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George Stokes ~1860 Emil Wolf ~1970

G.G. Stokes, Trans. Cambridge Phil. Soc. 9, 339 (1852)
E. Wolf, Nuovo Cimento 13, 1165 (1959)
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T Beam-like Light
[ U

“1 For a beam-like field that is propagating in the z direction

v

the field (e.g., for sunlight) can be written as
E(r,t) = XE,(r,t) + YE (r,1)

\/
N

The partially polarized field components are £x(7,7) and £y(7,7) .
They fluctuate, with correlations observed via averages:

(£:(rnnE (r0)
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Emerging Non-beam
Z Technologies

Nano-optic probes,
near-field scanning
microscopy, ..

BB radiation, fusion
hohlraums, thermal
imaging, ...

incident
light

”\ ,
AP
“ 2 . \N™ scattered
light

atomic force
cantilever tip

O’ to detector

See L. Novotny, “The History of Near-field Optics,”
Progr. in Optics 50, E. Wolf (ed.), Ch. 5, p. 137 (2007).
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New Formulations

[l 2 Are Sought

23
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Degree of polarization for optical near fields,
Setala, et al., PRE (2002).
On the degree of polarization ...,
Ellis & Dogariu, Opt. Commun. (2005).
Physical Bounds to the Entropy-Depolarization ...,
Aiello & Woerdman, PRL (2005).
Three-Dimensional Polarization Control in Microscopy,
Abouraddy & Toussaint, PRL (2006).
Non-quantum Entanglement ... a Basic Issue ...,
Simon, et al., PRL (2010).
Two methods for ... polarization properties of non-paraxial fields,
Petrucelli, et al., Opt. Commun. (2010).
Assessing the Polarization of a Quantum Field,
Klimov, et al., PRL (2010).
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f Non-planar Polarization(s)
P

From Setala,

et al.,

Phys. Rev. E 66,
016615 (2005)

Friberg-etal: Decompose the 3X3 coherency matrix into
nine Gell-Mann matrices.

Ellis-etal: Decompose the 3X3 matrix into a polarized part,
a 2D un-polarized part, and a 3D un-polarized part.
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I Standard Approach
"4

1 J_ (<E;(7', NLE (7,0 <Ei(/; f)Ey(/',l‘)>\
= L<Ey*(/g NL (7 Z)> <Ej(;/, f)Ey(/@f)>J

(7

XX

(A 0)

The 2x2 coherence matrix J has two parts:

J'+J°

J = k WJ (O A) + JP. and A=0 = completely polarized,

XXy

where 2A = 4x+/yy—\/(4x+1;y) —4(/ 1, -1, P)

P = degree of polarization:
/4 p

P=[ _ 77 _ li_a det{

(tr./)

[ 77
E. Wolf, Intro. to the Theory of Coherence and

uNniVvERsITY OF Polarization of Light (Cambridge Univ. Press, 2007
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Going further, is there a 3D
i non-beam pol’n?

N 5

(E E,) <ExEy> (ELE.)
sa0r= (£, .) (5,8, (5,
(E.E)(E.Ey)(E.E;)

The Stokes definition is unique in 2D
but it fails in 3D: J = J" +JP

The meaning of partial polarization is controversial. Can
there be a unique 3D decomposition, as in 2D?

Friberg, et al., Phys. Rev. E 66, 016615 (2002),
Ellis, et al., Opt. Commun. 248, 333 (2005).
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iObscure Fact: a Light Beam Needs
[ Z Two Vector Spaces
E(r,t) = XE,(r,t) + YE (r,1)

Laboratory space: X, »
Stochastic function space: £ (7,/), £,(7,1)

Sometimes the beam is such that the spaces are separable:

E(r,t) = it m(r,t)

UNIVERSITY OF

ROCHESTER Qian and Eberly, arXiv:1011.0693 (2010). | November 2, 2012




iObscure Fact: a Light Beam Needs
[ 7 Two Vector Spaces

E(r,t) = XE,(r,t) + YE (r,1)

Laboratory space:x, »
Stochastic function space: £ (7,7), £ (7,0

Sometimes the beam is such that the spaces are ‘separable’

E(r,p) = A/m(r,t)

This just indicates that the beam is completely polarized,
but it also provides a clue to a next step.
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ROCHESTER Qian and Eberly, arXiv:1011.0693 (2010). | November 2, 2012




iObscure Fact: a Light Beam Needs
I 7 Two Vector Spaces

E(r,t) = XE,(r,t) + YE (r,1)

Laboratory space: X, »
Stochastic function space: £ (7,/), £,(7,1)

Sometimes the beam is such that the spaces are separable:
E(r,t) = a/m(r,p)

This just indicates that the beam is completely polarized,
but it also provides a clue to a next step.

Separability 4= Polarization (??)
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iObscure Fact: a Light Beam Needs
[ 7 Two Vector Spaces

Classical beam = exact analog of an atom-field quantum state:

*

E(ri) =XE,+3E,  %-5=0  (E(E,)
| | 1
War)=a) fi) +|az)| f2). (arlaz)=0. (fil f2)

What if the state is not separable? In QM it means
entanglement. Entanglement is a property of vector spaces,
not restricted to QM*, so we can apply it classically.

*E. Schmidt, Math. Ann. LXIII, 433 (1907) €— Note date
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Take Schmidt Thy. from QM

Systematic procedure (Schmidt eigen-pairs):

#0: QM state: [Wef> =3 3 M, [E8> nfp

#1. Find reduced density matrices for atom and
field, paand pf.

#2: Diagonalize both, to get their eigenvalues ¢, and A,
where automatically 1°¢ = Af .
Obviously = A =1 countable, discrete

#3: Find their corresponding eigenstates
lue> and |vf>, where generallyu, # v .

#4: QM Schmidt form: [Wesf> =3 VA |ue> |vf >

#4'. Classical beam analogous result :
E(I",t) = l//\thl(l",l‘) + I//\tzMz(l",t),

with unique orthogonal u's and M's (example coming later).
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Schmidt & Classical Fields

Schmidt says: any electric field can be
decomposed into its
unique partially polarized form.

E(r,t) NI =k yiymy (r,1) + K liomo (r,1)

where the coefficients and bases satisfy

oy

Kl2 + K22 =1, u,- sz = ‘Sy' = <mlmj>, <E(r,t) -E(r,t)> =/

The degree of polarization P is now given by |x,? - k,2|, while the
Schmidt weight K tells how far from separable the state is:

K=1/(k*+ x,%).

This is a new way to identify P, via the degree of classical

entanglement.
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3D Polarization Payoff

Schmidt also works for arbitrary dimensions
E(r,t) = XE (r,t) + YE,(r,t) + ZE (r,1)

l

E(I",l‘)/’\/; = Kli/\tlml(l’,l‘) + K2£t21712(7’,t) + K3le\t3m3(l’,t)

J

23

The normalization and orthogonality and measure of
entanglement all extend directly to the third dimension:

2 2 2 _1 1
K +K, +K; = K =

o ) 4 4 4
Z/.‘Zl.=</771. m/.>=6l./. K, +K, + K;

‘ J
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Polarization theory for
non-beam light fields:
lab & function spaces -

X.F. Qian and JHE,
Opt. Lett. 36,4110

2011).

Schmidt decomposition
=> mode selection

= dimension
'quantization’

=> conceptual
meaning

UNIVERSITY OF
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f Classical Light Entanglement
[ 2

2D or 3D

1 Schmidt
K2 T

- T K values

i
-1 \ /f K =1
1 |
T \\ ||II| = ]. 5
~ “ =2
| =25
f K =3

K3 I/

K1

November 2, 2012




2, of Polarization

ZA/1 *Polarization is just the name we use to talk
quantitatively about separation between the vector
nature and the statistical nature of a light field.
*The degree of polarization measures how far the
separation is - for any light field, beam-like or not
- via the Schmidt weight.

*See X.F. Qian and JHE - arXiv:1011.0693 (2010),
and Optics Lett. 36, 4110 (2011).

f Summary - Modern Theory
"4

incident 3
2 atomic force
light y g
cantilever tip .

Near-field scanning, ' _—
thermal radiation, \V v
x-ray hohlraums, =0

Pt A

medical imaging, ...

ot ; ' %™ scattered
light

Otodetector
UNIVERSITY OF
November 2, 2012
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Now let’s see an example.

ROCHESTER November 2, 2012




UNIVERSITY OF

ROCHESTER

November 2, 2012




f Classical 3D Example
"4

i
/ 2 A beam without an evident transverse plane:
2

1

E(r,t) = XE (r,t) + )AJEy(r,t) + ZE , (r,1)
For illustration, take this example:

E (r,0)=2F,,(r,7)+ E,(7,7) )
£ (r,0) = £,(r,0) + 2E,(7,7) <Ea(r,f)Eb(r,;)>=o

Ez(l/af) = Ed(raf) - Eb(ra Z)

Where is the field really pointing in this case?
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I A 3D Example
'4

23

The Schmidt form can be achieved as

E(r,t) NI = k{iymy(r,1) + Koliyms (r,t) + K303m3(r,1)

The coefficients, basis vectors, and Schmidt modes are

i — —_— ,f = T T E E

K, 5 4 ‘\/2(x+j/, 7, (7, 7) @( a*t b)
1 A 1 N ~N ~N 1

K‘2=5, 78 =‘\7(X—_)/+2Z, mz(r’f)_E(Ed_Eb]

K, =0, U, = ... , m (7, 0) = .....

16
=——=1]16 (vs. lor3
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A3D) =

(

(
<

K1

E E.)

XxX~=x/

\
EyEx/

EE.

z7x/

Vs
/

<Ex5y> (EE.Y

<EJ/EJ/> <EJ/EZ>

<EZE)/> (£.E.)
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II QM Analog Approach

124
L' An “atom” (states a, b, ¢) and a “field” (modes A and B)
|b>

A separable (factorable)
|A) / p\\ joint state looks like this:
|B

|C> |1Pa+f _ |1Pa‘rom> ®|\Pfle|d>

@)
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Il QM Analog Approach

124
L' An “atom” (states a, b, ¢) and a “field” (modes A and B)
|b>

A separable (factorable)
|A) p\\ joint state looks like this:

|B |C> |1P0+f > _ |1Pa‘rom> ®| lpfield>

|@)
But what about an arbitrary joint state, say this one:
|parfs = (JA>+2|B>) ® |a> +
+(2|A>+|B>)® |b> + (JA>+[B>)® |c>.

Keep in mind an analog:
3 unit vectors x,y,z + 2 field functions E,, E.
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+(2|A>+[B>)® |b> + (JA>+[B>)® |

/3
] |lwarfs = (|JA>+2|B>) ® |a> +
I i

_ 4 5 3 —
pO’TZ' 3 3 2 pf—TZ_
\. J

Easy solution: 12 A ={0, 1, 11}, so

\-

(6

5
0

\

oNoNe

5
6
0

oty F us,y vhy + JT ue foy o+ [0 quasy v
W)= [ Vi)« D 1U%) i)+ 8 [us) [VTs)
pairwise unique products of Schmidt canonical eigenmodes:

Vi) =z (14) + 18)

W) = 2 (j0) + b) + 31c)),
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U
2 104 !

~ 1.18
“1 A 112, (11)2
M
0 (almost factorable)

|parfs = (JA>+2|B>) ® |a> +
+(2|[A>+|B>)®|b> + (|JA>+[B>)® |

wety= S (lay + by + 5]c)) ® (JAY + [B))
+ 2oy -18) ® (4 - 1B)

47
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Thank you for your
attention!
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