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Background and Motivation

G. Sansone et al., Science 314, 443 (2006).
“The availability of single-

cycle isolated attosecond

pulses opens the way to
a new regime in ultrafast

physics, in which the strong-
field electron dynamics in
atoms and molecules is driven

by the electric field of the
attosecond pulses rather than
by their intensity profile.”
The CEP of the Attosecond

Pulse Matters!
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Background and Motivation

E. Goulielmakis et al., Science 320, 1614 (2008).
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Background and Motivation

Experimental Achievement of Single-Cycle, Attosecond XUV Pulses
36 eV, 130 asec: G. Sansone et al., Science 314, 443 (2006)

80 eV, 80 asec: E. Goulielmakis et al., Science 320, 1614 (2008)

Physical Interest
Ionized electrons can be controlled by the temporal behavior of the
electric field of the pulse.

Large pulse carrier frequency implies perturbative approach is
possible (since Up << �ω).

ETH-Zürich 18 May 2016 – p.6/51



Background and Motivation

Results of 3D TDSE calculations*
Assume linear polarization

Find significant asymmetries in ionized electron angular distributions,
with sensitivity to pulse CEP and chirp.

Find that asymmetries vary with pulse peak intensity as ∼ I3/2

*References:
[1] L.Y. Peng and A.F. Starace, Phys. Rev. A 76, 043401 (2007).
[2] L.Y. Peng, E.A. Pronin, and A.F. Starace, New J. Phys. 10, 025030 (2008).

[3] L.Y. Peng et al., Phys. Rev. A 80, 013407 (2009).
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3D TDSE Results

Momentum Distributions of Electrons Ionized from He
ω1 = 36 eV, I1 = 5× 1015 W cm−2, τ1 = 2Tω, φ1 = 0.5π
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3D TDSE Results

Intensity Dependence of the CEP-Induced Asymmetries
Pt ≡ P− + P+ ∝ I1.0; Pd ≡ P− − P+ ∝ I1.5;

R ≡ Pd/Pt ∝ I0.5
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Background and Motivation

Motivation for a Perturbative Analysis*
Can analyze any pulse polarization

Can parametrize CEP, chirp, polarization, and angular dependence
analytically.

Since the asymmetries vary with pulse peak intensity as ∼ I3/2, their
origin is due to interference of first and second order processes, i.e.,
∝ |A1 +A2|2 ≈ |A1|2 + 2Re(A∗

1A2).

*References:
[1] E. A. Pronin, A. F. Starace, M. V. Frolov and N. L. Manakov,
Phys. Rev. A 80, 063403 (2009).
[2] E.A. Pronin and A.F. Starace, Phys. Rev. A 84, 013417 (2011).
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Part I: Ab Initio Parametrization of
Attosecond Ionization
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Two Few-Cycle Pulse Regimes

Intense IR Pulse Regime

Nonperturbative analysis
|E0| � �ω

(�ω ∼ 1− 2 eV)

Strong field effects:

Above threshold
ionization

High-order harmonic
generation

Intense XUV Pulse Regime

Perturbative analysis
E0 � �ω

(�ω ∼ 30− 100eV)

Nonlinear optical effects:

Few-photon ionization

Low order harmonic
generation

For both, carrier-envelope-phase (CEP) effects are observable.
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Parametrization of the Problem

The physical vectors of the problem: the ionized electron
momentum p, the major (ε̂) and minor (ζ̂) axes of the

polarization ellipse, and the propagation direction k̂ of the pulse
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Parametrization of a short pulse-1

Laser pulse

F (t) = F0(t)Re
[
e e−i(ωt+φ)

]
=

1

2
F0(t)

[
e e−i(ωt+φ) + e∗ ei(ωt+φ)

]
,

F0(t) = time-envelope
ω = carrier frequency

φ = carrier-envelope phase (CEP)

Fourier transform of the laser pulse

F̂ (ε) =

∞∫
−∞

F (t)e−iεtdt = eφF̂
+(ε) + e∗φF̂

−(ε),

where eφ = ee−iφ and F̂±(ε) = 1
2

∫
dtF0(t)e

−i(ε±ω)t.
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Parametrization of a short pulse-2

Parametrization of the laser polarization vector e:

e = (ε̂+ iηζ̂)/
√

1 + η2, (1)

where −1 ≤ η ≤ 1, ζ̂ = [k̂× ε̂]

The degrees of linear and circular polarization, � and ξ, are:

� ≡ (1− η2)/(1 + η2) = (e · e), (2)

ξ ≡ 2η/(1 + η2) = i(k̂ · [e× e∗]), (3)

�2 + ξ2 = 1. (4)

Linear Polarization corresponds to η = 0 or � = 1 and ξ = 0

Right/Left Circular Polarization corresponds to η = ±1 or
� = 0 and ξ = ±1
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Role of Few-Cycle Pulse Bandwidth

Key physics of ionization by a few-cycle XUV pulse:

Pulse electric field shape controls ionized electron angular distribution.

Large pulse carrier frequency implies perturbative theory (PT) is valid.

Ref.: E.A. Pronin et al., Phys. Rev. A 80, 063403 (2009).

Differential probability involves interference of PT Amplitudes
d2W

dΩdE
≡ W ∝ |A1 + A2|2 ≈ |A1|2 + 2Re(A∗

1A2)
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Parametrization of ionization
by a short, few-cycle XUV pulse

Differential probability
d2W

dΩdE
≡ W ∝ |A1 + A2|2 ≈ |A1|2 + 2Re(A∗

1A2),

E = p2/2m, p = ionized electron momentum.
1st order perturbation theory (PT) result: W ≈ W1 ∝ |A1|2
W1 involves all possible scalar combinations of the vectors
of the problem containing two of the four polarization
vectors eφ, eφ, e∗φ, and e∗φ:

eφ · e∗φ = 1, |eφ · p̂|2 = |e · p̂|2,

eφ · eφ = � e−2iφ, (eφ · p̂)2 = (e · p̂)2e−2iφ,

W1 = C
{
1+β(3|e · p̂|2−1)/2+Re

[
e−2iφ (β1 �+ β2(e · p̂)2)

] }
,

where C, β, β1, β2 depend on the pulse shape and target.
Notes: (i) For a monochromatic pulse, β1 = β2 ≡ 0;

(ii) For an s-state, β1 ≡ 0, β ≡ 2.
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Parametrization of ionization
by a short, few-cycle XUV pulse

Next order correction to W ≡ d2W

dΩdE
≈ W1 + 2Re(A∗

1A2)

Interference of A1 and A2 PT amplitudes
Assumptions:
(i) Pulse bandwidth is less than |En|+ �ω;

(ii) Neglect “negative frequency” terms ∼ F̂− (in A1) and ∼ F̂− · F̂− (in A2).
Two triads, (e∗φ, eφ, eφ) and (e∗φ, eφ, e

∗
φ), then contribute:

(eφ · e∗φ)(eφ · p̂) = (e · p̂)e−iφ,

(eφ · p̂)|eφ · p̂|2 = (e · p̂)|e · p̂|2e−iφ.

(eφ · eφ)(e∗φ · p̂) = �(e∗ · p̂)e−iφ,

Result for W:

W ≈ W1 +Re
{
e−iφ

[
(γ1 + γ2|e · p̂|2)(e · p̂) + γ3�(e

∗ · p̂)
]}

,

W1 = C
[
1 + β(3|e · p̂|2 − 1)/2

]
. ETH-Zürich 18 May 2016 – p.18/51



Perturbative Evaluation of Parameters

General expression for W

W ∝ |A1 + A2 + ...|2 ≈
[
|A1|2 + 2Re (A∗

1A2) + ...
]
,

where A1 = 〈ψ(−)
p |F̂ (En − E) · r|ψnlm〉,

A2 = − 1

2π

∞∫
−∞

dε〈ψ(−)
p |F̂ (ε− E) · r Gε F̂ (En − ε) · r′|ψnlm〉,

Gε is the Green function.

A2 =

∞∫
−∞

dt

∞∫
0

dτ ei(E−En)t〈ψ(−)
p |F (t)·rG(t, t−τ)F (t−τ)·r′eiEnτ |ψnlm〉,

where
G(t, t′) = − 1

2π

∫
dEGEe−iE(t−t′).
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Analysis of Polarization Dependence
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Polarization Dependence for an s-state

Linear polarization

W = 6C cos2 α + cosα Re{(γ1 + γ2 cos
2 α + γ3)e

−iφ},

where α is the ejection angle with respect to the laser
polarization axis, and the parameters C, γi are expressed in
terms of radial matrix elements and Fourier transforms of
the laser pulse:

C =
1

6p

∣∣∣∣ ieiδ1√
4π

〈p1| r |n0〉 F̂+(En − E)

∣∣∣∣
2

.

Asymmetry in photoelectron spectra
d∆

dE
≡ W

∣∣∣∣
α=0

−W
∣∣∣∣
α=π

= 2Re[(γ1 + γ2 + γ3)e
−iφ]

= 2ρ cos(φ+ θL), γ1 + γ2 + γ3 = ρeiθL .
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Interference of One- and Two-Photon
Amplitudes

γ1 = 2pα+M
+−∗
0+2 , (1)

γ2 = −6p
(
α+M

+−∗
2 + α∗

+M
++
2

)
, (2)

γ3 = 2pα∗
+M

++
0+2. (3)

α± =Ap1F̂
±(Ef − Ei), (4)

M++
l =

∫
dεF̂+(Ef − ε)F̂+(ε− Ei)Mpl(ε), (5)

M+−
l =

∫
dε
[
F̂+(Ef − ε)F̂−(ε− Ei)

+ F̂−(Ef − ε)F̂+(ε− Ei)
]
Mpl(ε), (6)

M++
0+2 =M

++
0 +M++

2 , M+−
0+2 =M+−

0 +M+−
2 . (7)
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Expressions for Radial Amplitudes

The parameters Ap1, Mpl(ε) (l = 0, 2) depend on the particular
atomic system considered. In general, they can be expressed in
terms of radial matrix elements:

Ap1 = − ieiδ1√
4πp

〈p1|r|n0〉, (1)

Mpl(ε) = − eiδl

12π3/2p
〈pl|rg1(ε; r, r′)r′|n0〉. (2)
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Polarization Dependence for an s-state

Circular polarization (polarization plane geometry)

W = C (1 + β/4)

+ (1/
√
2)|γ1 + γ2/2| cos

(
ξϕ− φ+ΘC

)
,

ΘC ≡ arg(γ1 + γ2/2),

where ϕ is the polar angle in the polarization plane, ξ = ±1.

Elliptic polarization

W = δ0 + ξδCD + ξ�δED,

where δ0, δCD, δED are invariant with respect to the
substitution ξ → −ξ.

ETH-Zürich 18 May 2016 – p.24/51



Numerical Results for the H Atom
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Numerical results for H

XUV Pulse Shape

A(t) = A0(t)ez cos(ωt+ φ), F(t) = −1

c

∂A(t)

∂t
,

A0(t) =
c
√
I0
ω

cos2(πt/τ), −τ/2 ≤ t ≤ τ/2, τ = 2πN/ω.

�ω = 36eV, �ω = 72eV

I0 = 5× 1015W/cm2, I0 = 2× 1016W/cm2.

TDSE Results:

L.Y. Peng, E.A. Pronin, and A.F. Starace, New J. Phys. 10, 025030 (2008).
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Perturbative vs. TDSE Results

Ionization of the H atom by a linearly-polarized, two-cycle XUV pulse.

CEP φ = 0, I0 = 5 · 1015 W/cm2
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Dependence of Asymmetry on CEP

Ionization probability for the H atom by a linearly polarized pulse.

Solid Line: α = 0,

Dashed Line: α = π, Inset Panels: Vector Potential A(t)
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Asymmetry Dependence
on Pulse Duration and Shape
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Weighted momentum direction
in the polarization plane

〈p̂〉 =
2π∫
0

p̂
d2W

dEdΩ
dα,

Linear polarization
2
π
〈p̂〉x = d∆

dE
≡ W

∣∣∣
α=0

−W
∣∣∣
α=π

= 2Re[(γ1 + γ2 + γ3)e
−iφ]

〈p̂〉y = 0, θ〈p̂〉 = 0, π

Circular polarization
|〈p̂〉| = π√

2

∣∣γ1 + γ2
2

∣∣
θ〈p̂〉 = ±(φ+ θC)

Compare: C.P.J. Martiny, M. Abu-samha, and
L.B. Madsen, J. Phys. B 42, 161001 (2009).

θC = arg
(
γ1 +

γ2
2

)

ETH-Zürich 18 May 2016 – p.30/51



Circular Dichroism in Ionized
Electron Angular Distributions

Ionization of the H-atom by circularly polarized XUV pulse.
�ω = 36 eV, Pulse Shape: cos2

I0 = 5 · 1015 W/cm2, Pulse Width: 2 cycles

CEP φ = 0, Black dotted lines:
1

c
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Ionization of H by an Elliptically
Polarized Laser Pulse

�ω = 36 eV, Pulse Width: 2 cycles

I0 = 5 · 1015 W/cm2, CEP φ = 0

Pulse Shape: cos2, Electron Energy: 32 eV
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Conclusions - Part I

The short laser pulse ionization probability in the
perturbative regime has been parametrized for the
general case of non-zero chirp and elliptical
polarization.

The CEP, polarization, chirp and angular
dependence of the ionization probability have
been analyzed for an unpolarized atomic target.

Both circular and elliptical dichroism effects in
the angular distributions are predicted.

Perturbative results are in good agreement with
results of TDSE calculations for the H atom.
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Part II: Single Ionization of He by a
Few-Cycle, Linearly-Polarized

Attosecond Pulse
Question: What roles do electron correlations and

autoionizing resonances play?

Pulse Parameters:

�ω = 36 eV, ∆ω = 1.44ω/n ≈ 26 eV (for n = 2 cycles)

Pulse duration (FWHM) = 230 as (2-cycles)

Peak pulse intensity I = 2 PW/cm2

Reference: J.M. Ngoko Djiokap et al., New J. Phys. 14, 095010 (2012).
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Attosecond Pulse Ionization of He

Theoretical (Numerical) Methods Used
Two Different Methods for Solving the Two-Electron TDSE:

(1) Real-Space-Product Algorithm + FE-DVR

(2) Arnoldi-Lanczos method + Gauss-Lobatto FE-DVR
basis functions

Both methods give the same converged results

Two Different Field-Free Two-Electron States:

Uncorrelated Sturmian Coulomb (USC) States

Correlated Jacobi-matrix (or J-matrix) method (CJM)
States

Ref : J.M. Ngoko Djiokap, S.X. Hu, W.-C. Jiang, L.-Y. Peng, and A.F. Starace,
New J. Phys. 14, 095010 (2012)
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Numerical calculation of probabilities

Differential Probability:
Pnl(E, θ±, ϕ) = |〈ΦC(ϕ)|

∑
l′LΘΓ(E, θ±)〉|2

Absolute Asymmetry:
∆Pnl(E,ϕ) = Pnl(E, θ+ = 0◦, ϕ)− Pnl(E, θ− = 180◦, ϕ)

Energy-integrated Absolute Asymmetry:
∆Pnl(ϕ) =

∫ E>

E<
dE ∆Pnl(E,ϕ)
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Photoelectron spectra for 230-as pulses,
I = 2 PW/cm2

Ejected-electron energy E(eV)
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Excellent agreement between CJM and USC results for θ± = 0◦, 180◦ except in the
vicinity of doubly-excited states.

Proper treatment of electron correlations is essential from 33 eV to 54.4 eV.

Interference between 1- and 2-photon processes occurs in the energy-region where
doubly-excited states are accessible.

Ref.: J.M. Ngoko Djiokap et al., New J. Phys. 14, 095010 (2012)
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Photoelectron spectra for 2-cycle pulses
for two CEPs

Ejected-electron energy E(eV)
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Two autoionizing features with different parities proves that the interference between
the 1- and 2-photon processes occurs.

Strong CEP-effects are observed.

Results for electron ionization along θ+ = 0 and θ− = π are asymmetric.

Ref.: J.M. Ngoko Djiokap et al., New J. Phys. 14, 095010 (2012)
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Energy-dependent Asymmetry,
I = 2 PW/cm2

Ejected-electron energy E(eV)
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Many autoionizing features with different parities proves that the interference
between the 1- and 2-photon processes occurs.

Despite interferences, signatures of many autoionizing resonances converging to the
He+(n=2) threshold remain visible.

Resonance positions∗ agree well with Iemura predictions†.
∗J.M. Ngoko Djiokap et al., New J. Phys. 14, 095010 (2012)

†K. Iemura et al., Phys. Rev. A 64, 062709 (2001) ETH-Zürich 18 May 2016 – p.39/51



CEP-dependence of Energy-integrated
Asymmetries for I= 2 PW/cm2

CEP(deg)
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Concave shape of the CEP-dependence for the asymmetry.

Position of extrema: 60-deg (2-cycle).

Good agreement between CJM and USC results and PT formula∗:
∆P1s(ϕ) = |K1s|(I/I0)3/2 cos(ϕ−ΘK1s ).

∗Pronin et al., Phys. Rev. A 80, 063403 (2009)
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Angular Distribution Asymmetries in
Intense Few-Cycle Attosecond Pulse

Ionization of He to He+(2s,2p)
Pulse Parameters:

�ω = 51 eV
Pulse duration (FWHM) = 162 as (2-cycles),
243 as (3-cycles)
Peak pulse intensity I = 1-, 2- PW/cm2

Ref : J.M. Ngoko Djiokap, S.X. Hu, W.-C. Jiang, L.-Y. Peng, and A.F. Starace,

Phys. Rev. A 88, 011401(R) (2013).
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Differential Probability Densities

Ionization probability for He → He+(2s,2p) + e− for θ± = 0, π
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�ω = 51 eV, Pulse Shape: cos2

I0 = 2 · 1015 W/cm2, Pulse Width: 3 cycles
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Energy-Dependent Asymmetries

∆Pnl(E,ϕ) = Pnl(E, θ+, ϕ)− Pnl(E, θ−, ϕ) ∝ Re(A∗
1A2).
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(b)

�ω = 51 eV, Pulse Shape: cos2

I0 = 2 · 1015 W/cm2, Pulse Width: (a)2 cycle, (b)3 cycles
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Energy-Integrated Asymmetries

(b)∆Pnl(ϕ) = Pnl(θ+, ϕ)− Pnl(θ−, ϕ) (c) Normalized asymmetry Rn�(ϕ)
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Perturbation Theory Parametrization

(1) ∆Pnl(ϕ) = |Knl|(I/I0)3/2 cos(ϕ−ΘKnl
) where Knl ≡ |Knl| exp(iΘKnl

)

Table 1: Dynamical parameters |K2s,2p|(×10−4a.u.) and ΘK2s,2p(deg)
obtained via a fit of Eq. (1) to our 2- and 3-cycle CJM data for pulse intensities
of 1 and 2 PWcm−2.

Pulse: 162as/1-PW 162as/2-PW 243as/1-PW 243as/2-PW

|K2s|: 19.153 19.163 13.126 13.103

ΘK2s : 127.07 127.27 146.92 147.12

|K2p|: 16.158 16.067 12.477 12.434

ΘK2p : 277.40 278.02 285.43 286.68

Ref.: E.A. Pronin et al., Phys. Rev. A 80, 063403 (2009)
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Conclusions - Part II
Few-cycle attosecond pulse asymmetries in ionization of He
can be amplified by orders of magnitude in the vicinity of

two-electron resonances or for explicitly two-electron processes
(e.g., ionization + excitation).
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Two-Active-Electron Time-Dependent
Wave Packet

Full dimensional two-electron TDSE

i
∂

∂t
Φ̃(r1, r2|t) = [H0 +E(t) · (r1 + r2)]Φ̃(r1, r2|t),

where H0 = − 1
2 (∆r1 +∆r2)− 2

r1
− 2

r2
+ 1

|r1−r2| .

Method (1): TDSE parallel solver combining the Real-
Space-Product algorithm with a (FE-DVR).

Method (2): a two-electron TDSE method using normalized Gauss-
Lobatto FE-DVR basis functions and an iterative Arnoldi-Lanczos
method.

Both methods give essentially the same converged results.

The continuum part Φ̃C(ϕ) of the wavepacket contains single and
double continua.
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Two-Active-Electron Time-Dependent
Wave Packet
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Helium Field-Free Correlated
Jacobi-Matrix (CJM) Wave Functions

The CJM Multichannel Scattering Wavefunction describing
accurately the system e+He+(n ≥ 1) solves (H0 − E)ΘΓ = 0 with

ΘΓ(r1, r2, Et, k̂e) =
∑
j

bΓj (Et, k̂e)Ψ
L,M
j +

∑
Γ′

∞∑
ν′=N

fΓ′Γ
ν′ (Et, k̂e)Φ

Γ′
ν′ ,

H0Ψ
L,M
j (r1, r2) = EΨL,M

j (r1, r2) is solved in a Sturmian function
basis.

ΦΓ′
ν′ (r1, r2) describes the ionized electron moving in a screened

Coulomb potential.

Coupling between the open channel Γ ≡ (n, l, λ;LM) and Γ′ is via
fΓ′Γ
ν′ (Et, k̂e) = fΓ′Γ

ν′ (Et).
∑

m′µ′ CLM
l′m′λ′µ′Y ∗

λ′µ′(k̂e).

fΓ′Γ
ν′ (Et) describes the asymptotic boundary condition:

fΓ′Γ
ν′ (Et) = Υλ′

ν′ (Et − ε)δΓΓ′ − Ξλ′
ν′ (Et − ε)TΓΓ′ .
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CJM multichannel Scattering
Wavefunction

References for Jacobi-matrix methods:
[1] E.J. Heller et al., Phys. Rev. A 9, 1201 (1974).

[2] H.A. Yamani et al., J. Math. Phys. 16, 410 (1975).

[3] J.T. Broad et al., Phys. Rev. A 14, 2159 (1976).

[4] R. Gersbacher et al., J. Phys. B 43, 365 (1990).

[5] E. Foumouo et al., Phys. Rev. A 74, 063409 (2006).

[6] A.D. Alhaidari et al., Eds., The J-matrix Method: Developments and
Applications (Springer 2008).

[7] J.M. Ngoko Djiokap et al., Phys. Rev. A 81, 042712 (2010).

[8] Yu.V. Popov et al., Phys. Part. Nucl. 42, 683 (2011).

[9] J.M. Ngoko Djiokap et al., New J. Phys. 14, 095010 (2012).

ETH-Zürich 18 May 2016 – p.51/51


