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The Many-body Schrödinger equation

Hamiltonian (atomic units) for a systems of   electrons with 
coordinates (r1,..,rn)=r     and Nn nuclei with coordinates 
(R1,...,Rn)=R        masses M1...Mnfsfdsf and charges 



The underlying physical laws necessary for the mathematical 
theory of a large part of physics and the whole of chemistry are 
thus completely known, and the difficulty is only that the exact 
application of these laws leads to equations much too complicated 
to be soluble. It therefore becomes desirable that approximate 
practical methods of applying quantum mechanics should be 
developed, which can lead to an explanation of the main features 
of complex atomic systems without too much computation.

P.A.M. Dirac, Proceedings of the Royal Society of London. Series A 123, 792 (1929)

Why don’t we just solve the many-body SE?



Why don’t we just solve the many-body SE?

Example: Oxygen atom (8 electrons)
O

depends on 24 (3x8) 
coordinates 

10 entries per 
coordinates:

1 byte per entry: 
(single precision float is 4 bytes - 32 bit)

      bytes per DVD: DVDs

bytes

entrie
s

10 g per DVD: tons

Storage rough 
estimate

estimated
mass of the empire 

state building           
       tons

4⇥ 106 tons

⇥250



Ab-initio solution of the many-body SE

Wavefunction methods Functional theories

• Quantum Montecarlo

• Configuration interaction 
family (Full CI, CI-singles 
and doubles, CASSCF, 
Hartree Fock, etc.)

• Tensor networks

Total energy expressed as a 
functional of a quantity simpler 
than the total wavefunction 



Ab-initio solution of the many-body SE

Functional theories

MBPT RDMFT DFT
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Ab-initio solution of the many-body SE

Functional theories

MBPT RDMFT DFT

Each of these functional theories comes in two 
versions:

• a ground-state (equilibrium) version
• a time-depedent (non-equilibrium) version



v

Every observable quantity of a quantum system can be 
calculated from the density of the system alone

The density of particles interacting with each other can 
be calculated as the density of an auxiliary system of 
non interacting particles

Kohn-Sham theorem (1965)

The foundations of Density Functional Theory (DFT)

Walter Kohn 
Nobel prize in 

chemistry (1998)

non-interactinginteracting

Hohenberg-Kohn theorem (1964)

DFT is a theory for the 
electrons. We consider 

the nuclei fixed.



The electronic many-body problem

The density is obtained by integrating the wf 
(implicit summation over spin)

The Hamiltonian

kinetic operator external potential electron-electron interaction 

The Schrödinger equation 

Change of 
notation

system 
dependence



Are the ground-state densities of different potentials always different?

P. Hohenberg and W. Kohn  Physical Review 136 B864 (1964)

Hoheneberg-Kohn theorem. In a finite, interacting N-electron system with a 
given particle–particle interaction there exists a one-to-one correspondence 
between the external potential v(r) and the ground-state density n(r). In other 
words, the external potential is a unique functional of the ground-state density, 
v[n](r), up to an arbitrary additive constant. 

… or equivalently

is invertible



Step I: invertibility of 

Solve the Schrödinger equation for the external potential 

Proof
A and A are invertible

This is clearly the inverse map. 
Therefore the relationship between external potential and the ground-state 

wavefunction is unique (up to a constant) 



Proof
A and A are invertible

Step II: invertibility of 

Given two non-degenerate ground states such that: 

we want to show that

cannot happen 

from step I



Proof
A and A are invertible

Step II: invertibility of 

Use Rayleigh-Ritz variational principle:

(1)

(2)

Reductio and absurdum:

If            and sum (1) and (2) I get that:

q.e.d.



Example

Kato's theorem

•  the position of the cusps determine the location of the nuclei
•  the magnitude and the slope of the density determine the nuclear charges
•  the integral over the density gives the total number of electrons

The density uniquely defines the potential

spherical average 
of the density 

around the cusp

T. Kato, Commun. Pure Appl. Math., 10, 151 (1957)



Consequences of the HK theorem I

Every quantum mechanical observable is 
completely determined by the ground state density.

I other words it is a functional of the gs density. 

solve the S.E.
square bracket 

notation indicates 
functional 

dependence 

Given an observable expressed by an Hermitian operator   :

The Hamiltonian itself is a functional of the gs density 

All the ground and excited state properties of an N-electron system 
are entirely determined by the ground state density

also 
excited states!!



Consequences of the HK theorem II

For a given external potential we can express the total energy functional as 

for

for

The exact ground state density can be found from the Euler equation

Lagrange multiplier
to ensure the correct 

total number 
of electrons



Consequences of the HK theorem II

the total energy functional

the Euler equation

universal
(same for any system) 



The HK theorem in summary 

The HK theorem imply a complete paradigm shift of the many-electron problem where the wf 
is replaced with the ground state density as fundamental quantity to calculate 

4. Variational principle 

3. Total energy expressed as a density functional 

1. One to one mapping between density and external potential

is universal. In practice needs to be approximated

2. Any observable is a density functional 

or



Expansion of F[n] in powers of e2

Correlation energy

Hartree + exchange energies

kinetic energy of non-interacting electrons



Towards the exact functional

1st generation DFT 2nd generation DFT 3rd generation DFT
approximated: LDA/GGA

e.g. Thomas-Fermi exact: Kohn-Sham (see later)

approximated: LDA/GGA

exact: Kohn-Sham

approximated: LDA/GGA

approximated: LDA/GGA

approximated: LDA/GGA approximated: orbital functional

exact: orbital functional 



V-representability

By construction, the HK theorem is defined for all those densities n(r) that are 
ground-state density of some potential. These functions are called V-representable

are all densities n(r) V-representable?

On a lattice (finite or infinite), any normalizable positive function n(r), that is compatible 
with the Pauli principle, is (both interacting and non-interacting) 

ensemble-V-representable  

V-representability theorem

J. T. Chayes, et al J. Stat. Phys., 38, 497 (1985)

In the worst case, the potential has degenerate ground states such that the given n(r) is 
representable as a linear combination of the degenerate ground-state densities 

(ensemble-V-representable).

In other words: for any given n(r) (normalizable, positive and compatible with Pauli 
principle), there exist a potential, vexp[n](r), yielding n(r) as interacting groundstate 

density, and there exist another potential, vs[n](r), yielding n(r) as non-interacting ground 
state density.



The Kohn-Sham equations

non-interactinginteracting

HK for interacting 
electrons

HK for non-interacting 
electrons



The Kohn-Sham equations

non-interacting system

the Hamiltonian

the energy functional

the variational principle

the wavefunction is a SD

the density

the Schrödinger equation



The Kohn-Sham equations

interacting system

rewrite the 
total energy

classical Coulomb energy exchange and correlation energy

together with the variational 
formulation



The Kohn-Sham equations

interacting system

Kohn-Sham equations

Oxygen
Need to account only for 

N orbitals phi   

O



the homogeneous electron gas 

The local density approximation (LDA)

30 Review of ground-state density-functional theory

Table 2.3 Fitting parameters for the 2D correlation energy
per particle, eqns (2.77)–(2.79) (Attaccalite et al., 2002).

i = 0 i = 1 i = 2

Ai −0.1925 0.117331 0.0234188

Bi 0.0863136 −3.394× 10−2 −0.037093
Ci 0.057234 −7.66765× 10−3 0.0163618

Ei 1.0022 0.4133 1.424301

Fi −0.02069 0 0

Gi 0.340 6.68467× 10−2 0

Hi 1.747× 10−2 7.799× 10−4 1.163099

is the Taylor expansion of ẽx(rs, ζ) [see above, eqns (2.71)–(2.74)] beyond fourth order
in ζ. The functions αi(rs) have a form similar to the Perdew–Wang interpolation:

αi(rs) = Ai + (Birs + Cir
2
s +Dir

3
s) ln

[

1 +
1

Eirs + Fir
3/2
s +Gir2s +Hir3s

]

. (2.79)

The fitting parameters for this formula are listed in Table 2.3 (except for the parameter
Di, which is given by Di = −AiHi).

For very low densities (rs ! 100 in 3D and rs ! 34 in 2D), the electron liquid forms
a new phase known as the Wigner crystal, which is not described by the interpolation
formulas discussed above. The complete phase diagram of the homogeneous electron
liquid is still a subject of active research (Giuliani and Vignale, 2005).

2.3 Approximate functionals

2.3.1 The local-density approximation

The oldest approximation of DFT, the local-density approximation (LDA), was orig-
inally proposed by Kohn and Sham (1965). It expresses the xc energy of an inhomo-
geneous system as the integral over the xc energy density of a homogeneous electron
liquid, evaluated at the local density:

ELDA
xc [n] =

∫
d3r ehxc(n̄)

∣∣
n̄=n(r)

. (2.80)

The required input, ehxc(n), was discussed in Section 2.2.4: the exchange part ehx is
exactly known, and there exist highly accurate parametrizations for the correlation
part ehc .

14 The resulting xc potential is

14In practice, different approximate parametrizations of ehc (n) may lead to slightly different results,
and people tend to distinguish between different LDAs (e.g., the Perdew–Wang LDA and the Vosko–
Wilk–Nusair LDA). However, keep in mind that formally there is one and only one LDA (for each
dimensionality), defined by eqn (2.80), with the xc energy density of the uniform electron liquid as
input. This is in contrast to the generalized gradient approximations (GGAs) and hybrids, which
come in many different flavors.

Approximate functionals 31

Fig. 2.5 The LDA assumes that the xc energy density in an infinitesimal volume element

at position r is given by the xc energy density of a reference system with a uniform density
n̄. For n̄, one takes the value of the local density n(r) at this position.

vLDA
xc (r) =

dehxc(n̄)

dn̄

∣∣∣∣
n̄=n(r)

. (2.81)

The physical meaning of the LDA is illustrated in Fig. 2.5: at each point r in space,
the xc energy density exc(r) is approximated by that which one would obtain from a
homogeneous electron liquid that has a density n(r) everywhere.

By construction, the LDA becomes exact in the uniform limit. For nonuniform
systems it is reasonable to assume that the LDA works best if the density variations
are slow; an appropriate length scale against which density variations can be measured
is the inverse of the local Fermi wave vector kF (r), so that the condition for the validity
of the LDA can be formulated as

|∇n(r)|
n(r)

≪ kF (r) . (2.82)

In practice, this condition is often drastically violated, for instance in the vicinity of
nuclei. On the face of it, one would expect the LDA to work only for very special
systems where the density is slowly varying throughout, for instance simple metals
such as bulk sodium. But it turns out that the LDA works surprisingly well for many
energetic and structural properties in a wide range of materials:

• Total atomic and molecular ground-state energies typically lie within 1–5% of the
experimental values, with a systematic trend towards overbinding.

• Molecular equilibrium distances and geometries are reproduced within ∼3%.
• Fermi surfaces of bulk metals are reproduced within a few percent.
• Lattice constants of solids are typically reproduced within 2%.
• Vibrational frequencies and phonon energies are excellent (within a few percent).

It expresses the xc energy of an inhomogeneous system as the integral over the xc energy density 
of a homogeneous electron liquid, evaluated at the local density 
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2.2.4 Uniform limit

The homogeneous electron liquid13 is an extremely important model system, which has
been widely studied in theoretical physics [for a comprehensive overview see Pines and
Nozières (1966) and Giuliani and Vignale (2005)]. The system is uniformly extended
and consists of an infinite number of interacting electrons characterized by a single
parameter, the uniform particle density n. For later reference, let us list a few relevant
quantities in two and three dimensions (2D and 3D): the Wigner–Seitz radius

rs =

(
3

4πn

)1/3

(3D), (2.66)

rs =

(
1

πn

)1/2

(2D), (2.67)

the Fermi wave vector

kF =
(
3π2n

)1/3
(3D) (2.68)

kF = (2πn)1/2 (2D), (2.69)

and the Fermi energy EF = k2F /2 in both 2D and 3D.
An extension of this model is the spin-polarized homogeneous electron liquid, char-

acterized by two parameters, the spin-up and spin-down particle densities n↑ and n↓.
Alternatively, one often uses the total density n and the (dimensionless) spin polar-
ization ζ, defined as

n = n↑ + n↓ , ζ =
n↑ − n↓

n
. (2.70)

The quantity of interest is the xc energy density ehxc(n) [or e
h
xc(n↑, n↓) in the spin-

polarized case] of the homogeneous electron liquid. Instead of the xc energy per unit
volume, ehxc(n), one can also work with the energy per particle, ẽhxc(n), defined as
ehxc = nẽhxc. Since the density here is just a number, ehxc(n) and ẽhxc(n) are simply
functions of n.

The xc energy density can be separated into an exchange and a correlation part,
ehxc = ehx + ehc . The exchange part is known exactly and has the form

ehx(n, ζ) = ehx(n, 0) + [ehx(n, 1)− ehx(n, 0)]f(ζ) , (2.71)

with the exchange energy densities of the unpolarized and the fully polarized electron
liquids given by

ehx(n, 0) = −
3

4

(
3

π

)1/3

n4/3 , ehx(n, 1) = −
3

4

(
6

π

)1/3

n4/3 (3D) , (2.72)

ehx(n, 0) = −
4

3

(
2n

π

)1/2

, ehx(n, 1) = −
8

3

(n
π

)1/2
(2D) , (2.73)

13Whether one speaks of the homogeneous electron liquid or the homogeneous electron gas is mostly
a matter of taste; both are really the same thing. We prefer to use “liquid” because later, in the
dynamical case, we will frequently invoke concepts of classical hydrodynamics.
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Table 2.2 Fitting parameters for the 3D correlation
energy per particle, eqns (2.75) and (2.76) (Perdew

and Wang, 1992).

ec(rs, 0) ec(rs, 1) −αc(rs)

A 0.031091 0.015545 0.016887

α1 0.21370 0.20548 0.11125

β1 7.5957 14.1189 10.357

β2 3.5876 6.1977 3.6231

β3 1.6382 3.3662 0.88026

β4 0.49294 0.62517 0.49671

and the interpolation function

f(ζ) =
(1 + ζ)4/3 + (1− ζ)4/3 − 2

2(21/3 − 1)
. (2.74)

The correlation energy density, on the other hand, is not exactly known in analytic
form, but very accurate numerical results exist thanks to quantum Monte Carlo calcu-
lations (Ceperley and Alder, 1980; Tanatar and Ceperley, 1989). Based on the available
numerical data, high-precision analytical parametrizations have been developed in 3D
(Vosko et al., 1980; Perdew and Wang, 1992) and 2D (Tanatar and Ceperley, 1989;
Attaccalite et al., 2002).

The Perdew–Wang interpolation formula in 3D is given by

ẽhc (rs, ζ) = ẽhc (rs, 0) + αc(rs)
f(ζ)

f ′′(0)
(1− ζ4 ) + [ẽhc (rs, 1)− ẽhc (rs, 0)]f(ζ)ζ

4 . (2.75)

The unknown quantities ẽhc (rs, 0), ẽ
h
c (rs, 1), and αc(rs) (the latter is the spin stiffness)

are all parametrized by the analytic form

G(rs, A,α1 ,β1 ,β2 ,β3 ,β4 ) = −2A(1 + α1rs) ln

[

1 +
1/2A

β1 r
1/2
s + β2 rs + β3r

3/2
s + β4r2s

]

,

(2.76)
where the parameters A,α1 ,β1 ,β2 ,β3 ,β4 are given in Table 2.2. This expression is
widely used in DFT (see Section 2.3); it is nowadays preferred over the older parame-
trization of Vosko et al. (1980).

The recommended interpolation formula in 2D is that given by Attaccalite et al.
(2002):

ẽhc (rs, ζ) =
(
e−βrs − 1

)
e(6)x (rs, ζ) + α0 (rs) + α1 (rs)ζ

2 + α2 (rs)ζ
4 , (2.77)

where β = 1.3386 and

e(6)x (rs, ζ) = ẽhx(rs, ζ) −
(
1 +

3

8
ζ2 +

3

128
ζ4
)
ẽhx(rs, 0) (2.78)

Exchange
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h
c (rs, 1), and αc(rs) (the latter is the spin stiffness)

are all parametrized by the analytic form

G(rs, A,α1 ,β1 ,β2 ,β3 ,β4 ) = −2A(1 + α1rs) ln

[

1 +
1/2A

β1 r
1/2
s + β2 rs + β3r

3/2
s + β4r2s

]

,

(2.76)
where the parameters A,α1 ,β1 ,β2 ,β3 ,β4 are given in Table 2.2. This expression is
widely used in DFT (see Section 2.3); it is nowadays preferred over the older parame-
trization of Vosko et al. (1980).

The recommended interpolation formula in 2D is that given by Attaccalite et al.
(2002):
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)
e(6)x (rs, ζ) + α0 (rs) + α1 (rs)ζ

2 + α2 (rs)ζ
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3

8
ζ2 +

3
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Table 2.2 Fitting parameters for the 3D correlation
energy per particle, eqns (2.75) and (2.76) (Perdew

and Wang, 1992).
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β3 1.6382 3.3662 0.88026

β4 0.49294 0.62517 0.49671

and the interpolation function

f(ζ) =
(1 + ζ)4/3 + (1− ζ)4/3 − 2

2(21/3 − 1)
. (2.74)

The correlation energy density, on the other hand, is not exactly known in analytic
form, but very accurate numerical results exist thanks to quantum Monte Carlo calcu-
lations (Ceperley and Alder, 1980; Tanatar and Ceperley, 1989). Based on the available
numerical data, high-precision analytical parametrizations have been developed in 3D
(Vosko et al., 1980; Perdew and Wang, 1992) and 2D (Tanatar and Ceperley, 1989;
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Table 2.3 Fitting parameters for the 2D correlation energy
per particle, eqns (2.77)–(2.79) (Attaccalite et al., 2002).

i = 0 i = 1 i = 2

Ai −0.1925 0.117331 0.0234188

Bi 0.0863136 −3.394× 10−2 −0.037093
Ci 0.057234 −7.66765× 10−3 0.0163618

Ei 1.0022 0.4133 1.424301

Fi −0.02069 0 0

Gi 0.340 6.68467× 10−2 0

Hi 1.747× 10−2 7.799× 10−4 1.163099

is the Taylor expansion of ẽx(rs, ζ) [see above, eqns (2.71)–(2.74)] beyond fourth order
in ζ. The functions αi(rs) have a form similar to the Perdew–Wang interpolation:

αi(rs) = Ai + (Birs + Cir
2
s +Dir

3
s) ln

[

1 +
1

Eirs + Fir
3/2
s +Gir2s +Hir3s

]

. (2.79)

The fitting parameters for this formula are listed in Table 2.3 (except for the parameter
Di, which is given by Di = −AiHi).

For very low densities (rs ! 100 in 3D and rs ! 34 in 2D), the electron liquid forms
a new phase known as the Wigner crystal, which is not described by the interpolation
formulas discussed above. The complete phase diagram of the homogeneous electron
liquid is still a subject of active research (Giuliani and Vignale, 2005).

2.3 Approximate functionals

2.3.1 The local-density approximation

The oldest approximation of DFT, the local-density approximation (LDA), was orig-
inally proposed by Kohn and Sham (1965). It expresses the xc energy of an inhomo-
geneous system as the integral over the xc energy density of a homogeneous electron
liquid, evaluated at the local density:

ELDA
xc [n] =

∫
d3r ehxc(n̄)

∣∣
n̄=n(r)

. (2.80)

The required input, ehxc(n), was discussed in Section 2.2.4: the exchange part ehx is
exactly known, and there exist highly accurate parametrizations for the correlation
part ehc .

14 The resulting xc potential is

14In practice, different approximate parametrizations of ehc (n) may lead to slightly different results,
and people tend to distinguish between different LDAs (e.g., the Perdew–Wang LDA and the Vosko–
Wilk–Nusair LDA). However, keep in mind that formally there is one and only one LDA (for each
dimensionality), defined by eqn (2.80), with the xc energy density of the uniform electron liquid as
input. This is in contrast to the generalized gradient approximations (GGAs) and hybrids, which
come in many different flavors.
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Fig. 2.5 The LDA assumes that the xc energy density in an infinitesimal volume element

at position r is given by the xc energy density of a reference system with a uniform density
n̄. For n̄, one takes the value of the local density n(r) at this position.

vLDA
xc (r) =

dehxc(n̄)

dn̄

∣∣∣∣
n̄=n(r)

. (2.81)

The physical meaning of the LDA is illustrated in Fig. 2.5: at each point r in space,
the xc energy density exc(r) is approximated by that which one would obtain from a
homogeneous electron liquid that has a density n(r) everywhere.

By construction, the LDA becomes exact in the uniform limit. For nonuniform
systems it is reasonable to assume that the LDA works best if the density variations
are slow; an appropriate length scale against which density variations can be measured
is the inverse of the local Fermi wave vector kF (r), so that the condition for the validity
of the LDA can be formulated as

|∇n(r)|
n(r)

≪ kF (r) . (2.82)

In practice, this condition is often drastically violated, for instance in the vicinity of
nuclei. On the face of it, one would expect the LDA to work only for very special
systems where the density is slowly varying throughout, for instance simple metals
such as bulk sodium. But it turns out that the LDA works surprisingly well for many
energetic and structural properties in a wide range of materials:

• Total atomic and molecular ground-state energies typically lie within 1–5% of the
experimental values, with a systematic trend towards overbinding.

• Molecular equilibrium distances and geometries are reproduced within ∼3%.
• Fermi surfaces of bulk metals are reproduced within a few percent.
• Lattice constants of solids are typically reproduced within 2%.
• Vibrational frequencies and phonon energies are excellent (within a few percent).

It expresses the xc energy of an inhomogeneous system as the integral over the xc energy density 
of a homogeneous electron liquid, evaluated at the local density 

Upsides

• Total atomic and molecular ground-state energies typically within 1–5% of the experimental values

• Molecular equilibrium distances and geometries  reproduced within ∼3%

• Fermi surfaces of bulk metals reproduced within a few percent 

• Lattice constants of solids typically reproduced within 2%

• Vibrational frequencies and phonon energies excellent within a few percent 
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Limitations (also GGA)

• Not free from spurious self-interaction: KS potential decays faster than r-1

• Cannot describe dispersion forces

• Too small band-gap

• Cohesive energy for bulk metals too small

• Wrong gs for strongly correlated solids

- no Rydber series
- no bound negative atomic ions
- ionization potential underestimated

LDA overestimated
GGA underestimated

rather than 

e.g. FeO, La2CuO4 predicted as metals 
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Table 2.4 Mean absolute errors in several molecular properties calculated for various
test sets (Staroverov et al., 2003).

Formation Ionization Equilibrium Vibrational H-bonded
enthalpya potentialb bond lengthc frequencyd complexese

HF 211.54 1.028 0.0249 136.2 2.77

LSDA 121.85 0.232 0.0131 48.9 5.78

BLYP 9.49 0.286 0.0223 55.2 0.64

BPW91 9.04 0.241 0.0168 41.4 0.99

BP86 26.33 0.215 0.0175 45.5 0.76

PW91 23.59 0.221 0.0145 39.8 1.43

PBE 22.22 0.235 0.0159 42.0 1.00

HCTH 7.17 0.232 0.0145 39.9 0.91

OLYP 5.88 0.288 0.0177 40.2 2.18

B3LYP 4.93 0.184 0.0104 33.5 0.43

B3PW91 3.90 0.190 0.0093 36.2 0.88

B3P86 26.14 0.551 0.0084 37.0 0.73

PBE0 6.66 0.199 0.0097 43.6 0.66

VSXC 3.46 0.226 0.0131 33.9 1.34

PKZB 6.98 0.310 0.0269 51.7 2.90

TPSS 5.81 0.242 0.0142 30.4 0.59

TPSSh 3.90 0.229 0.0101 26.9 0.78

a For a test set of 223 molecules (in kcal/mol).
b For a test set of 223 molecules (in eV), evaluated form the total-energy differences between

the cation and the corresponding neutral, for their respective geometries.
c For a test set of 96 diatomic molecules (in Å).
d For a test set of 82 diatomic molecules (in cm−1).
e For a test set of 10 hydrogen-bonded complexes (dissociation energies in kcal/mol).

in Fig. 2.6, where we have already pointed out that they do not have the correct
asymptotic behavior −1/r. For instance, the exchange potential associated with the
Becke B88 functional (2.89), vB88

x , decays as −k/r2, where k is some constant. There
have been attempts to directly construct GGA expressions for xc potentials with the
correct asymptotic behavior. One such example is the LB94 potential (van Leeuwen
and Baerends, 1994),

vLB94
xcσ (r) = −βn1/3

σ (r)
x2σ

1 + 3βxσ sinh−1(xσ)
, (2.96)

with the fitting parameter β = 0.05. The LB94 potential gives a marked improvement
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