),( trEy

the field (e.g., for sunlight) can be written as

Beam-like Light

The partially polarized field components are          and          .
They fluctuate, with correlations observed via averages:

  

 E i
* (r,t)E j (r, t)

  

Ey(r, t)

  

Ex(r, t)
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Emerging Non-beam
Technologies

Nano-optic probes,
near-field scanning
microscopy, …

BB radiation, fusion
hohlraums, thermal
imaging, …

See L. Novotny, “The History of Near-field Optics,”
Progr. in Optics 50, E. Wolf (ed.), Ch. 5, p. 137 (2007).
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New Formulations
Are Sought

Degree of polarization for optical near fields,
Setala, et al., PRE (2002).

On the degree of polarization …,
Ellis & Dogariu, Opt. Commun. (2005).

Physical Bounds to the Entropy-Depolarization …,
Aiello & Woerdman, PRL (2005).

Three-Dimensional Polarization Control in Microscopy, 
Abouraddy & Toussaint, PRL (2006).

Non-quantum Entanglement … a Basic Issue …, 
Simon, et al., PRL (2010).

Two methods for … polarization properties of non-paraxial fields,
Petrucelli, et al., Opt. Commun. (2010).

Assessing the Polarization of a Quantum Field,
Klimov, et al., PRL (2010).
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From Setala,
et al.,
Phys. Rev. E 66,
016615 (2005)

Non-planar Polarization(s)

Friberg-etal: Decompose the 3X3 coherency matrix into 
nine Gell-Mann matrices.

Ellis-etal: Decompose the 3X3 matrix into a polarized part,
a 2D un-polarized part, and a 3D un-polarized part.
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The 2x2 coherence matrix J has two parts:

Standard Approach

  

J =
Ex
* (r, t)E x (r, t) Ex

* (r, t)Ey (r,t)

Ey
* (r, t)E x (r, t) Ey

* (r, t)Ey (r,t)

! 

" 

# 
# 

$ 

% 

& 
& = Ju + Jp

E. Wolf, Intro. to the Theory of Coherence and
Polarization of Light (Cambridge Univ. Press, 2007).

  

P =
I p

I
=
TrJ p

TrJ
= 1! 4 det J

(trJ )2

P = degree of polarization:

  

J =
Ixx Ixy
Iyx Iyy

! 

" 
# 

$ 

% 
& =

A 0
0 A

! 

" 
# 

$ 

% 
& + Jp,

where 2A =  Ixx + Iyy ' Ixx + Iyy( )
2
' 4(Ixx Iyy ' | Ixy |2 )

and A=0     completely polarized, 
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The meaning of partial polarization is controversial. Can
there be a unique 3D decomposition, as in 2D?

Going further, is there a 3D
non-beam pol’n?

pu JJJ +!
The Stokes definition is unique in 2D

but it fails in 3D:

Friberg, et al., Phys. Rev. E 66, 016615 (2002),
 Ellis, et al., Opt. Commun. 248, 333 (2005).

! 

J(3D) =

ExEx ExEy ExEz

EyEx EyEy EyEz

EzEx EzEy EzEz

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 
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Laboratory space:
Stochastic function space:

yx ˆ,ˆ

Qian and Eberly, arXiv:1011.0693 (2010).

  

Ex (r,t), Ey (r,t)

  

! 

! 
E (r,t) = ˆ u m(r,t)

Obscure Fact: a Light Beam Needs
Two Vector Spaces
  

! 

! 
E (r,t) = ˆ x E x (r,t) + ˆ y E y (r,t)

Sometimes the beam is such that the spaces are separable: 
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Laboratory space:
Stochastic function space:

yx ˆ,ˆ

Qian and Eberly, arXiv:1011.0693 (2010).

  

Ex (r,t), Ey (r,t)

This just indicates that the beam is completely polarized, 
but it also provides a clue to a next step.

Obscure Fact: a Light Beam Needs
Two Vector Spaces
  

! 

! 
E (r,t) = ˆ x E x (r,t) + ˆ y E y (r,t)

Sometimes the beam is such that the spaces are ‘separable’ 

  

! 

! 
E (r,t) = ˆ u m(r,t)
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Laboratory space:
Stochastic function space:

yx ˆ,ˆ

Qian and Eberly, arXiv:1011.0693 (2010).

  

Ex (r,t), Ey (r,t)

This just indicates that the beam is completely polarized, 
but it also provides a clue to a next step.

Obscure Fact: a Light Beam Needs
Two Vector Spaces
  

! 

! 
E (r,t) = ˆ x E x (r,t) + ˆ y E y (r,t)

Sometimes the beam is such that the spaces are separable: 

Separability               Polarization  (??)

  

! 

! 
E (r,t) = ˆ u m(r,t)  

! 

! 
E (r,t) = ˆ u m(r,t)
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Classical beam = exact analog of an atom-field quantum state:

What if the state is not separable? In QM it means
entanglement. Entanglement is a property of vector spaces,

not restricted to QM*, so we can apply it classically.

  

! 

! 
E (r,t) = ˆ x E x + ˆ y E y ˆ x " ˆ y =0 E x

*E y

! 

" AF = a1 f1 + a2 f2 ,

! 

a1 a2 = 0,

! 

f1 f2

Obscure Fact: a Light Beam Needs
Two Vector Spaces

*E. Schmidt, Math. Ann. LXIII, 433 (1907) Note date
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Take Schmidt Thy. from QM
Systematic procedure (Schmidt eigen-pairs):

#0: QM state:  |Ψa+f
 >  = Σk Σl Mkl |ξa

k>  |ηf
l>

#1: Find reduced density matrices for atom and 
field, ρ a and ρ f.

#2: Diagonalize both, to get their eigenvalues λ an and λ fn ,
where automatically  λ an = λ fn.
Obviously Σn λn = 1.     countable, discrete

#3: Find their corresponding eigenstates
  |ua

n>   and  |vf
n> , where generally un ≠ vn.

#4: QM Schmidt form:  |Ψa+f
 >  = Σn  √λn |ua

n>  |vf
n>

#4’: Classical beam analogous result :

       with unique orthogonal u’s and M’s (example coming later).
  

! 

! 
E (r,t) = ˆ u 1M1(r,t) + ˆ u 2M2(r,t),
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Schmidt says: any electric field can be
decomposed into its

unique partially polarized form.

Schmidt & Classical Fields

where the coefficients and bases satisfy

  

! 

! 
E (r,t) / I ="1ˆ u 1m1(r,t) +"2 ˆ u 2m2(r,t)

The degree of polarization P is now given by |κ1
2 - κ2

2|, while the
Schmidt weight K tells how far from separable the state is:

K = 1/(κ1
4 + κ2

4).

This is a new way to identify P, via the degree of classical
entanglement.

  

ˆ u i ! ˆ u j = " ij = mi
*m j ,

  

!1
2 + !2

2 =1,   

! 

! 
E (r,t) "

! 
E (r,t) # I
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3û

1û
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3D Polarization Payoff

  

! 

! 
E (r,t) / I  ="1ˆ u 1m1(r,t) +"2 ˆ u 2m2(r,t) +"3ˆ u 3m3(r,t)

Schmidt also works for arbitrary dimensions

  

! 

! 
E (r,t) = ˆ x E x (r,t) + ˆ y E y (r,t) + ˆ z Ez (r,t)

The normalization and orthogonality and measure of
entanglement all extend directly to the third dimension:

  

ˆ u i ! ˆ u j = mi
* m j = " i j

  

!1
2 + !2

2 + !3
2 =1

  

K =
1

!1
4 +! 2

4 + ! 3
4
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Classical Light Entanglement
2D or 3D

  

!1
2 + ! 2

2 + ! 3
2 = 1

Polarization theory for
non-beam light fields:
lab & function spaces -
-
X.F. Qian and JHE,
Opt. Lett. 36, 4110
(2011).

Schmidt decomposition
  è mode selection
  è dimension 

‘quantization’
   è conceptual 

meaning

Schmidt
K values

1=K
5.1=K
2=K

5.2=K
3=K
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•Polarization is just the name we use to talk
quantitatively about separation between the vector
nature and the statistical nature of a light field.
•The degree of polarization measures how far the
separation is - for any light field, beam-like or not
- via the Schmidt weight.
•See X.F. Qian and JHE - arXiv:1011.0693 (2010),
and Optics Lett. 36, 4110 (2011).

Summary - Modern Theory
of Polarization

Near-field scanning,
thermal radiation,
x-ray hohlraums,
medical imaging, …

Financial support from NSF PHY-1203931
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Now let’s see an example.
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2û

3û
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A beam without an evident transverse plane:

Classical 3D Example

  

! 

! 
E (r,t) = ˆ x E x (r,t) + ˆ y E y (r,t) + ˆ z Ez (r,t)

For illustration, take this example:

),(),(),(

),(2),(),(
),(),(2),(

trEtrEtrE

trEtrEtrE
trEtrEtrE

baz

bay

bax

!=

+=

+=
0),(),(* =trEtrE ba

Where is the field really pointing in this case?
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The coefficients, basis vectors, and Schmidt modes are

3D Example

  

!1 =
3
2
,

!2 =
1
2
,

!3 = 0,

  

ˆ u 1 =
1
2

ˆ x + ˆ y ( ),

ˆ u 2 =
1
6

ˆ x ! ˆ y + 2 ˆ z ( ),

ˆ u 3 = ......,

  

m1 (r, t) =
1
2I

E a + Eb( )

m 2 (r, t) =
1
2I

E a ! Eb( )
m 3 (r, t) = .....

The Schmidt form can be achieved as

  

! 

! 
E (r,t) / I ="1ˆ u 1m1(r,t) +"2 ˆ u 2m2(r,t) +"3ˆ u 3m3(r,t)

! 

K =
16
9+1

= 1.6 (vs. 1 or 3)
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J(3D) =

ExE x E xE y E xE z

E y E x E yE y E y Ez

Ez E x Ez E y E zE z

! 

" 

# 
# 
# 
# 

$ 

% 

& 
& 
& 
& 



2û
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An “atom” (states a, b, c) and a “field” (modes A and B)

QM Analog Approach

A

a
B

b

c

BA

Ψatom   ⊗ Ψfield =Ψa+f

A separable (factorable)
joint state looks like this:
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An “atom” (states a, b, c) and a “field” (modes A and B)

But what about an arbitrary joint state, say this one:
         |Ψa+f>   =   (|A > + 2|B >) ⊗ |a> +
              + (2|A > + |B > ) ⊗ |b>  +  (|A > + |B > ) ⊗ |c> .

Keep in mind an analog: 
3 unit vectors x,y,z  +  2 field functions Ea, Eb.

QM Analog Approach

A

a
B

b

c

BA

Ψatom   ⊗ Ψfield =Ψa+f

A separable (factorable)
joint state looks like this:
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ρa =
5 4 3
4 5 3
3 3 2

 1
12

Easy solution:  12 λ = {0, 1, 11},  so

ρf =
6 5 0
5 6 0
0 0 0

 1
12

ua
1 vf

1 ua
2 vf

2 ua
3 vf

3Ψa+f = + +

ua
1   =

2
3( a  +  b  +    c ),3

 22√
vf

1   = ( A  +  B )1
 2√

pairwise unique products of Schmidt canonical eigenmodes:

|Ψa+f>   =   (|A > + 2|B >) ⊗ |a> +
    + (2|A > + |B > ) ⊗ |b>  +  (|A > + |B > ) ⊗ |c> .
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0.5

1.0

0

λn

1 32 n

K =                                 ≈ 1.18
1

0
12

2 1
12

2 11
12

2
+ +

+

2
3Ψa+f = 3

2 ( a  +  b  +    c ) ⊗ ( A  +  B )

( a  -  b ) ⊗ (A  -  B )1
2

Schmidt Weight of Entanglement

 |Ψa+f>   =   (|A > + 2|B >) ⊗ |a> +
              + (2|A > + |B > ) ⊗ |b>  +  (|A > + |B > ) ⊗ |c> .

 (almost factorable)
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Thank you for your 
attention!


